Progress in Mathematics

Akihiko Gyoja
Hiraku Nakajima
Ken-ichi Shinoda
Toshiaki Shoji
Toshiyuki Tanisaki
Editors

Representation
Theory of Algebraic
Groups and
(Quantum Groups

® Birkhauser



X Birkhduser



Progress in Mathematics
Volume 284

Series Editors

Hyman Bass
Joseph Oesterlé
Alan Weinstein



Akihiko Gyoja
Hiraku Nakajima
Ken-ichi Shinoda
Toshiaki Shoji
Toshiyuki Tanisaki
Editors

Representation Theory
of Algebraic Groups
and Quantum Groups

Birkhauser



Editors

Akihiko Gyoja

Nagoya University

Graduate School of Mathematics
Chikusa-ku

Nagoya, 464-8602

Japan
gyoja@math.nagoya-u.ac.jp

Hiraku Nakajima
Kyoto University
Research Institute

for Mathematical Sciences
Kyoto, 606-8502
Japan
nakajima@kurims.kyoto-u.ac.jp

Ken-ichi Shinoda
Sophia University

Faculty of Science and Technology

Department of Information

and Communication Sciences
Chiyoda-ku
Tokyo, 102-8554
Japan
shinoda@mm.sophia.ac.jp

ISBN 978-0-8176-4696-7

Toshiaki Shoji

Nagoya University

Graduate School of Mathematics
Chikusa-ku

Nagoya, 464-8602

Japan

shoji @math.nagoya-u.ac.jp

Toshiyuki Tanisaki

Osaka City University
Graduate School of Science
Sumiyoshi-ku

Osaka, 558-8585

Japan

tanisaki @sci.osaka-cu.ac.jp

e-ISBN 978-0-8176-4697-4

DOI 10.1007/978-0-8176-4697-4
Springer New York Dordrecht Heidelberg London

Mathematics Subject Classification (2010): 17B37, 16Gxx, 17B67, 20C08, 17B20, 17B35, 20G15,

22E65, 14M15, 14130

© Springer Science+Business Media, LLC 2010

All rights reserved. This work may not be translated or copied in whole or in part without the written
permission of the publisher (Springer Science+Business Media, LLC, 233 Spring Street, New York,
NY 10013, USA), except for brief excerpts in connection with reviews or scholarly analysis. Use in
connection with any form of information storage and retrieval, electronic adaptation, computer software,

or by similar or dissimilar methodology now known or hereafter developed is forbidden.

The use in this publication of trade names, trademarks, service marks, and similar terms, even if they are
not identified as such, is not to be taken as an expression of opinion as to whether or not they are subject

to proprietary rights.

Printed on acid-free paper

www.birkhauser-science.com









Contents

Preface. ..o ix
Program ... xi
Quotient Categories of Modular Representations.............................. 1

Henning Haahr Andersen

Dipper-James—Murphy’s Conjecture for Hecke Algebras
OF TYPC By ..o e 17
Susumu Ariki and Nicolas Jacon

On Domino Insertion and Kazhdan-Lusztig Cells in Type B, ............... 33
Cédric Bonnafé, Meinolf Geck, Lacrimioara Iancu,
and Thomas Lam

Runner Removal Morita Equivalences ....................................c.e. 55
Joseph Chuang and Hyohe Miyachi

Appendix:

Module Correspondences in Rouquier Blocks of Finite General

LiNear GroUPS .........ooiiiii et 81
Akihiko Hida and Hyohe Miyachi

Quantum gl,, g-Schur Algebras and Their

Infinite/Infinitesimal Counterparts.............................oiiiii.. 93
Jie Du and Qiang Fu
Cherednik Algebras for Algebraic Curves ..................coooviiiiiiinnnnn. 121

Michael Finkelberg and Victor Ginzburg

A Temperley-Lieb Analogue for the BMW Algebra........................... 155
G.I. Lehrer and R.B. Zhang

vii



viii

Graded Lie Algebras and Intersection Cohomology ...........
G. Lusztig

Crystal Base Elements of an Extremal Weight Module Fixed
by a Diagram Automorphism II: Case of Affine Lie Algebras
Satoshi Naito and Daisuke Sagaki

t-Analogs of g-Characters of Quantum Affine Algebras
of Type E6, E7, Es ..................................................
Hiraku Nakajima

Ultra-Discretization of the Gz(l)-Geometric Crystals

to the Df)-Perfect Crystals ...,
Toshiki Nakashima

On Hecke Algebras Associated with Elliptic Root Systems ...
Yoshihisa Saito and Midori Shiota

Green’s Formula with C*-Action and Caldero—Keller’s
Formula for Cluster Algebras ...........................oooeaal
Jie Xiao and Fan Xu

Contents






Preface

This volume is an outgrowth of the conference “Representation Theory of Algebraic
Groups and Quantum Groups 06 held at Nagoya University, June 12—-17, 2006, as
the 6th International Conference by the Graduate School of Mathematics, Nagoya
University.

This conference was planned as a continuation of the conference of the same
name held at Sophia University, Tokyo in the summer of 2001. The aim of the
conference was to focus on recent developments in the representation theory of alge-
braic groups and quantum groups established after the previous conference. During
the conference, 23 lectures were delivered by invited speakers, which cover topics
such as the modular representations of algebraic groups, representations of quantum
groups and crystal bases, representations of affine Lie algebras, representations of
Lie algebras in positive characteristic, representations of Hecke algebras, represen-
tations of double affine Hecke algebras and Cherednik algebras. There were 132
participants at the conference, including 48 from abroad.

This volume contains 13 articles (plus one appendix) contributed by invited
speakers from the conference.

We would like to thank all the participants for their participation and interest in
the conference, and in particular the speakers who agreed to write articles for this
volume. We also thank the Grant-in-Aid for Scientific Research by the Japan Society
for the Promotion of Science for financial support.

Last but not least, we wish to thank Ms. Kazuko Kozaki and other secretaries
from the Graduate School of Mathematics, Nagoya University for their dedicated
support of the conference, and also for the editorial work done on this volume.

July 2008 Toshiaki Shoji

Editorial Committee
Akihiko Gyoja
Hiraku Nakajima
Ken-ichi Shinoda
Toshiaki Shoji (Chair)
Toshiyuki Tanisaki
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Quotient Categories of Modular Representations

Henning Haahr Andersen

Abstract Let G be areductive algebraic group over a field of prime characteristic p.
We prove some results on the invariance under translations by p-multiples of
weights for the composition factor multiplicities in Weyl modules, respectively for
the Weyl factor multiplicities in indecomposable tilting modules for G. Our meth-
ods rely on using appropriate quotient categories. Our setup and arguments work as
well for quantum groups at roots of unity.

Keywords Modular representations - Quotient categories - Weyl modules - Tilting
modules

Mathematics Subject Classifications (2000): 20G05, 17B37

1 Introduction

Let G be a reductive algebraic group over a field k of characteristic p > 0. Denote
by T a maximal torus in G and let A be a dominant character of 7' (relative to
some choice of positive roots). Then it has been observed that many data about
representations of G with highest weight A are preserved when we add a p-multiple
of another dominant weight. For instance, we proved in Corollary 3.1 of [2] that if
A(A) and L(A) denote the Weyl module and the simple module, respectively, with
highest weight A, then the equalities

[AQ) : LW)] = [AA + pu) : L(v + pp)]

for composition factor multiplicities hold generically in the lowest dominant p?-
alcove.

H.H. Andersen (X)

Department of Mathematics, University of Aarhus, Building 530, Ny Munkegade,
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2 H.H. Andersen

The purpose of this chapter is to explore such invariance further. We shall replace
p by any p-power, and we shall not need the genericity assumption in the above
result nor shall we stick only to the lowest alcove. In fact, it will be an important
feature of our results that they are true for weights close to one or more walls of the
dominant chamber and without any upper bounds. On the other hand, we do need to
stay in the “vicinity” of our starting point A — the results we obtain are simply not
true when we move further away from A.

As an illustration of the kind of results we prove, let us state

Theorem 1.1. Let A be a dominant weight and choose r > 0 such that A belongs to
the lowest p"-alcove.

i) Let 4 be a dominant weight and o a simple root with (i1, &) > 0. Then we have
for all Weyl group elements x and y for which p" it + x - A, p"u+y - A are
dominant

[A(p" u+x-A) : L(p" u+y-A)] = [A(p" (n+we)+x-1) : L(p" (1+wg)+y-A)].

ii) Let i be a weight for which (1 — p is dominant. Then we have for all simple roots
o and for all Weyl group elements x and y

(T(p"pu4x-2) : A(p" u+y-1)) =(T(p" (n4wa)+x-1) : A(p" (u+wa)+y-1)).

Here, w,, is the fundamental weight corresponding to & and 7 (v) denotes the in-
decomposable tilting module with highest weight v; see Sect. 2 below where further
unexplained notation may be found.

The methods we use to obtain our invariance under p”-shifts involve a compar-
ison between G-modules and G, B-modules. Here, G, denotes the rth Frobenius
kernel in G and B is a Borel subgroup. On the category of G, B-modules, it is ob-
vious that tensoring with a p”-multiple of a character for B gives an equivalence.
After the necessary preliminaries collected in Sects. 2 and 3, we establish an equiv-
alence between certain quotient categories of G- and G, B-modules in Sect. 4. Our
main results including the proof of Theorem 1.1 are then found in Sects.5 and 6
below. Section 7 concerns the quantum case, see below.

The quotient categories we work with are generalizations of those considered by
Soergel in [16] and more recently by Khomenko in [12]. These two papers were our
main motivation for the present work.

Our approach also works for quantum groups at roots of unity (Sect. 7). When
the characteristic is zero, the multiplicities we encounter in this case are already
known via Kazhdan—Lusztig theory, see [11, 14, 15]. It is conjectured by Lusztig
[13] that when p > 2(h — 1), then for restricted weights the modular irreducible
characters equal their quantized counter parts. This has been proved for p > 0 in
[71, and hence in this case we get specific knowledge of those composition factors
of an arbitrary Weyl module A(A) which have highest weights “close” to A. Sim-
ilarly, we conjectured in [4] that the characters of modular tilting modules in the



Quotient Categories of Modular Representations 3

lowest p2-alcove equal their quantized analogue. If this conjecture is verified, then
our results here give precise information about the Weyl factors of 7'(1) when the
highest weights of these factors are “close” to A. For this, we use [15].

2 Finite Dimensional G -Modules

2.1 Let G and T be as in the introduction. Denote by X = X(T'), the character
group of T. Fix a Borel subgroup B in G containing 7 and let R, respectively R,
denote the root system for (G, T'), respectively the positive system in R such that
—R™ is the set of roots of B. We denote by S C R™ the set of simple roots. The
set of dominant weights X ™ C X consists then of all A € X for which (1,a") > 0
for all « € S. Here oV denotes the co-root of . Denote by Cg the category of
finite dimensional G-modules. Similarly, Cp is the category of finite dimensional
B-modules and likewise for other subgroups of G.

2.2 Wehave B = TU where U is the unipotent radical of B. Any A € X extends
to B by setting A(U) = 1. Therefore, we may consider A as a one-dimensional
B-module. We then define

V(A) =Ind§ A € Cq.

Note that V(1) = O unless A € X . For A € X, there is a unique simple submod-
ule in V(1). We call this L(1). When A runs through X T, this gives us all simple
modules in Cg.

When M € Cg, we denote by M* the dual module. For A € X + . we then
have L(A)* ~ L(—wgA) where wy is the longest element in the Weyl group W for
(G, T). We define

AQQ) = V(=wol)*, L e Xt

and see that L(A) is the unique simple quotient of A(L). We call A(A) the Weyl
module corresponding to A.

2.3 A tilting module for G is a module Q € Cg which allows both a V- and a
A-filtration, i.e., we have submodules F; and M; of Q such that

O0=FhCFHhC-CF=0=MDM;1D>---DM; DMy=0

with F;/F;—y ~ V(A;) forsome A; € X*, i = 1,2,...,r and M;/M;_; =~
A(uj)forsomepn; € X*, j =1,2,...,s.

Weight considerations show that in the above situation we will always have r = s
and {A1, A2, ... Ar} = {pa, o, oo s

In general, when a module M € Cg has a V-filtration, respectively a A-filtration,
then we write (M : V(A)), respectively (M : A(A)) for the number of times V()
or A(A) occurs in this filtration. The above observation about the occurrences of
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Weyl modules and their duals in the filtrations of a tilting module Q can then be
stated simply as follows:

(0:V() =(0:AQ)) forall LeXT.

For each A € X, there exists a unique indecomposable tilting module T'(1)
with highest weight A. An arbitrary tilting module in Cg is a direct sum of certain
of these T'(1)’s, see [8].

Remark 2.1. Tt is one of the major unsolved problems in modular representation
theory to determine the multiplicities (7'(1) : V(1)), w,A € XT. Even when the
irreducible characters for G are known, e.g., when p >> 0 [7] or when the rank of
G is 2, only a tiny piece of this problem has been solved. For more details on this as
well as a conjecture for the first step, see [4].

2.4 Recall that any finite dimensional 7-module M splits into a direct sum of its
weight spaces M) = {m e M | tm = A(t)m, t € T}, A € X. We say that A is a
weight of M if M) # 0. The character of M is the element

chM =" (dim; My)e* € Z[X].
reX

Note that if M € Cg, then the Weyl group W permutes its weight spaces, i.e.,
ch M e Z[X]" . Since each of the modules L(1), V(1), A(1), and T(1) has A as its
unique highest weight, it follows that their characters {ch L(A)};cx+,{chV(X) =
ch A(A)},ex+» and {chT(1)} cx+ are bases for Z[X]". The numbers {[A(]) :
L}y pex+ and {(T'(A) © A(w))}y uex+ are the transition matrices between
these bases.

2.5 As usual p denotes half the sum of the positive roots. The dot action of W on
Xisgivenbyw-A =w(l +p)—p,we W, A e X.

The affine Weyl group is the group generated by the reflections sy, witha € R™
and n € Z. Here, Sq,, is given by sq.n - A = Sq - A + npa. We equip X with the
usual ordering < coming from R¥.

Recall thatif u, v € X, then we say that u is strongly linked to v and write . 1 v
if there is a sequence of weights

U= <1 <- < WUp=0V

with p; = Sg; n; - pti—1 forsome r > 0,q; € R7T,n; € Z. Note that the condition
Wi—1 < i is equivalentto n; p > (ui—1 + p, ;).

The strong linkage principle [1] says that if [A(v) : L(n)] # 0 for some v, €
X T, then u 1 v. It also gives thatif (T'(v) : A(u)) # 0, then . 1 v.
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3 Finite Dimensional G, T - and G, B-Modules

Let F be the Frobenius homomorphism on G. When r € N, we let G, to denote
the kernel of F,. Then G, is a normal infinitesimal subgroup scheme of G. Simi-
larly, B, will denote the Frobenius kernel in B. See [10] for further details on these
constructions.

In this section, we fix r € N. We shall recall some basic facts about the categories
Cg,r and Cg, p of finite dimensional G, T'- and G, B-modules.

3.1 The set of r-restricted weights is the subset
X, ={AeX|0<{LaY)<p', aeS}

Each A € X can be written uniquely A = A% + p"A! with A° € X, and A! € X. In
the rest of this chapter the notation A° and A! will always refer to this decomposition
of A.

3.2 In analogy with Sect. 2, we define for A € X

V,(A) =Ind§’ 1 A € Co,r-.

This time we have V, (1) # 0 for all A € X. More precisely, dimg V,(1) = p"Rﬂ
for all A € X. There is a unique simple submodule in V,(1). We denote it is L, (1)
and all simple modules in Cg, 7 have this form for some A € X.

A key fact ([10], I1.9) about simple G, T-modules is that we have

L,(A)~LA%®p A, AeX. (1)

Here, L(A%) is (the restriction to G, T of) the simple G-module with highest weight
A9, see Sect. 2, and the T-character p” A! is made into a G, T-module by extending
it trivially on G,.

3.3 Let B’ be the Borel subgroup in G opposite to B. Then we set

Ar() =Tndy/ T(A = 2(p" = 1)p) € Cq, T

We have that L, (1) is the unique simple quotient of A, (1), see [10], I1.9.

3.4 A tilting module in Cg, 7 is a module that has both V,- and A,-filtration.
It turns out that this property is equivalent to being injective [10]. We denote
by Q,(A) the injective hull of L,(A) in Cg,r. This module has highest weight

wo-A%4 p" (A1 +2p). Hence, it also deserves the notation Ty (wo-A% + p" (A1 4+2p)).
Note that in the special case A = (p” — 1)p, we have

Lr((p"=Dp) = Vi ((p"=D)p) = Ar((p"=D)p) = O+ ((p"—1)p) = T ((p"—1)p).
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This is the rth Steinberg module. In particular, it is a G-module (sometimes
denoted St,). It is conjectured that more generally the tilting modules 7, (A) with
A€ (p" —1)p + X, should all have a G-structure. More precisely, if Res denotes
the restriction functor from Cg to Cg, T, then

Conjecture 3.1 (Donkin [8]). T,(A) >~ Res(T' (X)) forall A € (p" — 1)p + X,.

This conjecture is known to be true for p > 2(h — 1), where & is the Coxeter
number for R.

3.5 We have ExtéGrT(Ar(A),V,(u)) = 8005,k for all A,u € X, [10].
It follows that for any tilting module Q € Cg,7, we have (Q : V,.(1)) =
dimg Homeg; - (Ar(A), Q). In particular, if O = Q,(u) we deduce the reciprocity
law, see [10], I1.11

(Qr() : Vr(1) = [Ar(A) : Lr(w)] forall A, pu € X.

3.6 Most of the above have straightforward analogues for G, B. For each A € X,
we set

ﬁr(k) = Indg’B A €Cg,B.-

Each of these modules contains a unique simple submodule and we denote these
as L;(A). To restrict to G, T amounts to just removing the ~. In particular, L, (1)
remains irreducible when restricted to G, T'. This follows from (1) in 3.2.

4 Quotient Categories

4.1 ConsiderasubsetY C X.Foru € X, we write u < Y if there exists A € ¥
such that u < A.
Define a full subcategory Cg (< Y) of Cg by

Ce(=Y)={M €Cq |[M :L(u)] =0unless u <Y}

Clearly, if © < Y, then the modules L(u), V(u), A(u), and T'(w) all belong to
Co(=Y).

Similarly, let Cg (< Y') be the full subcategory of Cg (< Y') consisting of those
G-modules M € Cg(< Y) for which [M : L()] = 0 whenever € Y. This is a
Serre subcategory, i.e., it is closed under formations of submodules, quotients, and
extensions. We can therefore define the quotient category

Q6(Y)=C6(=Y)/Ce(<7Y).
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The objects in Qg (Y) coincide with those in Cg (< Y'). To describe the morphisms,
we first define for each G-module M the following two submodules:

M™*(Y) = the maximal submodule of M belonging to Cg (< Y)
and
M~ (Y) = the minimal submodule of M such that M/M~(Y) € Ca(< Y).
Note that for any N € Cg(< Y) we then have
Homg (M ~(Y), N) = 0 = Homg (N, M/M ™ (Y)). (%)
If now M, P € Cg(< Y) then we define
Homg, (v)(M, P) = Homg(M~(Y), P/P*(Y)).

It is easy to check that compositions of morphisms exist in Qg(Y):
If also Q € Cg(< Y) and f € Homg,v)(M,P),g € Homg, ) (P, Q),
then we claim

(D) f(M=(Y) C(PHY)+ P~ (Y)/PT(Y)

2) g(PT(Y)N P~(Y)) = 0.

To see that (1) holds, we just have to note that
(P/PY(XY)/(PY(Y)+P~(Y))/PT(Y)) =~ P/(PT(Y)+ P (Y)) €Co(<Y),

so that by (¥) Homg(M~(Y), P/(PT*(Y) + P~(Y))) = 0. Similarly (2)
follows because PT(Y) N P=(Y) € Cg(<Y) and hence by (x) we get
Homg (P+(Y) N P(Y), 0/Q*(Y)) = 0.

Because of (1) and (2) we can form the composite

M=) Lo (PHY)+ P (1) PHX)=P (V) PT¥)NP(1)50/0% (1),

where g is the homomorphism obtained from g via (2). This is then g o f €
HOInQG(Y)(M, Q)

We denote the natural functor Cg(< Y) — Qg (Y) by ¢ . It is the identity on
objects and if f : M — N is a morphism in Cg(< Y), then ¢¥ (f) : M—(Y) —
N/N™(Y) is the composite M ~(Y) C M VN N/NT(Y).

Note that g¥ is an exact functor with ¢¥ (N) = 0 forall N € Cg(< Y). In
particular, we obtain isomorphisms M ~(Y) ~ g¥ (M) ~ M/M*(Y) in Qg (Y).

Remark 4.1. (i) Clearly, Qg () = 0 while Q¢ ({0}) is the category of finite di-
mensional vector spaces over k, and Qg (X ) = Cg.
(i) For more information about (more general) quotient categories, see, e.g., [9].
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4.2 We continue to denote by Y a subset of X. In analogy with the above, we
define Cg, (< Y) to be the full subcategory of Cg, p consisting of those M for
which [M : L, (w)] = Ounless < Y. Moreover, we let Cg, p(< Y') denote the full
subcategory of Cg, (< Y) consisting of those M which satisfy [M : L, (W] =0if
W1 € Y. We then have the quotient category Qg,(Y) = Cg, (< Y)/Cq,B(< Y).

4.3 Inside Cg,p(< Y) and Cg, (< Y), we have full subcategories C;rB(f Y)
and Cgr (< Y), respectively, whose objects are those M in these categories for
which [M : L,(n)] = 0 for u ¢ X*. The quotient category CgrB(f Y)/
CgrB(< Y) is denoted QgrB(Y).

Let p* : Cg,B(X Y) — CgrB(f Y) denote the functor which takes a module
M into its maximal quotient belonging to Cgr g(< Y). This is clearly a right exact
functor which takes the subcategory Cg, (< Y) into Cgr (< Y). The induced
functor Qg, (Y) — Q z(¥) is also denoted p*.

44

Theorem 4.2. Suppose Y C X has the property that if £ € Y and v > 0, then
w—p'v &Y. Then the composite

es +
Co(< V)~ Co,p(< V) 2 Cf 5(< )

of the restriction functor Res and the above projection functor p™ induces an equiv-
alence Qg (Y) ~ Qa g(Y). The quasi-inverse functor is induced by Indgr B
CE;L,B(S Y) > Ce(27).

Proof. Let u € X . Then the G, B-composition factors of L () are L(u®)®@p"v =
L,(u° 4+ p"v), where v runs through the multiset of weights of L(u'). In fact,
we obtain a G, B-composition series for L(u) by taking a B-filtration of L(u')
with one-dimensional quotients, twisting this by F”, and then tensoring by L(u°).
Moreover, p* oRes L(i) = L(1°) ® (ng(le))(’), where pg :Cp — C; is the
projection functor taking a finite dimensional B-module into its maximal quotient
with dominant weights. It follows immediately that p* o Res takes Cg(< Y) into
Ch p(<Y).

Note that for any u € X, we have Indg,B L,(n) ~ L(n°) ® Indg (uH® [2].
This is O unless £ € X7, and for such weights we see in particular that all
G-composition factors L(v) of IndgrB L. (1) have v = p — p”n for some 1 > 0.
Thus, IndgrB (Cg,B(< Y)) C Co(< Y). This gives us induced functors

+oRes ndg_
Q6 (1) 55 9 (1) —5 Qg (1),
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To prove the theorem, we need to check that the two composites (p+ oRes) oIndgr B
and Indgr g o(p™ o Res) both coincide with the identity functors on the respective
quotient categories.

Let first M € Cg(< Y). Note that if M # 0, then also p™ M # 0. In fact, M
has some simple G-quotient L(x) and in turn L(u) has L, (@) as (unique) simple
G, B- quotlent Hence, pt M surjects onto L, (p). It follows that the natural map
M — IndGrB(erM) is non-zero.

Now if M = L(u), then by the above p™M = L(u°) ® (p+L([L )™
and hence IndZ s(pTL(w) ~ L(°) ® (Ind§ (p L("))™. Since all
welghts of p BL(M ) are dominant, we see by Kempf s vanishing theorem that
Ind (p BL(/L )) has a G-filtration with quotients Ind$ p(v) where v runs through
this set of dominant weights (with multiplicities). In particular, all v occuring satisfy
v < p! with equality occuring exactly once. It follows that in this case the natural
map L(u) — IndGrB(p”LL(M)) is an injection with cokernel in Cg (< Y).

We then proceed by induction on the lengthof M. If0 - My - M — M, — 0
is an exact sequence in Cg (< Y), then applying p™* we obtain the exact sequence
ptMy - pt™M — pT™M, — 0in CaB(f Y). Now by Kempf’s vanishing
theorem Indgr p is exact on Cgr (=< Y), so the rows of the following commutative
diagram are exact

0 M, M M 0

| | |

Indg 5 pt My ——Indg 5 p™M ——Indg p p™M, —0.

The injectivity of the left and right vertical maps implies the injectivity of the one
in the middle. Similarly, once the cokernels of the same two maps are in Cg(< Y),
we see that this is also true for the middle map. This proves that the composite
Indg,B o(pT oRes) is the identity on Qg (Y).

To prove that the other composite pT oRes o Indgr p 1s the identity on Qgr s(Y),
we shall for M € Cg, (< Y) consider the evaluation map Indgr gM — M. If
M = L,(u), then this map is the surjection L(u®) ® V(u")") — L,(u) induced
by the evaluation V(u!) — u!. The kernel N is clearly in Cg,B(< Y) and hence
also pT™N € Cg g(< Y). It follows that (pT oReso IndG B)L (u) is isomorphic

to L, (u) in QG,B(Y)~
Now suppose 0 - M; - M — M, — 0 is an exact sequence in CgrB(f Y).
Then we get a commutative diagram

0 M, M M, 0

! T !

0—Indg z M; —Indg M —Ind§ 5 M, — 0.
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The bottom row is exact because Indgr p 1s exact on C(J;rr (=2 Y) (by Kempf’s
vanishing theorem). The vertical homomorphisms are the evaluation maps. We see
from the diagram that if the first and third of these are surjective, so is the middle
one. Also if the kernels of the first and third are in Cg, (< Y), so is the kernel in
the middle. Hence, induction on the length of M finishes the proof.

S Multiplicities in Weyl Modules

In this section, we shall prove some identities (see Corollary 5.10) for composition
factor multiplicities in Weyl modules including the ones in part (i) of Theorem 1.1.
We first derive a more general inequality in Corollary 5.6. Our method consists of
passing to quotient categories as introduced in Sect. 4.

Definition 5.1. A subset Y C X is called convex if for any two elements A, u € Y
the interval [A, u] = {v € X | A < v < u}is also contained in Y.

Example 5.2. (i) A point in X is convex. More generally, any collection of incom-

patible points in X is convex.

(i1) Of course any interval [A, ] is convex.

(iii) If Y is an arbitrary subset of X, then its convex hull is Y = U apey A ul-
This is the smallest convex subset of X containing Y.

Remark 5.3. We may replace the order relation < above by the strong linkage rela-
tion 1. Then we similarly talk about intervals and convex sets with respect to this
relation.

Example 5.4. Let C denote the bottom dominant alcove and fix A € C. Then the
orbit W - A is a convex subset with respect to 1. In fact, if y,w € W, thenw - A
is strongly linked to y - A if and only if y < w in the Bruhat order on W. Hence,
W - A = [wo - A, A], where wg denotes the longest element in W (and where the
interval in question is with respect to the strong linkage order). If v € X, then we
have similar statements about the subset W - A + pv.

In the rest of this section, we fix r > 0 and we assume from now on that Y has
the following properties

(a) Y is convex,
(b) Whenever A € Y,oo € S wehave A — p"a ¢ Y.

Proposition 5.5. Let A € Y and assume that A = py + p" o with juy, o € X+,
Then the natural homomorphism V(ju1) ® L(u2)" — V(L) is an injection in
Qg (Y).
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Proof. Let K(u,) denote the kernel of the B-projection L(i2) — 2. Then the
short exact sequence in Cp

0— 1 ® K(Mz)(r) — Ut ® L(,uz)(r) —-A1—=0
gives rise to the exact sequence
0— H(u1 ® K(12)”) = V(1) ® L(p2)” — V(1)

in Cg. Here, we have used the tensor identity for the middle term. The last map is
the natural homomorphism in question and we are therefore done if we prove

H(u1 ® K(u2)™) e Co(< Y).

But any weight n of H(u1 ® K(u2)") satisfies n < ju; 4+ p” for some weight
¥ of K(2). Then ¥ < s, and therefore n < py + p"(u2 —a) = A — p"a for
some o € RT.If n € Y, then the convexity of ¥ implies that also A — p"a € Y.
This contradicts (b).

Corollary 5.6. ForallA\,u € Y andv € X, we have

[VA) : L] < [VAA + p"v) : L(n + p"v)].

Proof. Since Y satisfies conditions (a) and (b) in 5.4, so does Y + p”v. Applying
Proposition 5.5 to A + p”"v, we get an inclusion V(1) ® L(v)") < V(A + p"v) in
QO (Y 4+ p"v). Hence

[VA+pv): L+ p" )] = [V @ L) : L + p™v)]
> [VA) : LIL(w) ® L) : L(p + p"v)] = [V(A) : L(w)].

To improve on the results in Corollary 5.6, we first need

Lemma 5.7. Let A € X and assume H' (1) # 0.

(i) There exists a unique o € S with (A + p,a¥) < 0.

(ii) Each weight v of H' (M) satisfies ;1 < Sq - A (With o determined by 1)). More
precisely, if L(w) is a composition factor of H'(X), then i is strongly linked to
Sq * A

Proof. (1) If (A + p,a¥) > 0 forall « € S, then Kempf’s vanishing theorem tells
us that H'(1) = 0 for all i > 0. Hence, our assumption implies that S’ =
{d¢ €S| {A+p,av) <0} is non-empty. Let P denote the parabolic subgroup
in G containing B corresponding to S’. When we apply Kempf’s vanishing
theorem combined with Serre duality to P/B, we get H/(P/B,1) = 0 for
j < dim P/B. The Leray spectral sequence

H"(G/P,H*(P/B,1) = H"*(G/B,})
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shows that therefore also H/ (1) = 0 for all j < dim P/B. Hence, our as-
sumption H'(1) # 0 implies dim P/B = 1,i.e., S’ = {a} forsome a € S.

(i) Let P be as before. According to the arguments in (i), this means that P = Py,
the minimal parabolic subgroup corresponding to ¢««. Then the spectral sequence
above gives H'(A) ~ H°(G/P,H'(P/B,))). Therefore, a weight u of
H'(X) must satisfy u < 7 for some weight n of H'(P/B, 1). But the weights
of HY(P/B, ) are A +a, A + 2, ...,54 - A sothat we dohave it < 1 < s¢-A
as desired.

To get the “more precise” statement, suppose that L (i) is a composition factor
of H'(X). Then the above isomorphism shows that there must be a P, compo-
sition factor Ly (1) of H'(Py/B,A) such that L(u) is a composition factor of
H°(G/ Py, Ly(n)). But such an 7 is strongly linked to s, - A, and since Ly () C
HO%(P,/B,n) we see that L() is also a composition factor of H°(n). Hence, u is
strongly linked to 1 and therefore also to sy - A.

Proposition 5.8. Suppose Y satisfies a and b from 5.4. Let A € Y and assume
A=v+puwithv,u € Xt suchthat S’ = {a € S | (u,aV) # 0} C {a €
S | (v,aY) = p"}. Then the natural homomorphism V (v) @ L(p)) — V(L) is an
isomorphism in Qg (Y).

Proof. Arguing as in the proof of Proposition 5.5, we obtain an exact sequence
0= H'(v®K(W™) = V) @ L) = V) — H'(v @ K(1)™)

in Cg. We saw in Proposition 5.5 that the first term belongs to Cg (< Y). Now we
prove that with our additional hypothesis, we also have that the last term belongs to
that subcategory.

So suppose 7 is a weight of H'(v ® K(u)"). Then there exists a weight ¢
of K(u) such that 7 is a weight of H!'(v ® p"¢). Hence, by Lemma 5.7 we have
N <sq-(v+ p"¢) forsomex € S.

Assume first that (v,a”) < p”. Since 54({) is a weight of L(u), we must have
S (¢) < . Our assumption implies that w is fixed by s, and hence we have strict
inequality s,({) < w (¢ being a weight of K(u)). By the above, this gives n <
So (V4 Pl = 54 v+ pisall) < v+ psa(l) < v+ p'(n— p) for some
B € R™. This makes it impossible for 7 to belong to Y because if it did then
[7,A] C Y and Y would contain both A and A — p” B.

Next consider the case (v,a¥) > p”. Then we have < 54 -V + p"54({) <
v—pa+ pisg@) < v—pla+ p'u = A — p'a. Again we see that
n¢vy.

Proposition 5.9. Let again Y satisfy a and b from 5.4. Then forany M € Cg(<Y),
weXtandv €Y we have

[M®LG)" : Lo+ p )] =[M: L)
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Proof. 1t is enough to prove this for M = L(A), A € Y. Note that [L(A) : L(v)] =
0=[L()® L(w)" : L(v+ p"w)] unless A° = v°. When A% = v°, we have

[LA) @ L) : Lw+ p" )] = [LAY) @ L(w) : L + ).

These numbers are non-zero only when v! < A!. If this inequality is strict, then we
have v < A — p"«a for some positive root o. By assumptions, this means v ¢ Y.
Hence, we must have equality and in this case our equality is clear (both sides are 1).

Corollary 5.10. SupposeY and A = v + p"u € Y are as in Proposition 5.8. Then
we have

V) : L] = [V(v) : L(n— p"w)]
forallneY.

Proof. By Proposition 5.8, we have V(1) ~ V(v) ® L(1)™ in Qg (Y). When we
combine this with Proposition 5.9, we get the corollary.

Remark 5.11. The result stated in Theorem 1.1 i is the special case of this corollary
where Y = W -v + p"wy (with convex closure taken with respect to the strong
linkage relation) for v a weight in the bottom dominant p”-alcove and o« € S with
(v,a¥) > 0. Of course this reflects just one choice for Y and . There are many
other configurations where the conditions in this corollary are satisfied.

6 Tilting Modules

Recall from Sect. 2.3 the basic facts and notations concerning tilting modules. In
this chapter, we keep r € N fixed and we compare some of the Weyl factors in the
indecomposable tilting module 7' (A1) with the corresponding factors in 7'(A + p” ).
Here, p is an arbitrary dominant weight, whereas for A we need that it lies above
the rth Steinberg weight.

6.1 Letd e (p"—1)p+ XT.Then we write A = A0 + pril with A0 € (pr—1
p+X,and Al € XT. Note thatif A = A0+ E’ll is our decomposition for A from
Sect. 3.1, then we have A° = A% + p"p’ and A! = A! — p’ where p’ is the sum of
those fundamental weights w, for which (A%, aV) < p” — 1.

With this notation, we have

Theorem 6.1 (Donkin [8]). Suppose p > 2h — 2. Then there is for each A €
(p" — Dp + X an isomorphism of G-modules
T(h) ~TA% @ T(AH®.

Remark 6.2. This theorem is in fact a consequence of Conjecture 3.1. In the fol-
lowing, we assume this conjecture (alternatively the sceptical reader may add the
assumption p > 2h — 2 from now on).



14 H.H. Andersen

6.2

Proposition 6.3. Let A € (p" —1)p+X V. IfA € Y for some Y € X which satisfies
conditions a and b in 5.4, then we have an isomorphism

T(A) ~TA% ® L(AHP

in the quotient category Qg (Y).

Proof. 1Let0 = Fy C Fy C--- C Fy = T(il) be a composition series. Then there
is a unique i with F;/F;_y >~ L(A'). For j # i, we have F;/F;_y >~ L(u;) for
some p; < AL Therefore, T(io) ® (F_//ijl)(’) € Cg(< Y). The proposition
follows easily.

Corollary 6.4. Let L € (p" — 1)p+ X T. Suppose A € Y for some Y C X which
satisfies conditions a) and b) in 5.4. Ifv € Y and u € X satisfy the assumptions
in Proposition 5.8, then we have

(TA): AW) =(TA+ p'w) - A + p" ).

Proof. By Theorem 6.1, we have T(A + p"u) ~ T()LO) ® T()L1 + /L)(’) Via
Proposition 6.3 we then get an isomorphism 7(A + p” i) ~ T()LO) ® L(/\1 + )™
in Qg (Y’) with Y’ = Y + p” . If L({) is a composition factor of L(A!) ® L(y1)
different from L (A + /1), we have ¢ < A1 + u. Hence for such ¢, we have T (1%) ®
L))" € Cg(< Y'). So we have T(A + p"p) ~ T(A%) ® L(AH") @ L(u)™
in Qg (Y’). We shall now combine this with Propositions 5.5 and 5.8 to prove the
corollary.
First recall that (for any A, v € X ) we have

(T'(A) : A(v)) = dimHomg (A(v), T(1)).
Now in our case we see by the above considerations that
Homg (A(v + p" ), T(A + p’ 1)) = Homg (AW + p” ). T(A) ® L(w)?).
because of the fact that Homg (A(v 4+ p" 1), T(A) ® L(1)) =0 = Exté; (A +
p i), T(A) ® L(1')") forall 4’ < pu (otherwise v + p" i < A + p”u’, which is

impossible by our assumptions on V).
Take now a V-filtration

0O=FCFhHC---CF,=TQ)

of T(A) ordered such that if 7; is the highest weight of F;/F;_1, then n; < n;
implies i < j. Choose then ' = F;, such that v = n;,41 and v # n; for
j < i1. Then Homg(A(v + p"u),V(n;) ® L(w)®) = 0 = ExtL(AQ +
prw).V(n;) ® L(w)") for all j < iy (because v + p"'u £ n; + p’).



Quotient Categories of Modular Representations 15

Hence, Homg (A(v + p" i), F ® L(1)™)) = 0 and Homg (A(v + p" 1), T(A) ®
L(n)®)) = Homg(A( + p" ), (T(A)/F) ® L(11)")). Now we may assume
that our filtration has n; = v for j =i; + 1,...,ip and n; # v for j > ir. We
set F/ = F;,. Noting that Homg (A(v + p"n), M) = Oforall M € Cg(< Y’)
(because v+ p” u is not a weight of such M), we conclude from Proposition 5.5 that
Homg (A(v + p"11). V(1) ® L(1)™)) € Homg (A(v + p"p). V(n + p"p)) = 0
for all 7 # v. This means that Homg (A(v + p" ), (T(A)/F>) ® L(p)™) = 0
so that we get Homg(A(v + p" ), (T(A)/F1) ® L(1)™) = Homg(A(v +
"), (F2/ F1)®L(1)™). By Proposition 5.8, the last term has dimension i, —i; =
(T'(A) : A(v)) and we are done.

7 The Quantum Case

7.1 Let U, denote the quantum group associated with our root system R. We shall
assume that g is a primitive /th root of 1 in an arbitrary field k, and that U, is
constructed from the Lusztig divided power method by specializing the quantum
parameter to g. We refer to [6] for details.

Foreach A € X, we then have a simple module L, (1), a Weyl and a dual Weyl
module Az(4) and Vg4 (1), and an indecomposable tilting module Ty (1) for Uy,
all having highest weight A. These are obtained by “quantizing” the corresponding
constructions of modules for G, see [4-06].

Replacing p” by [, we can now imitate all the previous arguments and obtain
analogous results for U,;. We leave the details to the reader and state only the fol-
lowing analogues of Corollaries 5.10 and 6.4.

7.2

Corollary 7.1. Let Y C X be convex suchthatifu €Y ando € R, then u+lo ¢ Y.
Let A € Y and assume A = v + Ly with v, ;u € X T such that {o € S | {i,aV)
20} Cla eS| (v,aY) >1}. Then we have

[Vg(A) : Lg(n)] = [Vg(v) : Lq(n =)

forallneY.

Corollary 7.2. Let Y be as in Corollary 7.1 and suppose A € (I—1)p+X T belongs
to Y. Then for each n € Y and each jn € X, we have

(Tg) = Ag(m) = (Tg(A + 1) - Ag(n + 111)).

Remark 7.3. (a) When the characteristic of k is 0 and [ is not too small, then the
multiplicities [A4(A) : Ly (1)) are known to be given by the Kazhdan—Lusztig
algorithm for all A, u € X7, see [11, 14]. However this algorithm does not
immediately reveal the identities in Corollary 7.1.
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(b) Still assuming that the characteristic of k is 0, we have that T, (1) is projective

foreach A € (I—1)p+ X T, see [3]. In this case, we have a reciprocity law relat-
ing the multiplicities (7, (A) : Ag(p)) to the composition factor multiplicities

in Ag ().

(c) When the characteristic of k is positive, the problem of determining both

[Ag(A) @ Lg(w)] and (T4 (A) : A4(n)) is just as open as the corresponding
problems for G.

Acknowledgments I would like to thank the referee for catching several errors and inaccuracies.
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Dipper-James—Murphy’s Conjecture for Hecke
Algebras of Type B,

Susumu Ariki and Nicolas Jacon

Dedicated to Toshiaki Shoji and Ken-ichi Shinoda on their 60th birthdays

Abstract We prove a conjecture by Dipper, James, and Murphy that a bipartition
is restricted if and only if it is Kleshchev. Hence, the restricted bipartitions naturally
label the crystal graphs of level 2 irreducible integrable L{v(;[e)-modules and the
simple modules of Hecke algebras of type B, in the non semisimple case.

Keywords Hecke algebra - Kleshchev bipartition - Dipper—James—Murphy
conjecture
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1 Introduction

Let F be a field, ¢ and Q invertible elements of F'. The Hecke algebra of type B,
is the F-algebra defined by generators Ty, ..., T,—1 and relations

(To—O0)To+1)=0, (I,—q)Ti+1)=0(0<i<n)
(ToT1)? = (T1To)*, TiTi1Ti = Ti41TiTig1 (1 <i <n—1)
LT = TjT; (j 2 i +2).

We denote it by H, (Q, ¢g), or H,, for short. The representation theory of H,, in the
semisimple case was studied by Hoefsmit, which had applications in determining
generic degrees and Lusztig’s a-values. Motivated by the modular representa-
tion theory of U,(q) and Spz,(g) in the nondefining characteristic case, Dipper,
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James, and Murphy began the study of the modular case more than a decade ago.
The first task was to obtain classification of simple modules. For this, they con-
structed Specht modules which are indexed by the set of bipartitions [7]. The work
shows in particular that Hecke algebras of type B, are cellular algebras in the
sense of Graham and Lehrer.! Then they conjectured that the simple modules were
labeled by (Q, e)-restricted bipartitions. Their philosophy to classify the simple H,,-
modules resembles the highest weight theory in Lie theory: let g be a semisimple
Lie algebra. It has a commutative Lie subalgebra b, the Cartan subalgebra. One-
dimensional h-modules are called weights (by abuse of notion). When a g-module
admits a simultaneous generalized eigenspace decomposition with respect to b, the
decomposition is called the (generalized) weight space decomposition. Let A be a
weight. Suppose that a g-module M has the property that

(i) A appears in the weight space decomposition of M,
(i) If N is a proper g-submodule of M, then A does not appear in the weight space
decomposition of N.

Then the standard argument shows that M has a unique nonzero irreducible quo-
tient. In fact, Verma modules enjoy the property and their irreducible quotients
give a complete set of simple objects in the BGG category. Now, we turn to the
Hecke algebra H;. Define the Jucys—Murphy elements #1,...,t, by t; = Ty and
tit1 = q_lT,-t,-T,-, for 1 < i < n — 1. They generate a commutative subalge-
bra A, of the Hecke algebra H,, and A, plays the role of the Cartan subalgebra:
one-dimensional A, -modules are called weights, and the generalized simultaneous
eigenspace decomposition of an H,-module is called the weight space decomposi-
tion. Any weight is uniquely determined by the values at ¢1, ..., 1, of the weight,
and the sequence of these values in this order is called the residue sequence. Let
A = (AW 1) be a bipartition (see Sect. 2.1) and let t be a standard bitableau of
shape A (see Definition 2.9). Then, t defines a weight whose values at ¢; are given
by c,-qbf—ai where a; and b; are the row number and the column number of the
node of t labelled by i respectively, ¢; = —Q if the node is in AV and ¢; = 1 if the
node is in A?). By the theory of seminormal representations in the semisimple case
and the modular reduction, a weight appears in some H,-module if and only if it is
obtained from a bitableau this way.

Suppose that there is a weight obtained from a bitableau t of shape A such that
it does not appear in S* when g < A. If such a bitableau exists, we say that A is
(Q, e)-restricted. This is a clever generalization of the notion of e-restrictedness.
Recall that a partition A = (A¢, A1,...) is called e-restricted if iy — A; < e,
for all i = 0. Recall also that we have the similar Specht module theory for Hecke
algebras of type A. Using Jucys—Murphy elements of the Hecke algebra of type A,
we can define weights as well. Then, a partition is e-restricted if and only if there is
a weight obtained from a tableau of shape A such that it does not appear in S* when
w <A

! This result has been recently generalized by Geck in [8].



The Dipper—James—Murphy Conjecture in Type B, 19

Recall from [7] that

[S*] = [D*] + ) dau[D"],

<A

where the summation is over g such that D# # 0, dj, are decomposition numbers,
and ) par dru[D*] is represented by the radical of the bilinear form on § A As D*
is a surjective image of S*#, it implies that the weight does not appear in the radical,
while it appears in S*. Therefore, D* # 0if A is (Q, e)-restricted. Unlike the case
of the BGG category, we may have D* = 0, and it is important to know when
it occurs. When —Q is not a power of ¢, a bipartition A = (A0, 1®) is (0, e)-
restricted if and only if both A(1) and A® are e-restricted. Thus, we know when a
bipartition is (Q, e)-restricted. Further, [6, Theorem 4.18] implies that D* # 0 if
and only if A is (Q, e)-restricted, that is, simple H,-modules are labelled by (Q, e)-
restricted bipartitions. Now we suppose that —Q is a power of g. More precisely,
we suppose that

1. g is a primitive eth root of unity with e > 2
2. —Q =q™, forsome 0 <m <e.

in the rest of the chapter. We call (Q, e)-restricted bipartitions restricted biparti-
tions. They conjectured in this case that D* # 0 if and only if A is restricted, and
it has been known as the Dipper—James—Murphy conjecture for Hecke algebras of
type Bj.

Later, connection with the theory of canonical bases in deformed Fock spaces in
the sense of Hayashi and Misra-Miwa was discovered by Lascoux—Leclerc—Thibon
[11], and its proof in the framework of cyclotomic Hecke algebras [1] allowed the
first author and Mathas [2, 4] to label simple 7, -modules by the nth layer of the
crystal graph of the level 2 irreducible integrable g(A”,)-module L,(Ag + Ap).
In the theory, the crystal graph is realized as a subcrystal of the crystal of bipar-
titions, and the nodes of the crystal graph are called Kleshchev bipartitions. More
precise definition is given in the next section and A = (A, 1?®) is Kleshchev if
and only if 1® ® A belongs to the subcrystal B(Ag + A,,) of B(Ag) ® B(Am),
where the crystals B(Ag) and B(A,,) are realized on the set of e-restricted par-
titions. Now, D* # 0 if and only if A is Kleshchev by [2]. Hence, we obtained
the classification of simple H,-modules, or more precisely description of the set
{A | D* # 0}, through a different approach, and the Dipper-James—Murphy con-
jecture in the modern language is the statement that the Kleshchev bipartitions are
precisely the restricted bipartitions.

The aim of this chapter is to prove the Dipper—James—Murphy conjecture. Recall
that Lascoux, Leclerc, and Thibon considered Hecke algebras of type A, and they
showed that if A is a e-restricted partition then we can find ay, ...,ap and iy, ..., i,
such that we may write

f(dl) ) f;l(yap)g =14+ ZCV’A(V)U

v>A
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in the deformed Fock space, where ¢, 3 (v) are Laurent polynomials. This follows
from the ladder decomposition of a partition. Then LLT algorithm proves that
Kleshchev partitions are precisely e-restricted partitions. The second author [10]
proved the similar formula for FLOTW multipartitions in the Jimbo-Misra—Miwa—
Okado higher level Fock space using certain a-values instead of the dominance
order. Recall that Geck and Rouquier gave another method to label simple H;-
modules by bipartitions. The result shows that the parametrizing set of simple
‘Hn-modules in the Geck—Rouquier theory, which is called the canonical basic set,
is precisely the set of the FLOTW bipartitions. Our strategy to prove the conjecture
is to give the analogous formula for Kleshchev bipartitions. To establish the formula,
a nonrecursive characterization of Kleshchev bipartitions given by the first author,
Kreiman and Tsuchioka [5], plays a key role.

The chapter is organized as follows. In the first section, we briefly recall the
definition of Kleshchev bipartitions. We also recall the main result of [5]. In the
second section, we use this result to give an analogue for bipartitions of the ladder
decomposition. Finally, the last section gives a proof for the conjecture.

2 Preliminaries

In this section, we recall the definition of Kleshchev bipartitions together with the
main result of [5] which gives a nonrecursive characterization of these bipartitions.
We fix m as in the introduction. Namely, the parameter Q of the Hecke algebra is
Q0 =—qg"withO<m<e.

2.1 First Definitions

Recall that a partition A is a sequence of weakly decreasing nonnegative integers
(Ao, A1,...) such that [A| = } ;5o A; is finite. If A; = O for i > r, then we write
A = (Ao.....Ar_1). A bipartition A is an ordered pair of partitions (A(D, 1),
|A] = |AW| 4 |AP@] is called the rank of A. The empty bipartition (@, @) is the only
bipartition of rank zero. The diagram of A is the set

{(abe)|1<c<2,0<b <A~ 13 czd,.

We often identify a bipartition with its diagram. The nodes of A are the elements of
the diagram. Let y = (a, b, ¢) be a node of A. Then the residue of y is defined by

res(y) = b—a+m(mode)ifc =1,
V= b —a (mod e) ifc = 2.

By assigning residues to the nodes of a bipartition, we view a bipartition as a colored
diagram with colors in Z /eZ.
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Example 2.1. Pute = 4, m = 2 and A = ((3,2),(4,2,1)). Then the colored
diagram associated with A is as follows.

2[3]

0)

’

— N
[S]—=

NEE=E

3
2]

If y is a node with residue i, we say that y is an i-node. Let A and u be two
bipartitions such that g = A U {y}. Then, we denote /A = y and if res(y) = i,
we say that y is a removable i-node of p. We also say that y is an addable i -node
of A by abuse of notion.’

Leti € Z/eZ. We choose a total order on the set of removable and addable
i-nodes of a bipartition. Let y = (a,b,c) and y' = (da’,b’,c’) be removable or
addable i-nodes of a bipartition. We say that y is above y’ if either ¢ = 1 and
¢’ =20orc=canda <a'3

Let F be the vector space over Q such that the basis is given by the set of all
bipartitions. We color the nodes of bipartitions as above. We call it the (level two)
Fock space. We may equip it with sAIe-module structure in which the action of the
Chevalley generators is given by

eiA = Z v, fid= Z V.

vires(A/v)=i vires(v/A)=i

Using the total order on the set of removable and addable i-nodes given above, we
deform the s/ e-module structure to U, (sAl ¢)-module structure on the deformed Fock
space F ®q Q(v), which is the tensor product of two level 1 deformed Fock spaces.
‘We refer to [3] for the details.

2.2 Kleshchev Bipartitions

Recall that the crystal basis of the deformed Fock space is given by the basis vec-
tors of the deformed Fock space. Hence, it defines a crystal structure on the set
of bipartitions. We call it the crystal of bipartitions. As is explained in [3], the
map (AW, 1@)) > 1@ @ A jdentifies the crystal of bipartitions with the ten-
sor product of the crystal of partitions of highest weight Ay and that of highest
weight A,,. As is already mentioned in the introduction, Kleshchev bipartitions are
those bipartitions which belongs to the same connected component as the empty

2 An addable i-node of A is not a node of A.

3 We now know that there are more than one Specht module theory, and different Specht module
theories prefer different total orders on the set of i-nodes of a bipartition. Our choice of the total
order is the one prefered by Dipper—James—Murphy’s Specht module theory.



22 S. Ariki and N. Jacon

bipartition in the crystal of bipartitions. Equivalently, Kleshchev bipartitions are
those bipartitions which may be obtained from the empty bipartition by applying the
Kashiwara operators successively. Rephrasing it in combinatorial terms, we have a
recursive definition of Kleshchev bipartitions as follows.

Let A be a bipartition and let y be an i-node of A, we say that y is a normal i -node
of A if, whenever 7 is an addable i-node of A below y, there are more removable
i-nodes between 7 and y than addable i -nodes between 7 and y. If y is the highest
normal 7 -node of A, we say that y is a good i-node of A. When v is a good i -node,
we denote A \ {y} by &;A.

Definition 2.2. A bipartition A is Kleshchev if either A = (@, 0) or there exists
i € Z/eZ and a good i-node y of A such that A \ {y} is Kleshchev.

Note that the definition depends on m. The reader can prove easily using induc-
tiononn = |[AM| 4+ |A®| that if A = (A, 1?®)) is Kleshchev, then both A(V and
1@ are e-restricted. By general property of crystal bases, the following is clear.

Lemma 2.3. Suppose that A is a Kleshchev bipartition, y a good i-node of A, for
somei. Thene;A = A\ {y} is Kleshchev.

In [5], the first author, Kreiman and Tsuchioka have given a different characteri-
zation of Kleshchev bipartitions.

Let A be a partition. Then the set of beta numbers of charge h, where we only
use i = 0 or i = m in the chapter, is by definition the set J;, of decreasing integers

Jo > i > > g >

defined by jr = Ar + h —k, for k = 0. The charge & also defines a coloring of
nodes: res(y) = b —a + h (mod e) where a and b are the row number and the
column number of a node y, respectively.

An addable i-node of A corresponds to x € Jj such that x + eZ = i and
x + 1 ¢ Jy. We call x an addable i-node of Jj. Similarly, a removable i-node of
A corresponds to x € Jy suchthatx +eZ =i+ landx —1 ¢ J,. Wecall x a
removable i -node of Jj.

We define the abacus display of J, in the usual way. The i*” runner of the abacus
is{xeZ|x+eZ=i},fori € Z/eZ.

Definition 2.4. Let A be an e-restricted partition, and J,, (A1) the corresponding set
of beta numbers of charge m. We write J,, for J,,;(1) and define

UlUm) ={x €Jm | x—e & Im}.

If A is an e-core, then we define up,,(1) = A. Otherwise let p = max U(J,,;) and
define
Vip) ={x>p|x# p(@mode), x—e € Jy, x & Jm}.
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Note that V(J,,) is nonempty since A is e-restricted. Let ¢ = min V(J,,). Then we
define

up(Jm) = (Jm \ {p}) U{q}
and we denote the corresponding partition by up,, (4).

In [5], it is shown that up,, (4) is again e-restricted and we reach an e-core after
applying up,, finitely many times.

Definition 2.5. Let A be an e-restricted partition. Apply up,, repeatedly until we
reach an e-core. We denote the resulting e-core by roof,, (1).

Definition 2.6. Let A be an e-restricted partition, Jo(4) the corresponding set of
beta numbers of charge 0. We write Jy for Jo(4) and define
U(Jo) ={x € Jo|x—e¢ Jo}.

If A is an e-core, then we define downg(A) = A. Otherwise let p’ = min U(Jp) and
define
W(Jo) ={x>p' —e|xeldo, x+ed¢JojU{p

It is clear that W(Jy) is nonempty. Let ¢' = min W(Jyp). Then we define

down(Jo) = (Jo \ {g"H U {p’ —e}

and we denote the corresponding partition by downg(A4).

In [5], it is shown that downg(A) is again e-restricted and we reach an e-core
after applying downy finitely many times.

Definition 2.7. Let A be an e-restricted partition. Apply downy repeatedly until we
reach an e-core. We denote the resulting e-core by baseq (1).

Finally, let A be an e-restricted partition, J;"** the set of beta numbers of charge
0 for baseg(4). Define M; (1), fori € Z/eZ, by

M;(}) = max{x € J;'™ | x + eZ =i}.
We write M; (1) in decreasing order
M (A) > Mi,(X) > ---> M;,(A).
Then Jy™ U {M;, (1) + e}1<k<m is the set of beta numbers of charge m, for some

partition. We denote the partition by 7, (baseg(A)).
Now, the characterization of Kleshchev bipartitions is as follows.

Theorem 2.8 ([5]). Let A = (A, 1@ be a bipartition such that both AV and
A are e-restricted. Then A is Kleshchev if and only if

roof,,(AV) C 1, (baseo(k(z))).
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2.3 The Dipper-James—Murphy Conjecture

We recall the dominance order for bipartitions. Let A = (A0 1®) and p =
(M, 1) be bipartitions. In this chapter, we write g <1 A if

J

ZA(I) Z ) and |A(1)| + Zk(z) > |M(1)| + Z ,U«(Z)

k=1 k=1 k=1 k=1
forall j = 0.

Definition 2.9. Let A be a bipartition of rank n. A standard bitableau of shape A is
a sequence of bipartitions

=A0]CA[l] S-S An] =

such that the rank of A[k] is k, for 0 < k < n. Let t be a standard bitableau of
shape A. Then the residue sequence of t is the sequence

(res(y[1]), ... ,res(y[n])) € (Z/eZ)",
where y[k] = A[k]/Alk — 1], for 1 <k <n.

A standard bitableau may be viewed as filling of the nodes of A with numbers
1,...,n: we write k in the node y[k], for 1 < k < n.

Definition 2.10. A bipartition A is (—g™, e)-restricted, or restricted for short, if
there exists a standard bitableau t of shape A such that the residue sequence of any
standard bitableau of shape v <1 A does not coincide with the residue sequence of t.

Conjecture 2.11 ([7, Conj. 8.13]). A bipartition A is Kleshchev if and only if it is
restricted.

3 Properties of Kleshchev Bipartitions

The aim of this section is to prove some combinatorial results concerning Kleshchev
bipartitions.

3.1 Admissible Sequence

Definition 3.1. Let i € Z/eZ. We say that a sequence of removable i-nodes
Ry,..., Rs; (where s = 1) of a bipartition A is an admissible sequence of i -nodes
for A if
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e Ry,..., Ry are the lowest s removable i -nodes of A and every addable i -node is
above all of these nodes, and
e If there is a removable i-node R above Ry,..., Ry, there must exist an addable

i-node below R.

The following lemma shows the existence of an admissible sequence of i -nodes,
for some 7, for a Kleshchev bipartition: choose i as in the lemma and read addable
and removable i-nodes in the total order of nodes. Suppose that A has at least one
addable i-node and let n be the lowest addable i-node. Then removable i-nodes
below 7 form an admissible sequence of i-nodes. If A does not have an addable
i-node, all removable i-nodes of A form an admissible sequence of i -nodes.

Lemma 3.2. Let A = (A, A®) be a nonempty Kleshchev bipartition. Then there
exists i € 7 /eZ and a removable i-node y such that if n is an addable i -node of A,
then 1 is above y.

Proof. Recall that both A1) and A® are e-restricted. There are two cases to
consider.

e Assume that A is not the empty partition. Let A(z) be the last row. Define

y = (J, )L(z) —1,2) and i = res(y). Since A is e-restricted, the residue of
the addable node (j + 1,0,2) is not i. Hence, all the addable i-node of A are
above y.

o Assume that A is the empty partition. Let )L&l) be the last row. Define y =

(j,)LEl) —1,1) and i = res(y). Since AV is e-restricted, the residue of the
addable node (j + 1,0, 1) is not i. We show that the residue of the addable node
(0,0,2) is not i. Suppose to the contrary that the residue is i. As A is Kleshchev,
we may delete good nodes successively to obtain the empty bipartition. Hence,
y must be deleted at some point in the process. However, it can never be a good
node since we always have an addable i-node (0, 0, 2) just below it and there is
no removable i -node between them, and so we have a contradiction.

Hence the claim follows. O

Lemma3.3. Let A = (A, A®) be a nonempty Kleshchev bipartition and
Ry...., Ry an admissible sequence of i-nodes for A. Define p = (uV, u®)
by A = p U{R1,..., Rs}. Then w is Kleshchev.

Proof. Recall that AV and A® are both e-restricted. We claim that ¥ and @
are both e-restricted. We only prove that u(!) is e-restricted as the proof for 1 ® is
the same. Suppose that ;1) is not e-restricted. Since A() is e-restricted, it occurs

only when there exists j such that 15-1) = )Lgl)l +e—1, ,u(l) = )t(l), /‘521 =
)Lg.lll — landres(j + l,ky}rl —1,1) = i. But then res(}, 5.1) —1,1) =i, which
implies /L( ) = )L(]) 1 by definition of .

First case: First, we consider the case when either A®) = @ or A® #£ @ and A®
has no addable i -node. If A(Y) has no addable i -node, then the admissible sequence
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Ri,..., Ry is given by all the removable i-nodes of A, and thus all the normal
i-nodes of A. Hence u = e} A, which implies that p is Kleshchev. Therefore, we
may and do assume that A1) has at least one addable i -node.

Define t = 0 by

t = min{k | roof,,(AV) = upk (A ()},

We prove that p is Kleshchev by induction on ¢. Note that if A is Kleshchev, then
50 is (up,, (A(V), 1) since

100f1 (up,, (A1) = roof, (A1) S T (baseo (A?)).

Suppose that r = 0. Then AV is an e-core. As A(!) has an addable i -node, AV
has no removable i -node. Thus, all the removable i -nodes of A are nodes of A®.
As 2@ has no addable i -node, the admissible sequence Ry, ..., Ry is given by all
the normal i-nodes of A. Hence, u = &7 A and p is Kleshchev.

Suppose that ¢ > 0 and that the lemma holds for (up,, (A1), 1@). Recall that
we have assumed that A(!) has an addable i-node. Let r be the minimal addable
i-node of J,, = J,u(AM). The corresponding addable i-node of A(V, say y, is
the lowest addable i-node of A, and the admissible sequence Ry, ..., Ry is given
by all the removable i-nodes of A that is below y. If there is no removable i-node
greater than r, then all the removable i -nodes of A are normal, and by deleting them,
we obtain that u is Kleshchev. Hence, we assume that there is a removable i -node
greater than 7. As r 4+ 1 & J,,,, this implies that there is x € U(J,,) on the (i + 1)"
runner such that x > r 4+ 1. Let p = max U(Jy,). Then x € U(J,,) implies that
p=x>r+ 1. As p movestog > p,itimplies that Ry, ..., Ry is an admissible
sequence of i-nodes for (up,, (A1), A?) and that

(WP, (A1), 4@ = (up,, (u™), u®) U{R1, ..., Ry}.

Now, (up,, (1), 1?) is Kleshchev by the induction hypothesis. Hence,

r00fy, (1) = roofy, (up,, (11™1)) < T (baseo(n®))

and p is Kleshchev as desired.

Second case: Now, we consider the case when 1 # @ and 1@ has at least one
addable i -node. Note that it forces A = () and Ry, ..., Ry are nodes of 1D,
Define ¢’ = 0 by

t' = min{k | baseo(A?) = downf (1 @)},

We prove that g is Kleshchev by induction on #’. Note that if A is Kleshchev, then
sois (A, downg(A®)) since

r00f;, (A1) C 1, (baseg(A®)) = 1, (baseo (downg (12))).



The Dipper—James—Murphy Conjecture in Type B, 27

If ¢/ = 0, then A® is an e-core and it has removable i -nodes R, ..., Rs. Hence,
22 has no addable i-node and we are reduced to the previous case. Thus, we sup-
pose that ¢/ > 0 and that the lemma holds for (A(", down(A®)). Let J = Jo(1®)
and

r=min{xeJ |x+eZ=i+1, x—1¢J}—1.

Note that r is on the i th runner. Then there exists N = 1 such that
rnr+e,....,r+(N—1)egJ and r+ NeeJ.

Let p/ = minU(J). Then p’ < r + Ne. Suppose that p’ is not on the i th runner
or the (i + 1)th runner. If a node which is not on one of these two runners moves to
p’ — e by the down operation, the admissible sequence Ry, ..., Rs is an admissible
sequence of i-nodes for (A", downg (1)) and

(A downg(A®)) = (1P, downo(u®)) U{Ry..... Rs}.

Thus, by the induction hypothesis, (1, downg (11®)) is Kleshchev. Hence,
100 (1) S T (baseo(downo (1)) = tm (baseo (1))

implies that p is Kleshchev.

If a node in one of the two runners moves to p’ — e, then there exists 0 < k <
N—1suchthatr+ke+1e€ J,r+(k+1)e+1 ¢ Jandr+ke+1movesto p'—e.
Suppose that k < N — 1. Then, r + ke € Jo(u®) and r + (k + 1)e & Jo(u?).
Hence, r + ke moves to p’ — e to obtain downg(1?). As r + ke + 1 corresponds
to one of Ry,..., Ry, say Ry, Ry, ..., RAk,...,Rs is an admissible sequence of
i-nodes for (A1), downg(A®)) and

AW® downg(A?)) = (1P, downo(u®)) U {R1,..., Rk,..., Ry}

Hence, (1, downg(u®)) is Kleshchev by the induction hypothesis, and g is
Kleshchev as before. Next suppose thatk = N — 1. Asr + (N — 1)e + 1 moves to
p' — e, we have

r+(N—-De+1<p <r+ Ne,
r+Ne+1 ¢ Jyandr + Ne is an addable i -node. Let K be the set of beta numbers

of charge 0 ofp,(z). For x € Z,we denote J<x := J NZ<x and K<y := K N Z <.
We claim that

base(J<r+Ne) = base(K<r+ne)-

Let p’ = yo < y1 <--- < y; <r + Ne be the nodes in J which are greater than
or equal to p’ and smaller than r + Ne. We show that

base(J<y;) = si base(K<y,) 2 base(K<y;),
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for0 < j </, wheres; means swap of the ith and (i 4 1)th runners. J<, and K<,/
are s;-cores in the sense of [5], and direct computation shows the formula for j = 0.
Now we use base(J<y, ) = base({y;+1} U base(J<y;)) and base(K<y;,,) =
base({y;+1} L base(K<y; ))* and continue the similar computation and comparison
of base(J<y ;) and base(K<y ;). At the end of the inductive step, we get

base(J<r+nNe) = si base(K<r+ne) 2 base(K<;+nNe).

Now, one more direct computation shows
base({r + Ne} U base(J<,+ne)) = base({r + Ne} LI base(K<,+ne)),
and we have the claim. Therefore, baseg(1®) = baseo(u®), and we have
r00f;, (A1) C 1, (baseg (M) = 1, (baseo (1?)).

Recalling that A(Y) = ;| we have that u is Kleshcheyv.

Suppose that p’ is on one of the two runners. As p’ < r + Ne, we have either
p=r+ Neorp =r+ke+1,forsome0 <k < N — 1. If the latter occurs,
downg (1) is obtained by moving a node outside the two runners to p’ —e or mov-
ing p’ to p’ — e, and downg(u(®) is obtained from ;‘?) by moving the same node
outside the two runners to p’ — 1 — e or moving p’ — 1 to p’ — 1 — e, respectively.
Thus, downg (11®) is obtained from downg(A?)) by removing the nodes of an ad-
missible sequence of i-nodes for (A, downg(1?®)). Hence, (1™, downg(1?®))
is Kleshchev by the induction hypothesis, and it follows that u is Kleshchev. If
p'=r+ Neandr + Ne + 1 € Jy, then the same is true, and if p’ = r + Ne and
r+ Ne+1¢ Jo, then u® = down(l)v (A1), and we have

I‘OOfm(k(l)) - Tm(baseo(k(z))) = ‘[m(baseo(u(z))).

Hence, p = AV, 1®) is Kleshchev. O

3.2 Optimal Sequence of a Kleshchev Bipartition

Let A = (A(D, 1®) be a Kleshchev bipartition. By the previous lemma, we may
define by induction a sequence of Kleshchev bipartitions

A=:A[l], ARL.... A[pl, A[p+1]=0

4 See [5, Proposition 7.8].
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and a sequence of residues

ilw-wilw 7ip7 slp
S——— ~———
aj times ap times

such that, for 1 < j < p, A[j] = Alj + JU{R],....R},},and R{.... . R}, is
an admissible sequence of i j-nodes for A[/].

Wecall iy,...,i1,...,ip,...,ip an optimal sequence of A.
— ~———
ajp times ap times

Example 3.4. Keeping Example 2.1, it is easy to see that ((3,2),(4,2,1)) is a
Kleshchev bipartition, and an optimal sequence is given by

2,2,0,3,3,2,1,1,0,0,3,2.

4 Proof of the Conjecture

4.1 The Result

We are now ready to prove the conjecture. As is explained in the introduction, it is
enough to prove that Kleshchev bipartitions are restricted bipartitions. To do this,
we introduce certain reverse lexicographic order on the set of bipartitions.
Definition 4.1. We write A < v if either
e There exists j = 0 such that)k(z) v,ﬁz), fork > j, and A(z) < vjz),
e There exists j = 0 such that 2@ = @, )L](cl) = v,(cl), for k > j, and

FLORN G

J i

It is clear that if v <t A, then A < v. Recall that the deformed Fock space is
given a specific U, (sl.)-module structure which is suitable for the Dipper—James—
Murphy’s Specht module theory.

Proposition 4.2. Let A = (A, 1) be Kleshchev and let

ap umes ap times

be an optimal sequence of A. Then we have

SO0 =0+ ca,

V<A

for some Laurent polynomials ¢, 3 (v) € Zso[v,v™1], in the deformed Fock space.
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Proof. First note that the coefficient of A is one because each admissible sequence
of i j-nodes is a sequence of normal i ;-nodes.

Now the proposition is proved by induction on p. Let R}, ..., R;l be the ad-
missible sequence of i1-nodes for A, and let A" be the Kleshchev bipartition such
that

A=2A"U{Rj.....R}.

By the induction hypothesis, we have

K S = 0+ Y ey

v/ <A

Let v # A be a bipartition such that it appears in fifa‘) e f,.pa” )@ with nonzero
coefficient. Then there exist removable i;-nodes R'}, ..., R’ ; , of v and a bipartition
v’ < A’ such that

vy =v U{R R’

N 9
As Ri, e, R;l are the lowest a; i1-nodes of A, v/ = A’ implies v < A. Hence we
may assume v’ <A’. Suppose that we have A < v. If v/ @ % ) @ then choose
such that U,;z) < )L/t(z) and v'ﬁ.z) = )V(/.Z), for j > t. Then we can show
1) vj.z) = /15.2), for j > 1,

i) v <1 =@ 1= =22,
(iii) At least one of the nodes R!, ..., R;l is above (¢, Agz) —-1,2).

The condition (ii) implies that res(l,)tgz) —1,2) = res(t, v/gz),Z) = ;. Thus,
(t.A® —1,2) is an i1-node of A®. Then (iii) implies that it is not a removable node

of 1) (otherwise it has to be removed to obtain A"). This implies that A,(Z) = )Lgi)l.
Thus, vl(?l < )t;z) = A;i)l and (i) is contradicted.

If @ = )L’(z), then choose ¢ such that v’gl) < A’fl) and v’gl) = )L’;l), for
j > t. Then we argue as above. O

Corollary 4.3. The Dipper—James—Murphy conjecture is true.

Proof. Observe that v appears in f;, ... f;, 9 if and only if there exists a stan-
dard bitableau of shape v such that its residue sequence is (i1,...,i,). Let A be
Kleshchev. Then Proposition 4.2 shows that there is a standard bitableau t such that
if the residue sequence of t appears as the residue sequence of a standard bitableau
of shape v, then v < A. Suppose that the residue sequence of t is the residue se-
quence of a standard bitableau of shape v < A. As v < A implies A < v, we cannot
have v < A, a contradiction. Hence A is restricted. O
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4.2 Remarks

We conclude the chapter with two remarks.

Remark 4.4. In the language of the Fock space theory, the proof of the fact that
restricted implies Kleshchev goes as follows. The proof in the introduction is the
same proof, but it was explained in a different manner. Note that we may assume
that the characteristic of F' is zero in the proof.

Assume that A is restricted. Then there exist iy, ..., i, such that

(i) A appearsin f;, ... f;,0,
(ii) v < A implies that v does not appearin f;, ... f;, 9.

Let {G(v) | v is Kleshchev.} be the canonical basis at v = 1 in the Fock space.
As fi, ... fi, @ is represented by a projective H,-module, and G(v) = [P"], the
indecomposable projective H,,-module indexed by v, we may write

S oo @ =Y e,G).

where ¢, = 0. In particular, ¢, > 0 implies that v appears in f;, ... f;, 9.
Suppose that A is not Kleshchev. As A appearsin f;, ... f;,9, A appears in G(v)
for some Kleshchev bipartition v with ¢, > 0. Since

Gw)=v+ > dwh,

ADv

we must have v < A. However, this implies that v does not appear in f;, ... f;,9,
which contradicts ¢, > 0.

Remark 4.5. There is a systematic way to produce realizations of the crystal
B(Ao + Am) on a set of bipartitions, for each choice of log,(—Q). The bipar-
titions are called Uglov bipartitions. Recent results of Geck [8] and Geck and the
second author [9] show that Uglov bipartitions naturally label simple 7, -modules,
and Rouquier’s theory of the BGG category of rational Cherednik algebras as
quasihereditary covers of Hecke algebras naturally explains the existence of various
Specht module theories which depends on log, (- Q).

We conjecture that Uglov bipartitions satisfy an analogue of Proposition 4.2 ex-
cept that the dominance order is replaced by an appropriate a-value in the sense
of [9, Proposition 2.1]. As is mentioned in the introduction, it is known that this
conjecture is true in the case where Uglov bipartitions are FLOTW bipartitions [10,
Proposition 4.6].

Acknowledgments This chapter was written when the second author visited RIMS in Kyoto. He
would like to thank RIMS for the hospitality.



32 S. Ariki and N. Jacon
References
1. S. Ariki, On the decomposition numbers of the Hecke algebra of G(m, 1, n), J. Math. Kyoto

2.

3.

Univ. 36 (1996), 789-808

S. Ariki, On the classification of simple modules for cyclotomic Hecke algebras of type
G(m, 1,n) and Kleshchev multipartitions, Osaka J. Math. 38(4) (2001), 827-837

S. Ariki, Representations of quantum algebras and combinatorics of Young tableaux, Univ.
Lecture Series, 26 (2002), AMS

. S. Ariki and A. Mathas, The number of simple modules of the Hecke algebras of type G(r,1,n),

Math. Zeitschrift 233 (2000), 601-623

. S. Ariki, V. Kreiman and S. Tsuchioka, On the tensor product of two basic representations of

U,(s1,), Adv. Math. 218, 28-86

. R. Dipper and G. D. James, Representations of Hecke algebras of type B, J. Algebra 146

(1992), 454481

. R. Dipper, G. D. James and G. E. Murphy, Hecke algebras of type B, at roots of unity, Proc.

London Math. Soc. 70 (1995), 505-528

. M. Geck, Hecke algebras of finite type are cellular, Invent. Math. 169(3) (2007), 501-517
. M. Geck and N. Jacon, Canonical basic sets in type B,, J. Algebra 306 (2006), 104-127
. N. Jacon, On the parametrization of the simple modules for Ariki-Koike algebras at roots of

unity, J. Math. Kyoto Univ. 44(4) (2004), 729-767

. A. Lasoux, B. Leclerc and J-Y. Thibon, Hecke algebras at roots of unity and cystal bases of

quantum affine algebras, Comm. Math. Phys. 181 (1996), 205-263



On Domino Insertion and Kazhdan-Lusztig
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Abstract Based on empirical evidence obtained using the CHEVIE computer
algebra system, we present a series of conjectures concerning the combinatorial
description of the Kazhdan—Lusztig cells for type B, with unequal parameters.
These conjectures form a far-reaching extension of the results of Bonnafé and Iancu
obtained earlier in the so-called asymptotic case. We give some partial results in
support of our conjectures.
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1 Introduction and the Main Conjectures

Let W be a Coxeter group, I" be a totally ordered abelian group and L: W — I
be a weight function, in the sense of Lusztig [30, Sect. 3.1]. This gives rise to various
pre-order relations on W, usually denoted by <., <g and </z.Let ~,, ~x and
~ R be the corresponding equivalence relations. The equivalence classes are called
the left, right and two-sided cells of W, respectively. They were first defined by
Kazhdan and Lusztig [26] in the case where L is the length function on W (the
“equal parameter case”), and by Lusztig [29] in general. They play a fundamental
role, for example, in the representation theory of finite or p-adic groups of Lie type;
see the survey in [30, Chap. 0].

Our aim is to understand the dependence of the Kazhdan—Lusztig cells on the
weight function L. We shall be interested in the case where W is a finite Coxeter
group. Then unequal parameters can only arise in type /5 (m) (dihedral), Fy4 or B,,.
Now types I,(m) and F4 can be dealt with by computational methods; see [14].
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Thus, as far as finite Coxeter groups are concerned, the real issue is to study type B,
with unequal parameters. And in any case, this is the most important case with re-
spect to applications to finite classical groups (unitary, symplectic and orthogonal).
Quite recently, new connections between Kazhdan-Lusztig cells in type B, and
the theory of rational Cherednik algebras appeared in the work of Gordon and
Martino [23].

The purpose of this paper is to present a series of conjectures that would com-
pletely and explicitly determine the Kazhdan—Lusztig cells in type B, for any
positive weight function L. We will also establish some relative results in support of
these conjectures. So let now W = W, be a Coxeter group of type B,, with gener-
ating set S,, = {z, 1, ..., Sy—1} and Dynkin diagram as given below; the “weights”
a,b € I'sy attached to the generators of W), uniquely determine a weight function
L= Lg,ponW,.

b a a a
B, oOa—"}—0o— - - - —O
4 S1 §2 Sn—1

If b is “large” with respect to a, more precisely, if b > (n — 1)a, then we are in the
“asymptotic case” studied in [5] (see also [3, Proposition 5.1 and Corollary 5.2] for
the determination of the exact bound). In general, we expect that the combinatorics
governing the cells in type B, are provided by the

“domino insertion of a signed permutation into a 2-core”;

see [27,28,33] (see also Sect. 3). Having fixed r = 0, let §, be the partition with parts
(r,r—1,...,0) (a2-core). Let P,(n) be the set of partitions A - (%r(r + 1) +2n)
such that A has 2-core §,. Then the domino insertion with respect to §, gives a
bijection from W,, onto the set of all pairs of standard domino tableaux of the same
shape A € P, (n). We write this bijection as w — (P"(w), Q" (w)); see [27, Sect. 2]
for a detailed description.

The following conjectures have been verified for n < 6 by explicit computation
using CHEVIE [21] and the program Coxeter developed by du Cloux [7]. For the
basic definitions concerning Kazhdan—Lusztig cells, see Lusztig [30].

Conjecture A. Assume that I’ = Z,a = 2 and b = 2r + 1 where r = 0. Then the
following hold.

(@) w,w € W, lie in the same Kazhdan—Lusztig left cell if and only if Q" (w) =
o (w).

(b) w,w' € W, lie in the same Kazhdan—Lusztig right cell if and only if P"(w) =
Pr(w).

(c) w,w' € W, lie in the same Kazhdan—Lusztig two-sided cell if and only if all of
P"(w), Q"(w), P" (W), Q" (W') have the same shape.

Remark 1.1. The 2-core §,, the set of partitions P, (n) and the parameters a = 2,
b = 2r + 1 (where I' = Z) naturally arise in the representation theory of the
finite unitary groups GUy (¢), where N = %r(r + 1) 4+ 2n. The Hecke algebra of
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type B, with parameters 2" T, g2, ..., g2 appears as the endomorphism algebra

of a certain induced cuspidal representation. The irreducible representations of
this endomorphism algebra parametrize the unipotent representations of GUy (q)
indexed by partitions in P, (n); see [6, Sect. 13.9]. In this case, Conjecture A(c)
is somewhat more precise than [30, Conjecture 25.3 (b)] (see Sect.3.3 for more
details).

Conjecture AT. Let r > 0 and assume that a, b are any elements of I'q such that
ra < b < (r + l)a. Then the statements in Conjecture A still hold. That is, the
Kazhdan—Lusztig (left, right, two-sided) cells for this choice of parameters coincide
with those obtained for the special valuesa = 2 and b = 2r + 1 (Where I' = 7).

Remark 1.2. Assume we are in the setting of Conjecture A or AT, If w € W, let
A(w) € Pr(n) denote the shape of P"(w) (or Q" (w)). Let < denote the dominance
order on partitions. The following property of the pre-order <, has been checked
for n < 4 using CHEVIE [21]:

w<grw ifandonlyif A(w) <IA(w) ch

Remark 1.3. Assume that the statement concerning the left cells in Conjecture A
(or A1) is true. Since P"(w™!) = Q" (w) (see for instance [27, Lemma 7]), this
would imply that the statement concerning the right cells is also true. However, it
is not clear that the partition into two-sided cells easily follows from the knowledge
of the partitions into left and right cells. Indeed, it is conjectured (but not proved in
general) that the relation ~ . is generated by ~, and ~. This would follow from
Lusztig’s Conjectures (P4), (P9), (P10) and (P11).

Remark 1.4. If b > (n — 1)a (“asymptotic case”), then domino insertion is equiv-
alent to the generalized Robinson—Schensted correspondence in [5, Sect.3] (see
Theorem 3.13). Thus, Conjectures A and A hold in this case [5, Theorem 7.7], [3,
Corollary 3.6 and Remark 3.7]. Also, the refinement (c*) proposed in Remark 1.2
holds in this case if w and w’ have the same #-length [3, Theorem 3.5 and Remark
3.7] (the t-length of an element w € W, is the number of occurrences of ¢ in a
reduced decomposition of w).

Remark 1.5. Assume that Conjectures A and A" hold. Then we also conjecture that
the Kazhdan—Lusztig basis of the Iwahori—-Hecke algebra 7, associated with W,
and the weight function L, j is a cellular basis in the sense of Graham-Lehrer [24].
See Sect.2.2 for a more precise statement and applications to the representation
theory of non-semisimple specialisations of H,,.

We define the equivalence relation ~~, on elements of W, as follows: we write
w >~ w' if and only if Q"(w) = Q"(w'). An equivalence class for the relation
~, is called a left r-cell. In other words, left r-cells are the fibers of the map Q.
Similarly, we define right r-cells as the fibers of the map P" and two-sided r-cell
as the fibers of the map ™ : W,, — P, (n).

Conjectures A and A" deal with the Kazhdan-Lusztig cells for parameters such
thatra < b < (r+1)a. The next conjecture is concerned with the Kazhdan—-Lusztig
cells whenever b € N*a.
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Conjecture B. Assume that b = ra for some r = 1. Then the Kazhdan—Lusztig left
(resp. right, resp. two-sided) cells of Wy, are the smallest subsets of W;,, which are
at the same time unions of left (resp. right, resp. two-sided) (r — 1)-cells and left
(resp. right, resp. two-sided) r-cells.

We will give a combinatorially more precise version of Conjecture B in Sect. 4.

Remark 1.6. (a) If r = n, since the left r-cells and the left (r — 1)-cells coincide,
then the Conjecture B holds (“asymptotic case”, see Remark 1.4).

(b) There is one case which is not covered by Conjectures A, A™ or B: it is when
b > ra for every r € N. But this case is exactly the case which is dealt with
in [5, Theorem 7.7] (and [3, Corollary 3.6] for the determination of two-sided
cells) and it leads to the same partition into left and two-sided cells as the case
where (a,b) = (2,2n — 1) for instance (see Remark 1.4).

(¢c) The fundamental difference between the cases where b € {a,2a,...,(n —
Da} and b ¢ {a,2a,...,(n — 1)a} is already apparent in [30, Chap.22],
where the “constructible representations” are considered. Conjecturally, these
are precisely the representations given by the various left cells of W. By [30,
Chap. 22], the constructible representations are all irreducible if and only if
bdia,2a,...,(n—1a}.

(d) Again, in Conjecture B, the statement concerning left cells is equivalent to the
statement concerning right cells. However, the statement concerning two-sided
cells would then follow if one could prove that the relation ~ % is generated
by the relations ~, and ~%.

(e) Conjectures AT and B are consistent with analogous results for type Fj4 (see
[14] as far as Conjecture AT is concerned; Geck also checked that an analogue
of Conjecture B holds in type Fy).

In Sect. 2, we will discuss representation-theoretic issues related to Conjecture A.
In Sects.3 and 4, we will present a number of partial results in support of our
conjectures.

2 Leading Matrix Coefficients and Cellular Bases

Let W be a finite Coxeter group with generating set S. Let I" be a totally ordered
abelian group. Let L: W — I" be a weight function in the sense of Lusztig [30,
Sect. 3.1]. Thus, we have L(ww') = L(w) + L(w') for all w,w’ € W such that
[(ww') = l(w) + (W) where [: W — N is the usual length function with respect
to S (where N = {0,1,2,...}). Let A = Z[I'] be the group ring of I". It will
be denoted exponentially: in other words, A = B, Zv” and vV vo= ot If
Yo € I, let Asy, = @D, Zv”. We define similarly Ay, A<y, and A<y,.

Let H = H4(W, S, L) be the corresponding Iwahori—-Hecke algebra. Then H is
free over A with basis (7,,),.ew; the multiplication is given by the rule

Tow i I(sw) = I(w) + 1,

1T, = .
s Tow + (VEO —y=LOYT - if [(sw) = [(w) — 1,

where w € W and s € S. For basic properties of W and H, we refer to [20].
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2.1 Leading Matrix Coefficients

We now recall the basic facts concerning the leading matrix coefficients introduced
in [12]. First, since I" is an ordered group, the ring A is integral. Similarly, the group
algebra R[I'] is integral; we denote by K = R(I") its field of fractions.

Extending scalars from A to the field K, we obtain a finite dimensional K -algebra
Hx = K ® 4 H, with basis (T,,),,ew . It is well known that Hg is split semisimple
and abstractly isomorphic to the group algebra of W over K; see, for example, [18,
Remark 3.1]. Let Irr(H k) be the set of irreducible characters of Hg. We write this
set in the form

Ir(Hg) = {xa | A € A},

where A is some finite indexing set. If 1 € A, we denote by d) the degree of y,.
We have a symmetrizing trace t: Hx — K defined by ©(77) = 1 and 7(7},) = 0
for 1 # w € W, see [20, Sect. 8.1]. The fact that H g is split semisimple yields that

1
= — here 0 e R[I'].
T gc)x“ where 0 # ¢; € R[I]

The elements ¢ are called the Schur elements. There is a unique a(A) € I'> and a
positive real number rj such that

ey eryv 0@ 4 As _2a00):

see [12, Definition 3.3]. The number a(A) is called the a-invariant of y,. Using the
orthogonal representations defined in [12, Sect. 4], we obtain the leading matrix
coefficients ¢!, € R for A € Aand 1 < i,j < dj. See [12, Sect.4] for further
general results concerning these coefficients.

Following [18, Definition 3.3], we say that

o Hlsmtegrallfc Aerorall)LeAandl i,j <dy;
e H is normalized 1f ry = 1forall A € A.

The relevance of these notions is given by the following result.

Theorem 2.1 (See [12, Sect.4] and [18, Lemma 3.8]). Assume that H is integral
and normalized.

(a) Wehavec AG{O +1}forallwe W, A e Aand1 <i,j <d,).

(b) ForanyA € Aand1 <i,j < d,, there exists a uniquew € W such that ¢/ A #
0, we denote that element by w = w) (i, j). The correspondence (A1, ])
wy (i, j) defines a bijective map

{Ai,j)}|AeA1<i,j<d}— W
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(c) Forafixed A € Aand 1 <k < dy,

(1) Lax :={wrli,k) |1 <i <dy,}iscontained in a left cell;
(i) Rk = Awak,j) | 1 < j < dy} is contained in a right cell.

Remark 2.2. Assume that Lusztig’s conjectures (P1)—-(P15) in [30, Sect. 14.2] hold
for H. Assume also that H is normalized and integral. Combining [15, Corollary
4.8] and [18, Lemma 3.10], we conclude that the sets £, x and R, x are precisely
the left cells and the right cells of W, respectively.

Now let W = W, be the Coxeter group of type B, as in Sect. 1; let H,, be the
associated Iwahori—-Hecke algebra with respect to the weight function L = L,
where a,b = 0.

Proposition 2.3. Assume thata > 0 and b & {a,2a,...,(n — )a}. Then H, is
integral and normalized.

Proof. The fact that H,, is normalized follows from the explicit description of a(A)
in [30, Proposition 22.14]. To show that H,, is integral, we follow again the discus-
sion in [18, Example 3.6] where we showed that H,, is integral if b > (n — 1)a.
So we may, and we will, assume from now on that b < (n — 1)a. Since b ¢
{a,2a,...,(n—1)a}, there exists aunique r = O suchthatra < b < (r+1)a. Given
A € A, let S$* be the Specht module constructed by Dipper—James—Murphy [8].
There is a non-degenerate H,, -invariant bilinear form ( , ), on S*. Let{f; | t € Ty}
be the orthogonal basis constructed in [8, Theorem 8.11], where T} is the set of all
standard bitableaux of shape A. Using the recursion formula in [9, Proposition 3.8],
it is straightforward to show that, for each basis element f;, there exist integers
S¢, Asiy by, ek, dy € Z such that ay; = 0, by; = 0, and

(foo fe)a = V> [T+ - v2ai9) [ (1 +v?Cren®)
, 1_[](] + 2@ 4.4 Vzbtja) l_[l(l + V2(b+dt/a))

In [18, Example 3.6], we noticed that we also have b + ¢;3a > 0 and b + d;ja > 0
if b > (n — 1)a, and this allowed us to deduce that H, is integral in that case. Now,
if we only assume that ra < b < (r + 1)a, then b + ¢;a and b + dy;a will no

longer be strictly positive, but at least we know that they cannot be zero. Thus, there
exist fi;, hy, myg, my; € Z such that

1_[(1 + vz(b+cfk”)) = ?h l_[(l + vk where my > 0,
k k

l_[(l n v2(b+dtla)) _ VZh; l_[(l + v2m;1) where m;l > 0.
/ 1

Hence, setting

1= et (T 402 4o 02b0m) ([T +0270) -
J [

we obtain ( f,, f1)s € 1+ vZ[v] for all t. We can then proceed exactly as in [18,
Example 3.6] to conclude that H,, is integral. O
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The above result, in combination with Theorem 2.1, provides a first approxi-
mation to the left and right cells of W,. By Remark 2.2, the sets £, x and R «
should be precisely the left and right cells, respectively. In this context, Conjec-
ture A would give an explicit combinatorial description of the correspondence

(A1) = wili. f).

2.2 Cellular Bases

Let us assume that we are in the setting of Conjecture A. As announced in
Remark 1.5, we believe that then the Kazhdan—Lusztig basis of H, will be cel-
lular in the sense of Graham-Lehrer [24]. To state this more precisely, we have to
introduce some further notation. Let (C,,)yew, be the Kazhdan—Lusztig basis of
‘Hp; the element C,, is uniquely determined by the conditions that

c,=0C, and C, =T, mod Hn,>0»

where Hy >0 = )¢ W, AsoT, and the bar denotes the ring involution defined in
[30, Lemma 4.2]. Furthermore, let * : H, — H,, be the unique anti-automorphism
such that Ty = T, —1 forall w € W,. We also have C;; = C,—1 forany w € W,,.

Now assume thata > O and b & {a,2a,...,(n—Da}. Ifb < (n—1a,letr =0
besuchthatra < b < (r+1)a.If b > (n—1)a, let r be any natural number greater
than or equal ton — 1.

We set A, := P,(n) and consider the partial order on A, given by the dom-
inance order <1 on partitions. For A € A,, let M, (1) denote the set of standard
domino tableaux of shape A. If (S,7T) € M,(X) x M,(}), let C,.(S,T) := C,
where (S, T) = (P"(w), Q" (w)).

Conjecture C. With the above notation, (Ay, M, Cy, x) is a cell datum in the sense
of Graham—Lehrer [24, Definition 1.1].

The existence of a cellular structure has strong representation-theoretic appli-
cations. For the remainder of this section, assume that Conjecture C is true. Let
0: A — k be a ring homomorphism into a field k. Extending scalars from A4 to k,
we obtain a k-algebra H,, x := k ® 4 H, which will no longer be semisimple in gen-
eral. The theory of cellular algebras [24] provides, for every A € A,, a cell module
S* of ‘H, .k, endowed with an H,, r-equivariant bilinear form (]5’1. We set

D* .= §*/radp* forevery A € A,.
Let A7 := {D* | A € A, such that $* # 0}. Then we have
Irt(Hp ) = {D'l | A e AV} see Graham-Lehrer [24, Theorem 3.4].

Thus, we obtain a natural parametrization of the irreducible representations of H,,
by the set A7 C A,.
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Remark 2.4. Assume that b > (n — 1)a > 0. Then Conjecture C holds by
[16, Corollary 6.4]. In this case, the set A} is determined explicitly by Dipper—
James—Murphy [8] and Ariki [1]. Finally, it is shown in [22] that the cell modules
S* are canonically isomorphic to the Specht modules defined by Dipper—James—
Murphy [8].

Remark 2.5. Now consider arbitrary values of a,b such that a > 0 and b ¢
{a,2a,...,(n—1)a}. Then, assuming that the conjectured relation (c*) in Remark
1.2 holds, a description of the set A, follows from the results of Geck—Jacon [19]
on canonical basic sets. Indeed, one readily shows that the set A; coincides with
the canonical basic set determined by [19]. Thus, by the results of [19], we have
explicit combinatorial descriptions of A; in all cases. Note that these descriptions
heavily depend ona,b and 6: A — k.

It is shown in [17] that, if @ = 2 and b = 1 or 3, then the sets A7 parametrize
the modular principal series representations of the finite unitary groups.

3 Domino Insertion

The aim of this section is to describe the domino insertion algorithm and to provide
some theoretical evidences for Conjecture A. For this purpose we will see W, as the
group of permutations w of {—1,—2,...,—n} U {1,2,...,n} such that w(—i) =
—w(i) for any i. The identification is as follows: ¢ corresponds to the transposition
(1,—1)ands; to (i,i +1)(—i,—i—1).If r < n, we identify W, with the subgroup of
W, generated by S, = {¢, 51,52, ...,8-—1}. The symmetric group of degree n will
be denoted by &,,: when necessary, we shall identify it in the natural way with the
subgroup of W, generated by {s1,52,...,5,-1}. Letty = tand,if ]l <i <n-—1,
let t;+1 = sit;5;. As a signed permutation, ¢ is just the transposition (i, —7).

Remark 3.1. Since we shall be interested in various descent sets of elements of W,
we state here for our future needs the following two easy facts. Let w € W,,. Then
the following hold.

(a) If 1 <i <n—1,then £(ws;) > £(w) if and only if w(i) < w(i + 1).
(b) If 1 <i < n,then £(wt;) > £(w) if and only if w(i) > 0.

3.1 Partitions and Tableaux

We refer to [27,33] for further details of the material in this section. We shall assume
some familiarity with (standard) Young tableaux.

LetA = (A1 = A2 = --- = A4y > 0) be a partition of n = [A| = A1 + A2 +
-+« + A;n)- We will not distinguish between a partition A and its Young diagram
(often denoted D(A4)). Our Young diagrams will be drawn in the English notation
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so that the boxes are upper-left justified. When A and p are partitions satisfying
1 C A, we will use A/p to denote the shape corresponding to the set-difference of
the diagrams of A and . We call A/ a domino if it consists of exactly two squares
sharing an edge.

The 2-core (or just core) A of a shape A is obtained by removing dominoes
from A, keeping the shape a partition, until this is no longer possible. The parti-
tion A does not depend on how these dominoes are removed. Every 2-core has the
shape of a staircase §, = (r,r — 1,...,0) for some integer r = 0.

We denote the set of partitions by P and the set of partitions with 2-core §,
by Py,. The set of all partitions A satisfying the conditions:

A =38, and |A| = |8,| + 2n

will be denoted by Py (n). Note that P = | J,., Pr(n) is a disjoint union.

A (standard) domino tableau D of shape A € Py (n) consists of a tiling of the
shape A /A by dominoes and a filling of the dominoes with the integers {1, 2, ...,n},
each used exactly once, so that the numbers are increasing when read along either
the rows or columns. The value of a domino is the number written inside it. We will
denote by dom; the domino with the value i inside. We will also write sh(D) = A
for the shape of D. An equivalent descrlptlon of the domino tableau D is as the se-
quence of partitions A=A0cAlc...can = A}, where sh(dom;) = A/ /AL,
If the values of the dominoes in a tableau D are not restricted to the set {1,2,...,n}
(but each value occurs at most once), we will call D an injective domino
tableau.

We now describe a number of operations on standard Young and domino tableaux
needed in the sequel. One may obtain a standard Young tableau 7" = T'(D) from
a domino tableau D by replacing a domino with the value i in D by two boxes
containing 7 and i in T. The boxes are placed so that T is standard with respect to
the order I < 1 <2 < 2 < ---. If D has shape A, then 7'(D) will have shape
A/ . Suppose now that Y is a standard Young tableau of shape A filled with letters
smaller than any of the letters occurring in D. Define Ty (D) by “filling” in the
empty squares in 7' (D) with the tableau Y.

Let T be a standard Young tableau and i a letter occurring in 7. The conversion
process proceeds as follows (see [25, 33]). Replace the letter i in T with another
letter j. The resulting tableau may not be standard; so we repeatedly swap j with its
neighbours until the tableau is standard. We say that the value i has been converted
toj.

Now let T be any standard Young tableau filled with barred i and non-barred let-
ters i . Define 77¢ by successively converting barred letters i to negative letters —i
starting with the smallest letters. The main fact that we shall need is that the oper-
ation “neg” is invertible. We refer the reader to [33] for a full discussion of these
operations.
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3.2 The Barbasch—Vogan Domino Insertion Algorithm

The Robinson—Schensted correspondence establishes a bijection

< (P(7), Q(n))

between permutations 7 € G, and pairs of standard tableaux with the same shape
and size n (see [34]). Domino insertion generalizes this by replacing the symmetric
group with the hyperoctahedral group. It depends on the choice of a core §,, and
establishes a bijection between W}, and pairs (P”, Q") of standard domino tableaux
of the same shape A € P,(n). There are in fact many such bijections, but we will
be concerned only with the algorithm introduced by Barbasch and Vogan [2] and
later given a different description by Garfinkle [10]. We now describe this algorithm
following the more modern expositions [27,33].

Let D be an injective domino tableau with shape A such that i > 0 is a
value which does not occur in D. We describe the insertion £ = D <« i (or
E = D <« —i) of a horizontal (vertical) domino with value i into D.Let D.; C D
denote the sub-domino tableau of D containing all dominoes with values less than
i. If A has a 2-core A, then we will always assume that A C sh(D«;). Let E<; be
the domino tableau obtained from D.; by adding an additional vertical domino in
the first column or an additional horizontal domino in the first row labeled i.

For j > i, we define E<;, supposing that E<;_; is known. If D contains no
domino labeled j, then E<; = E<;_1; otherwise let dom; denote the domino in
D labeled j. Let u = sh(E<;—1). We now distinguish four cases:

1. If w N"dom; = @ do not touch, then we set E<; = E<;—1 U dom;.

2. If p Ndom; = (k,I) is exactly one square in the kth row and /th column, then
we add a domino containing j to E<;—1 to obtain the tableau E<; which has
shape u U dom; U(k + 1,/ + 1).

3. If w Ndom; = dom; and dom; is horizontal, then we bump the domino dom;
to the next row, by setting E<; to be the union of E<;_; with an additional
(horizontal) domino with value j one row below that of dom; .

4. If 4 Ndom; = dom; and dom; is vertical, then we bump the domino dom;
to the next column, by setting E<; to be the union of E<;_; with an additional
(vertical) domino with value j one column to the right of dom;.

Finally, we let £ = lim; o E<;.

Let w = w(D)w(2)---w(n) € W, be a hyperoctahedral permutation written
in one-line notation. Thus, for each i, we have w(i) € {£1,+£2,...,+£n}; fur-
thermore, |w(1)||w(2)|---|w(n)| € &, is a usual permutation. Let §, be a 2-core
assumed to be fixed. Then the insertion tableau P”(w) is defined as ((... ((6, <«
w(l)) < w(2))---) < w(n)). The sequence of shapes obtained in the process
defines another standard domino tableau called the recording tableau Q" (w) of
w € W,. The insertion tableau P"(w) can of course be defined for any sequence
w = w(1)w(2) - --w(n) such that |w(i)| # |w(j)| fori # j.
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The following theorem is due to Barbasch—Vogan [2] and Garfinkle [10] when
r = 0, 1 and extended by van Leeuwen [28] to larger cores.

Theorem 3.2. Fix r = 0. The domino insertion algorithm defines a bijection be-
tween w € W, and pairs (P, Q) of standard domino tableaux of the same shape
lying in P, (n). This bijection satisfies the equality P™(w) = Q" (w™!).

It is easy to see that the bijectivity in Theorem 3.2 together with Conjec-
ture AT would imply that the relevant left cell representations are irreducible.
This is consistent with the conjecture that left cell representations for W, are ir-
reducible for “generic parameters” and in particular if b ¢ {a,2a,...,(n — 1)a}
(see Proposition 2.3).

We have computational evidences for Conjectures A, AT and B: they were
checked for n < 6 using CHEVIE [21] and Coxeter [7]. In the rest of this sec-
tion, we shall give theoretical evidences for Conjecture A and A™ (induction of
cells, multiplication by the longest element, link to [30, Conjecture 25.3], asymp-
totic case, quasi-split case, right descent sets, coplactic relations).

3.3 Conjecture A and Lusztig’s Conjecture 25.3

There is an alternative description (in the case where r = 0, 1, it is in fact the
original description of Barbasch and Vogan) of domino insertion. As we will now
explain, it is related to [30, Conjecture 25.3]. Let us fix in this subsection a Coxeter
group (W, S) of type Azp4r¢+1)/2—1- Let o be the unique non-trivial automor-
phism of W such that ¢(S) = S. If J is a subset of S, we denote by W the
parabolic subgroup of W generated by J and let wy denote the longest element
of WJ .

Let I be the unique connected (when we view it as a subdiagram of the Dynkin
diagram of (W, S)) subset of S of cardinality r(r 4+ 1)/2 — 1 (or 0 if r = 0) such
thato (1) = I:

I

n r(r+1)_1 n
2

Let W denote the subgroup of W consisting of all elements w such that wW;w™! =
Wr, and w has minimal length in wWj (see [30, Sect.25.1]). If £2 is a o-orbit in
S\ I,wesetso = wruewr. If0 < i < n—1, let £2; denote the orbit of ¢ in
S\ I consisting of elements which are separated from / by i nodes in the Dynkin
diagram. Then {£2y, 21, ..., £2,—1} is the set of orbits of o in S \ /. Moreover,
there is a unique morphism of groups ¢, : W, — WW? that sends ¢ to sg, and s; to
s@; (for1 <i < n —1).Itis an isomorphism of groups (see [30, Sect. 25.1]).
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The morphism ¢, can be described explicitly in the language of signed permuta-
tions. First, identify W with the permutation group of the following 2n +r(r+1)/2
elements (ordered according to the ordering of §):

{n<—-m-1)<---<=1<01 <02 <+ <0pp4np2<1<2<---<nj,

so that the subgroup W (which is isomorphic to &,(-4+1)/2) acts on the elements
{01,02,...,0r¢41)/2}- Let w = w(1)w(2) - --w(n) € W,. Then the two-line nota-
tion of ¢, (w) is given by

( —n -+ =1 01 Opprynyja 1 2 ... n ) 0
—w(n) - =w(1) 01 -+ Opry1y/2 w(1) w(2) === w(n) )

Now, let ¢g denote the two-sided cell of W; which has “shape” §,. If w, w' € &,,
we write w ~g w' if Q(w) = Q(W) (the equivalence relation ~g defines the
Robinson—Schensted left cells of &,, which coincide with the Kazhdan—Lusztig
left cells [26, Sect. 5]).

Theorem 3.3. Fixx € co. Let w € Wy, v =2 Oand w = 1, (W)X € Gappr(r+1)/2-
Then we have

(TP (PT W)™ = P(m)  and  (To)(Q" (W)™ = Q(x).

Since neg is invertible, in particular w ~, w' if and only if i (W)x ~g t,(W)x.

For the construction of Tp(x)(P”(w)) in Theorem 3.3, we are using the ordering
01 <02 <+ < O0prap/2 < 1<1<2<2<---<i < n. Inthe case where
r = 0 or 1, Theorem 3.3 is essentially [28, Theorem 4.2.3] with different notation.
To generalize the result to all » = 0, we follow the approach of [33].

Proof. For the case r = 0, the theorem is exactly [33, Theorem 32]. We now ex-
plain, assuming familiarity with [33], how to extend the result to larger cores. It
is shown in [33, Lemma 31] that a domino insertion D <« i can be imitated by
doubly mixed insertion, denoted by P,+. The proof of [33, Lemma 31] is local and
remains valid when we replace D; by any Young tableau of the same shape, filled
with “small” letters. More precisely, their proof shows that 7p)(P" (w)) can be
obtained by doubly mixed insertion of a “biword” w¥' (explicitly defined in [33])
into P(x). Thus one has

Tp)(PT (W) = Ppx(x L ™), (2)

where a U b denotes the word obtained from concatenating a and b. In the notation
of [33], x here is a biword with no bars so that Py« (x) = P(x).

Now [33, Theorem 21 and Proposition 14] connect doubly mixed insertion with
usual Schensted insertion via the equation

Pm* (u)neg — P(uinvneg invneg)' (3)
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The operation denoted “inv neg inv neg” in [33] applied to x L w coincides with
our inclusion ¢, (w)x. Combining (2) and (3), one obtains

(Tpx)(P" (W)™ = P(m).

The statement about recording tableau is obtained analogously, or using the equation
Q(m) = P(r~ ") = P(x"'u(w)™h) = P(-(w™H)x7H). o

Remark 3.4. Note that the last statement of Theorem 3.3 does not depend on the
choice of x € ¢p.

Corollary 3.5. If r = 0 and if (a,b) = (2,2r + 1), then Conjecture A(c) agrees
with [30, Conjecture 25.3] for the case (W, S, I, 0) described above.

3.4 Longest Element

Let wo denote the longest element of W,,: it is equal to #;f,...¢, (or to —1 —2
...—n in the one line notation). It is a classical result that two elements x and y
in W, satisfy x ~, y if and only if wox ~, wgy. The next result shows that the
relations ~~, share the same property.

Proposition 3.6. Let r = 0 and let x, y € W,,. Then x =~ y if and only if wox
>~y Wo).

Proof. This follows from the easy fact that P" (wpx) (resp. Q" (wox)) is the conju-
gate (i.e., the transpose with respect to the diagonal) of P"(x) (resp. Q" (x)), and
similarly for y. O

3.5 Induction of Cells

Let m < n. Let X, denote the set of elements w € W, which have minimal length
in wWp,. It is a cross-section of W,/ W,,. By Remark 3.1, an element x € W,
belongs to X if and only if 0 < x(1) < x(2) < --- < x(m). A theorem of Geck
[13] asserts that if C is a Kazhdan—Lusztig left cell of W, (associated with the
restriction of L, p to Wy,), then X C is a union of Kazhdan—Lusztig left cells of
W,. The next result shows that the same hold if we replace Kazhdan—Lusztig left
cell by left r-cell.

Proposition 3.7. Let r = 0. If C is a left r-cell of Wy, then X, C is a union of left
r-cells of W,,.

Proof. Let w, w € Wy and x, x’ € X be such that xw =~ x'w (in Wy).
We must show that w ~, w' (in Wp,). For the purpose of this proof, we shall
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denote by (P, (w), O, (w)) (resp. (P, (w), O;,(w))) the pair of standard domino
tableaux obtained by viewing w as an element of W}, (resp. of W,,;). Then, since x
is increasing on {1,2,...,m} and takes only positive values, the dominoes filled
with {1,2,...,m} in the recording tableau Q] (xw) are the same as the one in the
recording tableau Q] (w). In particular, Q] (w) is obtained from Q7},(xw) by remov-
ing the dominoes filled by {m + 1,m + 2,...,n}. Similarly, O}, (w) is obtained
from Q7 (x’'w’) by removing the dominoes filled by {m + 1,m + 2,...,n}. Since
Qr(xw) = Qn(x'w') by hypothesis, we have that Q) (w) = Q7 (w'). In other
words, w ~, W' in W,,. O

Corollary 3.8. Let r = 0 and let x and y be two elements of Wy,. Then x ~, y in
Wi ifand only if x >~, y in W,,.

The previous corollary shows that it is not necessary to make the ambient group
precise when one studies the equivalence relation ~~,.

Geck’s result [13] is valid for any Coxeter group and any parabolic subgroup.
We shall investigate now the analogue of Proposition 3.7 for the parabolic subgroup
S, of W,. We denote by X (n) the set of elements w € W, which have minimal
length in w&,,. It is a cross-section of W,,/&,,. By Remark 3.1, an element w € W,
belongs to X(n) if and only if w(1) < w(2) < -+ < w(n).

Proposition 3.9. Let r = 0 and let C be a Robinson—Schensted left cell of S,,.
Then X (n)C is a union of domino left cells for ~,.

Proof. Let w,w' € &, and x,x’ € X(n) be such that xw ~, x'w in W,. We
must show that w ~g w'. It is well known that for two words aja, ---ay and
bibs---by. one has Q(araz---ax) = Q(brby--by) => Qlajaj41---ar) =
OMjbjy1---by) forany 1 < j < [ < k. Indeed, this is Geck’s result [13]
for G,,.

By Theorem 3.3, we have Q (i (xw)c) = Q(ir (x'w')c) for any ¢ € ¢g. Treating
ir(xw)c as a word using (1), we thus have

O(xw(1l) xw(2) - xw(n)) = Qx'W (1) x'W(2) --- xX'w(n)).
But x(1) < x(2) < --- < x(n), so that this is equivalent to Q(w) = Q(w'). O

If x € X}, and if w, w' € W, are such that w ~, w' in Wj,, then a result of
Lusztig [30, Proposition 9.13] asserts that wx ™! ~, w/x~!. The next result shows
that the same statement holds if we replace ~, by ~~,.

Proposition 3.10. Letr > 0, x € X andw, w € Wy, be such that w ~, w'. Then
“1 0 1
wx !~ wx~L

Proof. Let us use here the notation of the proof of Proposition 3.7. So we assume
that Pr (w™!) = PI(w'~!) and we must show that P/ (xw™1) = PI'(xw'™1).
Let D = ((... (6, < xw™I(1)) <« xw™'(2)):-:) <« xw™l(m)) and D' =
(C.. (8 < xw™1(1)) < xw'"1(Q2))--+) < xw~L(m)). Since w1 (i) =i ifi >
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m+ 1, we have PI(xw™!) = ((... (D < x(m + 1)) < x(m +2))--+) < x(n))
and similarly for P} (xw’ ~1). Therefore, we only need to show that D = D’. But,
since w™! stabilizes {£1,42,...,+m} and since x is increasing on {1,2,...,m}
and takes only positive values, it follows from the domino insertion algorithm that
D is obtained from P (w™1) by applying x, or in other words replacing the domino
dom; by domy ;. Similarly, D’ is obtained from P} (w'~!) by applying x. Since
Pl (w™1) = P! (w'~!) by hypothesis, we get that D = D’, as desired. O

As for Geck’s result, Lusztig’s result [30, Proposition 9.13] is valid for any
parabolic subgroup of any Coxeter group. The next result is the analogue of Propo-
sition 3.10 for the parabolic subgroup &, of W,,.

Proposition 3.11. Let r = 0, x € X(n) and w, w € &, be such that w ~g W'
Then wx~! ~, wx~1L
Proof. We must show that P"(xw™!) = P7(xw'~!) knowing that P(w™!) =
PW'™'). For u € W, denote by us the word u(1) u(2) --- u(n) and u_g the
word —u(n) —u(n —1) --- —u(1). The equation P(w™!) = P(w'™1!) gives

P((xw™he) = P((xw'™e) and P((xw™!)-g) = P((w' ™ _e).  (4)

where we are comparing pairs of standard Young tableaux filled with the set of
letters {x(1),x(2),...,x(n)} (resp. {—x(1),—x(2),...,—x(n)}).

By Theorem 3.3, it is enough to show that P (1, (xw™!)¢) = P(t,(xw'~1)c) for
some fixed ¢ € ¢g. Using (1), we may write t-(xw™1)c in one-line notation as the
concatenation (xw™!)_g U ¢ U (xw™!)g. It is well known that if a, a’, b are words
such that P(a) = P(da’), then one has P(a U b) = P(a’ U b) (this is Lusztig’s
result [30, Proposition 9.11] for the symmetric group). Combining this with (4),
we obtain P((xw™!)_g Uc U (xw D) = P((xw' H_g Ue U (xw'e), as
desired. O

Remark 3.12. The Propositions 3.7,3.9-3.11 generalize [4, Proposition 4.8] (which
corresponds to the asymptotic case).

3.6 Asymptotic Case, Quasi-Split Case

We now prove Conjectures A forr = 0,1l andr > n — 1.
Theorem 3.13. Conjectures A and A™ are true forr > n — 1.

Proof. Letr = n — 1, and let D be a domino tableau with shape A € P, (n). The
dominoes {dom; | i € {1,2,...,n}} can be decomposed into the two disjoint col-
lections D4 = {dom; | dom; is horizontal} and D_ = {dom; | dom; is vertical}
such that all the dominoes in D4 lie strictly above and to the right of all the domi-
noes in D_. We call a tableau satisfying this property segregrated. If the collection
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of dominoes D is left justified, and each domino replaced by a single box, one
obtains a usual Young tableau. Similarly, if the dominoes D-— are justified upwards
and changed into boxes, one obtains a usual Young tableau.

In other words, D can be thought of as a union of two usual tableau D4 and
D_ so that the union of the values in D4 and in D_ is the set {1,2,...,n}. To be
consistent with the remaining discussion, we in fact define D_ to be the conjugate
(reflection in the main diagonal) of the Young tableau obtained from the dominoes
D_, as described above.

Domino insertion is compatible with this decomposition so that the following
diagram commutes:

W domino insertion (Pr (W) , Q r (W))

W, w-] RS insertion [(P.(w), Q7.(W)), (PL(w), QT (w))]

Here w4 denotes the subword of w consisting of positive letters and w_ denotes the
subword consisting of negative letters, with the minus signs removed. In [5] and [3,
Corollary 5.2], it is shown for »r = n — 1 and w,w’ € W, that w ~, w' if and
only if Q(w4+) = Q(W/,) and Q(w-) = Q(w"); similar results hold for ~» and
~cr. Since Q(wy) = Q. (w) and Q(w—) = Q7 (w), we have w ~ w' if and
only if Q" (w) = Q"(w'), establishing Conjectures A and A" in this case for left
cells. A similar argument works for right cells and two-sided cells, using also the
classification of two-sided cells in [3]. O

Theorem 3.14. Conjecture A is true if a = 2b or if 3a = 2b.

Proof. In[29], Lusztig determined the left cells of W}, with parameters b = (2r+1)
a/2 forr € {0, 1} as follows. When r € {0, 1}, we have I = @ in the notation of
Sect. 3.3. The equal parameter weight function L on G54, restricts to the weight
function Lp, 4 on ¢, (W,), where b = (2r 4 1)a/2. Lusztig [29, Theorem 11] shows
that each left cell of W, is the intersection of a left cell of &5,,, with ¢, (W},). Thus,
w >~ w in W, if and only if (,(w) ~g (W) in Syp4,. When r € {0, 1}, there
is no need for the element x € ¢y in Theorem 3.3; so one obtains Conjecture A for
ref{0,1}. O

3.7 Right Descent Sets

Ifr=>0,1et S = {51,852, ..., 5n—1} Ult1,....t;} (if r = n, then S = S™). 1f
w e Wy, let

RO (w) = {s € S | £(ws) < £L(w)}
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be the extended right descent set of w. The following proposition is easy:

Proposition 3.15. Let x and y be two elements of Wy,. Then:

@ Ifx = y, then RY TV (x) = RV (p).
() Ifb > ra andif x ~¢ y, then RY TV (x) = RV (y).

Proof. If r = n— 1, then statements (a) and (b) are equivalent by Theorem 3.13; see
also Remark 1.6(b). But, in this case, (b) has been proved in [4, Proposition 4.5].
So, let us assume from now on that r < n — 1. We shall prove (a) and (b) together.
Let us set

Rs(x) ={s € {s1,...,5n—1} | L(xs) < £(x)},

RO (x) = {s € {t1,... .t} | L(xs) < £(x)}.

Then R (x) = Ry(s) URY (x).

Write x = ux’ and y = vy’, with u, v € X', and x’, y' € W, 4. Since
L(ux’) = L(u) + £(x") (and similarly for ux’s for any s € W,41), we have that
RV (x) = RETV (). Similarly, R TV (y) = RETV()). But, if x and y
satisfy (a) or (b), then RV (x") = RU TV ()/): indeed, this follows from the
fact that (a) and (b) have been proved in the asymptotic case and, in case (a), from
Proposition 3.7 and, in case (b), from [13].

Now it remains to show that Rs(x) = Rs(y) if x and y satisfy (a) or (b). In
case (b), this follows from [30, Lemma 8.6]. So assume now that x ~, y. Write
x =uoandy =V'1,withu,v € X(n) and 0, T € S,. As in the previous case, we
have Rs(x) = Rs(0) and Rs(y) = Rs(r). Moreover, by Proposition 3.9, we have
0 ~g t. It is well known that it implies that R (o) = R(7). O

Remark 3.16. Proposition 3.15 (a) can also be deduced from [33, Lemma 33] or [27,
Lemma 9].

3.8 Coplactic Relations

If x and y are two elements of W, such that £(x) < £(y), then we write x —, y
if there exists s € S,EO) and s/ € S,E” such that y = sx and £(s'x) < £(x) <
L(y) < £(s'y). If £(x) = £(y), then we write x —, y if y —, x. Let =, denote the
reflexive and transitive closure of —,..

Remark 3.17. (a) If x =, y, then {;(x) = €;(y). Here, {;(w) denotes the number
of occurrences of the generator ¢ in a reduced expression for w € W,
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(b) If ¥/ = r and if x =, y, then x =,» y (indeed, if x —, y, then x —,+ y: this
just follows from the fact that S\ S,Sr/)). Moreover, the relations =, and =,
are equal if r = n.

(¢) Ifr =2 n—1,thenx =, y ifand only if x =,_; y. Let us prove this statement.
By (b) above, we only need to show thatif x —,, y, thenx —,_; y. For this, we
may assume that £(y) > £(x). So there existsi € {1,2,...,n—1}and s’ € S,E")
such that y = s;x and £(s'x) < £(x) < £(s;x) < £(s's;x). If 5" € S then
we are done. So we may assume that s = t,,. Therefore, the first inequality says
that x~1(n) < 0 and the last inequality says that x~!s;(n) > 0. This implies
thati = n— 1. Consequently, we have x 1 (n) < O and x~!(n—1) > 0. But the
middle inequality says that x ! (n — 1) < x~1(n); so we obtain a contradiction
with the fact that s’ = ¢,,.

(d) If b > ra and if r = n — 1, then it follows from Theorem 3.13, from [5,
Proposition 3.8] and from (a), (b) and (c) above that the relations ~,, ~;, and
=, coincide.

Proposition 3.18. Let x and y be two elements of W;, such that x =, y. Then the
following hold:

(i) x = y.
(i) Ifb > ra, then x ~ y.

Proof. We may, and we will, assume that x —, y. By symmetry, we may also
assume that £(y) > £(x). We shall prove (i) and (ii) together. There exists s € S,EO)

and s’ € S\" such that y = sx and £(s'x) < £(x) < £(y) < £(s"y). Two cases
may occur:

o Ifs € S,EO), then write x = x'u! and y = y’v7! with x’, y/ € &, and u,
v € X(n). Then y' = sx’,u = vand £(s'x") < £(x) < £(Y') < L(s'y’). Ttis
well known that it implies that Q (x’) = Q(y’) (Knuth relations), so x’ ~g y’
and x" ~, y’. Therefore, since moreover u = v, it follows from Proposition 3.11
(resp. [30, Proposition 9.13]) that x ~, y (resp. x ~, y).

o Ifs' & S,EO), then we write s = s; and s’ = ¢;. Then the relations y = sx and
£(s'x) < £(x) < £(y) < £(s"y) imply that x~1(j) < 0 and x~'s;(j) > 0. In
particular, s and s’ belong to W, 41. Now, write x = x’u~! and y = y’v™! with
x',y" € Weyrandu, v € X' ;. Then y’ = sx’,u = vand £(s'x") < £(x') <
£(y") < £(s’y"). By Remark 3.17 (d), this implies that x’ ~, y’ and, if b > ra,
that x’ ~, y’. Therefore, since moreover u = v, it follows from Proposition 3.11
(resp. [30, Proposition 9.13]) that x ~~, y (resp. x ~, y). O

Even if we have both £;(x) = £;(y) and x ~, y, we do not necessarily have
x =, y. For example,letr = 0,n = 6andtakex = 56142 -3andy =56
—1432.
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4 Cycles and Conjecture B

4.1 Open and Closed Cycles

We now describe a more refined combinatorial structure of domino tableaux intro-
duced by Garfinkle [10]. We will mostly follow the setup of [32].

Let D be a domino tableau with shape A € P,(n). We call a square (i, j) € D
variable if i 4+ j and r have the same parity, otherwise we call it fixed. If the domino
dom; contains the square (k,[), we write D(k,l) =i.

Now let (k,/) be the fixed square of dom;. Suppose that dom; occupies the
squares {(k,/), (k + 1,0)} or {(k,l — 1), (k,l)}. We define a new domino dom;
by letting it occupy the squares

L{(k. D), (k—1,0)}ifi <Dk —1,1+1),
2. {(k. 1), (k.1 + D)}ifi > D(k — 1,1 + 1).

Otherwise dom; occupies the squares {(k,[), (k,] + 1)} or {(k — 1,1), (k,])}. We
define a new domino dom; by letting it occupy the squares

1 {k, D), (k] —1)}ifi < Dk + 1,1 —1),
2. {(k, 1), (k +1,0)}ifi > D(k + 1,1 — 1).

Now define the cycle ¢ = c¢(D,i) of D through i to be the smallest union ¢
of dominoes satisfying that (i) dom; € ¢ and (ii) dom; € ¢ if dom; N dom;c # 0
or dom’j Ndomg # @ for some domy € c. If ¢ is a cycle of D, let M(D,c) be
the domino tableau obtained from D by replacing each domino dom; € ¢ by dom.
We call this procedure moving through c.

Theorem 4.1 ([10]). Let D be a domino tableau and c¢ a cycle of D. Then
M(D,c) is a standard domino tableau. Furthermore, if C is a set of cycles of
D, then the tableau M (D, C) obtained by moving through each ¢ € C is defined
unambiguously.

We call a cycle ¢ closed if M (D, c) has the same shape as D; otherwise we call ¢
open. Note that each (non-trivial) cycle ¢ is in one of two positions, so that moving
through is an invertible operation.

4.2 Evidence for Conjecture B

The notion of open and closed cycles allows us to state a combinatorially more
precise version of Conjecture B.

Conjecture D. Assume that b = ra for some r = 1. Then the following hold for
anyw, w € Wy:

(@) w~, W ifand onlyif 0"~ (w) = M(Q"~'(W"), C) for a set C of open cycles.
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(b) w ~g W ifand only if PT=1(w) = M(P"~' (W), C) for a set C of open cycles.

(©) w ~gr W if and only if there exists a sequence of elements w = wy,
wa,...,wr = w such that, for each i, some tableau with shape equal to
sh(P""Y(w;)) = sh(Q""Y(w;)) can be obtained from a tableau with shape
sh(P™"Y(w;i_1)) = sh(Q" Y (w;—1)) by moving through a set of open cycles.

Remark 4.2. (a) In an earlier version of this paper, part (c) of the above con-
jecture stated that w ~,% W' if and only if some tableau with shape equal
to sh(P""1(w)) = sh(Q""!(w)) can be obtained from a tableau with shape
sh(P™"1(w')) = sh(Q"~'(w') by moving through a set of open cycles. We
wish to thank Pietraho (private communication, 23 July 2007) for pointing out
to us that it is actually necessary to consider sequences of elements as above.

(b) Each cycle ¢ of a domino tableau D is in one of two positions, and by
Theorem 4.1 they can be moved independently. Thus, Conjecture D would im-
ply that every left cell for the parameters b = ra would be a union of 2¢ left
cells for the parameters b = @ Here d is equal to the number of open
cycles, which do not change the shape of the core, in one of the Q-tableaux in
Conjecture D. This is consistent with the fact that if » = ra with r = 1, then the
number of irreducible components of a constructible representation is a power
of 2 (see [30, Chap. 22]; see also with [29, (12.1)] for the equal parameter case).

We have the following theorem of Pietraho, obtained via a careful study of the
combinatorics of cycles.

Theorem 4.3 (Pietraho [31]). Conjecture B and Conjecture D are equivalent.

Some special cases of Conjectures B and D are known. The case b = a orr = 1
is known as the equal parameter case and is closely connected with the classification
of primitive ideals of classical Lie algebras.

Theorem 4.4 (Garfinkle [11]). Conjecture D is true for r = 1.
The asymptotic case follows from [3, 5].
Theorem 4.5. Conjecture D holds for r = n.

Proof. Let D be a domino tableau with shape A € P;(n) such that g > n — 1.
Then moving through any cycle of D changes the shape of the core of D. Thus (for
left cells) the condition Q4(w) = M(Q4%(w'), C) in Conjecture D is the same as
the condition Q9(w) = Q4(w'). This agrees with the classification given in [5].
A similar argument works for right cells and two-sided cells, also using the classifi-
cation in [3]. |
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Appendix by Akihiko Hida and Hyohe Miyachi.

Abstract Let U; = U,(gl,) be Lusztig’s divided power quantum general linear
group over the complex field with parameter g, a root of unity. We investigate the
category of finite-dimensional modules over Uy .

Lusztig’s famous character formula for simple modules over U, is written purely
in terms of the affine Weyl group and its Hecke algebra, which are independent of 4.
Our result may be viewed as the categorical version of this independence. Moreover,
our methods are valid over fields of positive characteristic.

The proof uses the modular representation theory of symmetric groups and fi-
nite general linear groups, and the notions of sl2-categorification and perverse
equivalences.

Keywords Morita equivalence - Schur algebras
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1 Introduction
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algebras at different complex roots of unity are equal. The purpose of this chapter is
to interpret these equalities as consequences of Morita equivalences.

Our results extend to g-Schur algebras over fields of positive characteristic, as
long as the parameter ¢ is in the prime subfield and we restrict to blocks ‘of abelian
defect’. The idea of the proof is to deal first with certain distinguished blocks, the
Rougquier blocks, and then use special derived equivalences, called perverse equiv-
alences, that arise from sl,-categorifications, to make a link to other blocks. This
second part is an inductive step, which is based on a result proven in a forthcoming
paper [CRa].

For the Rouquier blocks, the case of ground fields of characteristic 0 is more dif-
ficult, contrary to the usual expectation. The only known method to prove structure
theorems for these blocks is via local representation theory of finite groups. Over
fields of positive characteristic, we require finite general linear groups — hence the
insistence that the parameter ¢ lies in the ground field. To obtain the result in charac-
teristic 0, we use a lifting argument; a more conceptual method would be desirable.

We formulate our main result in such a way as to also allow comparison between
Schur algebras at different roots of unity of the same order. Therefore as a bonus we
deduce that the g-Schur algebra S 4 (r) over a field k is isomorphic to the ¢’-Schur
algebra Sk 4/ (r) as k-algebras if k has characteristic 0 and ¢ and ¢’ have the same
multiplicative order. Versions of this isomorphism result (see Corollary 4) have been
proven independently using other approaches: in characteristic zero by Rouquier
[Rou08a] via Cherednik algebras, and for the Hecke algebras of symmetric groups in
all characteristics by Brundan-Kleshchev [BK09] and by Rouquier [Rou08b] using
quiver Hecke algebras.

The relevant combinatorial operations used by James and Mathas, the addition
of runners on abaci and the reverse procedure of ‘runner removal’, have very natural
interpretations in terms of alcove geometry. This is very consistent with Goodman’s
remark on James—Mathas’s results. We are not able to exploit this point of view in
our proof, because for the Rouquier blocks the combinatorics of partitions and abaci
seem better suited. Nevertheless, in the final section we take a stab at a possible
analogue of the main theorem for quantized enveloping algebras at complex roots
of unity.

We would like to thank Matthew Fayers and the referees for pointing out mistakes
in the first and second version of this chapter. We would also like to thank Akihiko
Hida for his permission to append Hida-Miyachi result on GL, to this chapter.

2 Notations and Background

2.1 Partitions and Fock Space

We associate with any partition A = (A; > A, > ---) its Young diagram {(i, j) |
1 <i <1} e NxN.Wedenote by A" the conjugate partition; its Young diagram
is obtained from that of A by interchanging the coordinates i and ;.
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Fix an integer e > 2. Givena € {0, ...,e — 1}, and partitions A and p, we write
A —4 w if the Young diagram of w is obtained from that of A by adding an extra
(i, j) such that j —i = a modulo e. Let F = 5, CA be a complex vector space
with basis indexed by the set of all partitions of all nonnegative integers. We define

linear operators ¢g, ..., €e—1, fo, - - - , fe—1 On F by
egA = Z I and fad = Z .
n—>g A A—=>a L

These locally nilpotent endomorphisms extend to an action of the Kac—-Moody al-
gebra ;[e. Put s, := exp(—f,) exp(eq) exp(—f4), an automorphism of F. Then for
any partition A, we have s;A = £0,(4) for some partition o, (4). The permutations
0o, - ..,0.—1 define an action of the affine Weyl group on the set of partitions.

Following James, consider an abacus with e half-infinite vertical runners, la-
belled po, . .., pe—1 from left to right. On runner i, we may put beads in positions
labelled i,i + e,i + 2e,... from top to bottom. Let d > 0. Any partition
A = (A1 = --- > A4) with at most d nonzero parts may be represented by placing
d beads at positions A; +d — 1,1, +d — 2, ..., A4. Note that A may be recovered
easily from the resulting configuration.

Sliding a bead one place up a runner into an unoccupied position corresponds to
removing a rim e-hook from the Young diagram of A. Repeating this process until
no longer possible, say w times, we obtain a partition called the e-core of A, and we
say that A has weight w. In going from the partition to its core, we remember how
many times each bead on runner i is moved as a partition (). The resulting e-tuple
A ={1© 1Dy s called the e-quotient of A.

The actions of ¢,, f, and 0, described above have an easy interpretation on an
abacus with d beads. Leti € {0,...,e — 1} such thati = a 4+ d modulo e. Then
A —, u if and only if (the abacus representation) of 1 can be obtained from that of
A by moving a bead in p;—1 one position to the right into an unoccupied position in
pi. And o, acts by interchanging the configuration of beads on runners p;—; and p; .

2.2 Representations of Schur Algebras

Let k be a field and let ¢ € k*. Let ¢ = e(gq) be the least integer i > 2 such that
14+g+---+4¢"~! =0ink. Hence, e is the characteristic of k if ¢ = 1, and is the
multiplicative order of ¢ otherwise. According to Kleshchev, e is sometimes called
a ‘quantum characteristic’ for Hecke algebras.

The Schur algebra S 4(d, r) is a quasihereditary algebra with simple modules
L(X) indexed by the partitions of r with at most d parts, with respect to the domi-
nance order. The Weyl module A(1) has simple head isomorphic to L(A), and any
composition factor of its radical is isomorphic to L(u) for some p < A; it is charac-
terized up to isomorphism the largest module by these properties.
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If d > d, there exists a Green’s idempotent f in Sy 4(d,r) and a canonical
isomorphism f Sk 4(d, r) f =~ Sk q(c? r) (see [Gre80]). The exact functor
Sk,q(d, r)-mod — Sy q(a’ r)-mod : M +— fM sends L(}) to the corresponding
simple module L(A) if A has at most d parts, and to O otherwise. Similarly,
FA(A) = A(L) if A has at most d parts. In particular, if d > r, then the functor is
an equivalence preserving labels.

Two simple modules L(A) and L(u) are in the same block of Sy 4(r) =
Sk,q(r,r) if and only if A and p have the same e-core. Note that they are then
necessarily of the same e-weight. So, the blocks of S 4(7), r > 0 are classified by
pairs (z,w) where 7 is an e-core partition, i.e. a partition which is its own e-core,
and w > 0.

We may identify the Fock space F with the sum of complexified Grothendieck
groups of module categories of g-Schur algebras:

F = P C @z K(Skq4(r)-mod)
r>0

Ao AW

Let B be a block and leta € {0, ...,e — 1}. Then s, restricts to an isomorphism

K(B-mod) 5K (B- mod) for some block B of the same e-weight; we write s, B =
B and say that B and B form a Scopes pair. The induced action of the affine Weyl
group on the set of all blocks of Sk 4(r),r > 0 is transitive on blocks of a fixed
weight.

We remark that by ‘Scopes pair’, we mean an arbitrary [w : k] pair of blocks (in
the original terminology of Scopes [Sco91]); we do not place the restriction w < k.

Definition 1. A block B with e-core v and weight w of Sk 4 (r) is called a Rouquier
block if there is some d such that in the d-bead abacus representation of ¢, in any
pair of adjacent runners there are at least w — 1 more beads on the righthand runner.
The e-core t is called a Rougquier core relative to w.

Clearly for all w > 0, there exist Rouquier blocks of weight w. So it is convenient
to first prove that a statement about blocks is true for the Rouquier blocks, and then
use the affine Weyl group action to show that it holds for all blocks.

3 The Main Result

3.1 James—Mathas Construction

To state the main theorem we need to describe a map on partitions, due to James
and Mathas. Let2 < e <e¢’,d > 0,and « € {0,...,e}. Given a partition A with at
most d nonzero parts, add e’ — e empty runners between p,—; and pg in the abacus
representation of A on an e-runner abacus with d beads. The new configuration on
an ¢’-runner abacus represents a partition which we call AT,
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AN — —= —

Fig.1 Adding two runners

To take an example, let e = 3, ¢’ = 5,d = 3 and « = 3. Then the operation
A+ AT adds two empty runners on the right of the abacus. So, e.g. if L = (5, 4, 3),
then At = (9, 6, 5); see Fig. 1 above.

James and Mathas showed that the map A > AT links the representation theory
of Schur algebras at complex primitive eth and e’th roots of unity in a precise way,
obtaining equalities of decomposition numbers. Our theorem below interprets their
result in terms of Morita equivalences of blocks.

3.2 Statement of the Theorem

Fix q,q' € k*,lete = e(q) and ¢/ = e(q’), and assume that ¢ < ¢’. Let B
be a block ideal of S := Sy 4(r). Let A be the set of partitions A of r such that
B-L(A) #0.

In what follows we shall be considering a number of blocks which are defined in
terms of B; we indicate this relationship notationally using decorations on ‘B’. To
avoid confusion, we will usually use the same decorations for modules and for the
poset of labels of simples.

Fixd <r,anda € {0,...,e}. Let A be the subset of A consisting of partitions
with at most d parts. We sometimes denote by /(A) the number of nonzero parts
of A. Assume that A is nonempty. Then there exists r’ and a block B’ of &' :=
Sk, (r',r') such that for all A € A, we have [AT| = r’ and AT € A’ := {u |
B"- L'(n)} # 0.

Defining A’ to be the set of partitions in A’ with at most d parts, we have a
bijection N

A=A A AT
preserving the dominance relation.

Now there exists an idempotent f € S and an isomorphism fS f =~ S, where
S 1= Skq(d,r). We define B := fBf, a sum of blocks of S. Then we have a
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quotient functor B-mod — B-mod : M +— fM. The simple modules L(1) of B

are indexed by A. The Weyl module corresponding to A € B is denoted by A(1).
Let 8’ := Sk,¢/(d, r’), and then define B’ analogously to B. We use L' and A’

to denote the simple modules and Weyl modules of B'.

Theorem 2. Suppose that one of the following holds:

o k has characteristic 0.

o Kk has characteristic £ > e and q,q' € Fy and the weight of B is strictly less than
L.

Then there exists an equivalence

F : B-mod > B’-mod

such that

FL(A) = L'(A")
and

FA(L) = A'(AT)
forall A € A.

Remark 3. (1) Since the map A +—> AT preserves the dominance order, the state-
ment concerning A-sections is an immediate consequence of the statement
about simples.

(2) For a given block B, one can always choose d = r,sothat A = A, S = S and
B = B.On the other hand, if ¢’ > e, then A’ is always strictly smaller than A,
so that B’-mod is a proper quotient of B’-mod.

(3) Incase 1 # g € Fy and the weight of B is strictly less than £, we may always
take ¢’ = 1, thus obtaining Morita equivalences between blocks of g-Schur al-
gebras and blocks of ordinary Schur algebras. In particular, we have reduced the
verification of James’s conjecture on decomposition numbers ([Jam90, Sect. 4],
[Mat99, p. 117-118, 6.37 and 2nd paragraph of p.118], [Lus80]) to the case
q = 1, i.e. to the case of ordinary Schur algebras.

(4) If ¢ = 1 and k has positive characteristic £, then B is a block of an ordinary
Schur algebra, and its weight is strictly less than £ if and only if the correspond-
ing block of a symmetric group has abelian defect groups. So the restriction
on the weight of B in Theorem 2 should be regarded as an abelian defect con-
dition [Bro90, 6.2. Question], [Bro92, 4.9. Conjecture], [BMM93], which is a
blockwise refinement of the assumption of [Mat99, 6.37] and is milder than any
known assumptions in any literatures on James’s conjecture.

(5) We expect that the hypotheses on ¢, q’ and the weight of B in positive char-
acteristic are not necessary. They just reflect our current state of knowledge on
the structure of Rouquier blocks of g-Schur algebras, which constitute the base
case of our inductive proof; the inductive step is valid in general. For example, a
positive resolution of Turner’s remarkable conjectures on Rouquier blocks with
nonabelian defect groups [Tur05] would remove the restriction on the weight
of B.



Runner Removal Morita Equivalences 61

If e = ¢/, the map A — A7 is the identity. We have rigged the statement of the
theorem and its proof to include this special case, and obtain the following corollary.

Corollary 4. e Suppose that k has characteristic 0 and that q¢ and q' are prim-
itive eth roots of unity in k. Then for all r and d, we have an isomorphism
Sk,q(d,r) = Sk,q’(d, 1) of k-algebras.

e Suppose k has characteristic £ > e and that q,q" € Fy. Then for all r and d,
corresponding blocks of Sk 4(d, r) and Sk ¢/ (d, r) of weight strictly less than £
are isomorphic as k-algebras.

Proof. Take the notation and hypotheses of Theorem 2. For all A € A, the for-
mal characters of A(A) and A’()1) are equal; hence, dimA(1) = dimA’(}).
Since the decomposition numbers of B and B’ are ‘the same’, we deduce that
dim L(A) = dim L’(1). But we already know that B and B’ are Morita equivalent,
and so conclude that B and B’ are isomorphic as k-algebras.

If the characteristic of k is 0, we may sum over all blocks to obtain isomorphisms
of Schur algebras. O

3.3 Decomposition Numbers

We now formulate the numerical consequences of Theorem 2. In characteristic 0, we
recover weak versions of the theorem of James and Mathas [JM02] and the related
result of Fayers [Fay07]. They prove equalities of the v-decomposition numbers
defined by Lascoux, Leclerc and Thibon (see [Lec02]), which specialize at v = 1,
via the theorem of Varagnolo—Vasserot [VV99] (and Ariki [Ari96]), to our formulas.
Our approach has the advantage of also being valid in positive characteristic, as long
as the parameter ¢ is in the ground field and we are in an ‘abelian defect’ situation.

In comparing out statement with those of [JM02] and [Fay07], it is important to
keep in mind that our labelling of modules is conjugate to theirs. In particular, our
result is more directly related to that of Fayers.

Theorem 5. Keep the notation and assumptions of Theorem 2. We have, for all
A €N

[AQ) : L(w)] = [A'AF) - L' ()]
and

[AQS) : ()] = [A" (A7)« L'(() ).
Proof. The first equality is equivalent to
[AR) : L(w)] = [A'A7F) : L' ()],

which is an immediate consequence of Theorem 2.
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For A € A, let T(A) be the corresponding indecomposable tilting module of B.
If A € A, the image fT(A) under the Schur functor is an indecomposable tilt-
ing module of B. By the conclusion of Theorem 2, we have equalities of filtration
multiplicities, for any A € A,

(T : AW sy = (ST(W) 2 fAR)) s
=(f'T") : /AN O s
= (T(w") : A A)sor,r)-

On the other hand, Donkin’s formula [Don98, Proposition 4.1.5] tells us that

[AQ") : L] = (T (1) : V),

where V(1) is the dual Weyl module associated with A. Here, we may safely replace
V(A1) by A(A), since contragradient duality for the g-Schur algebra sends 7'(u) to
itself and V(A) to A(A). Thus, the second equality in the statement of the theorem
is proved. O

3.4 Truncation Functors

In this subsection, we give an application of truncation functors which will be
used as a reduction step in the proof of the main theorem. The main source is
[Don98, 4.2].

In this subsection, we denote by G = G(n) the quantum general linear
group with simple roots IT = {o;,...,®,—;1}. For any subset ¥ of I1, we have
an associated standard Levi subgroup Gx. We denote by Xyx the set of dom-
inant weights for Gx. To specify the group for standard, costandard, simple,
and tilting modules, we again attach subscripts in the notation A, V, L, T, e.g.
Ax (1), Vs(A),Ls(X), Ts(A), and simply write Ap (L), Vi(R), Lm(A), Tin(A)
if for modules over G(m). In case that they are modules over the full par-
ent group G, we sometimes will not attach any subscripts, simply writing
A(X),V(A), L(A), T(A), etc.

For a standard Levi subgroup Gy of G and a dominant weight A of Gy, we
denote by Tr'; the Harish-Chandra (A, X)-truncation functor (see [Don98, p. 86], or
[Jan03, p. 181, 2.11] for its slightly different description); given a G-module V', we
define TrkV = @ wex.—pezs Vi @ Go-module. The truncation functor satisfies
the following properties.

(1) Tr’;: is exact,
V(). ifA—p €L,

2) TrdV(p) =

(@) TrsV(u) %0, otherwise

Ly(u), ifA—peZx,

0, otherwise

’

(3) TryL(p) = {
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The following can be found in [Don98, p. 89]: Fix A € Xp1. If amodule U is filtered
by A’s, amodule V is filtered by V’s and every weight of U and V is less than or
equal to A, then the map

Homg (U, V) — Homgy, (Tré U, Tré V) is surjective. (1)
For A € X1 and u € X5, we have

(TA):V(u), ifueXgandA —p e Z%;
0, otherwise.

(T=(A) : Vs(n) = 2

We have the following application of the truncation functor.

Proposition 6. Suppose that T is a cosaturated subset of the set of partitions of
r sharing a common e-core, where e is the quantum characteristic of G. Further
suppose that there exists a weight o for G (k) such that T (0) = L(0) and such that
forany A € T there exists a partition (A™)? such that \" = o U (A™)2. Here, the
notation U is taken from page 6 of Macdonald’s text book."

Put rT := {A" | A € T} and fix an integer m such that m > max{l(A?) |
AetuT}.

Then,

Endg (k+m) (@ Tk+m(/\)) = Endg(m) (@ Tm(lb)) : 3)

AeuT AeuT

Here, via the isomorphism (3), the idempotent of Endgk+m)(Tk+m (X)) corre-
sponds to the idempotent of Endg k+m) (T (AD)).

Proof. Since T'(0) = L(o0), we know that

Endg m) (@ Tm(xb)) = EndG()xGm) (69 Ti(0) ® Tm(xb)) )

AeaT AeuT

Then, by (1) and by taking Trtz(k,m) into account where t is the maximum
of A" for all A € 7 and X(k,m) = {o1,...,0k—1,Qks1s--->»Xktm—1}> WE
know that there is a surjection of Endg+m)(D;ecr Tk+m(A)) onto the RHS
of (4). So, it suffices to count the dimensions of the endomorphism rings in
question. The dimension of LHS of (3) is equal to ), ,cp7 D jan (Tk+m(R) :
Vietm (W) (Tx4m (V) © Viktm(p)). And the dimension of LHS of (4) is equal to
D AveuT Zuqub(Tm()tb) SV (WO (Tn(v?) Vi (u?)). Then, the cosaturation

"n our set up, the first entry ()t“')? is at most 0y(,). So, it is just a concatenation of two partition.
For example, (9,8,7) U (3,2,1) = (9,8,7,3,2,1).
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condition on 7 and the assumption on the unique decomposition A" = o U (A")?,
and (2) ensure that each non-zero term in the second summations in the dimension
formulas for (3) and (4) match up each other. O

3.5 Proof of the Main Theorem

In this subsection, we reduce the main theorem to the case of large d (relative to the
block B) using the results of the following sections, on Scope pairs and Rouquier
blocks.

Because the orbit of the block B under the affine Weyl group action contains a
Rougquier block, there exists a sequence of blocks By, ..., By = B, such that By is
a Rouquier block, and any two successive blocks form a Scopes pair.

Now choose ¢ such that all partitions in all blocks B; have at mostd = d + ec
parts. Now define blocks B’ and B’ analogously to B’ and B’, replacing d by d.
Then by induction, with base case Sect. 5, which proves the main result for Rouquier
blocks, and inductive step Ss:ct. 4.2, we deduce that the main theorem holds for B,
as long as we replace d by d. In other words, we have an equivalence

F: B-mod —> E-mod

such that ~ _
FL() = L'(A7)
forall A € A. Here AT is defined similarly to AT, except we use abaci with d beads
rather than d beads. Note that A+ has ce — a more parts than A™. (Recall that the
extra empty runner in A1 is inserted between p_1 and py.)
Leto = ((d + ce —a)?~¢,....(d +2¢ —a)? ¢, (d + e — )¢ ~¢). Then for
all A € A, we have "
AHT=ou@H" )
Furthermore, o is minimal amongst partitions in its block having at most c(e’ — e)-
parts. Hence, we have T¢(¢/—¢) (0) = L¢(er—e)(0).
Letm := max{{(AT)") | A € A}.
Forall A, u € A, we have

Homp (P (1), P(1t)) = Homgr (P(A*), P(ET))
2 Homgc(e/—e)+m) (T(AF)T), T((HH)™))
2 Homg(c(e'—e)+m) (T'(0 U (A1), T(0 U (1))
2 Homg(my (T((A 1)), T((1*)"))
=~ Homp/ (P(A 1), P(u™T)).

where the first isomorphism is deduced from the equivalence IE, the second and
last isomorphisms by Ringel selfduality [Don98], the third by Proposition 6 and
the fourth by (5). Here, the quantum characteristic of the G”’s is ¢’. Now the main
theorem follows immediately.
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4 Scopes Pairs

In this section, we carry out the inductive step of the proof of the main theorem.
Here, we make an additional assumption that d is large, in the sense that all the
partitions in the blocks we are considering have at most d parts.

After reviewing the notion of a perverse equivalence [Rou06, Sect. 2.6], we spell
out the inductive step. A key point here is that the combinatorics of the perverse
equivalences are independent of the ‘quantum characteristic’ e(q); a proof is rele-
gated to the end of the section.

4.1 Perverse Equivalences

We work in the context of finite-dimensional algebras, sufficient for our application.
Roughly speaking, a perverse equivalence is a derived equivalence filtered by shifted
Morita equivalences; see [Rou06, Sect. 2.6], [CRa] for more details. Let A and Abe
two finite-dimensional algebras and S (resp. S) the set of isomorphism classes of
finite-dimensional simple A-modules (resp. simple A-modules).

Definition 7. An equivalence G : D?(A-mod) 5 pb (A-mod) is perverse if
there is

e Afiltrationd =85 C S C--CS =8

e Afiltrationd =So Cc S C---CS, =8

e Andafunctionp :{l,...,r} > Z

such that
e G restricts to equivalences Dii (A-mod) = Dii- (A-mod)
e G[—p(i)] induces equivalences A; / A; 1 = AI-/A,-_I.

Here A; (rpsp. A;) is the Serre subcategory of A-mod (resp. A—mod) generated by
S; (resp. S;), and by Dﬁi (A-mod) we mean the full subcategory of D?(A4-mod)
whose objects are complexes with homology modules belonging to A; .

The following basic result implies that the filtration Se and the perversity p de-
termine A (and S, ), up to Morita equivalence.

Proposition 8. Let G : D?(A-mod) — D’(A-mod) and G' : D?(A-mod) —
D®(A’-mod) be perverse. If S, = Se and p' = p, then the composition G'G™!

restricts to an equivalence A-mod = A’-mod.

Indeed, the composition G’G ™ is also a perverse equivalence with respect to p”,
where p” is identically zero. Then an easy inductive argument shows that G'G !

restricts to an equivalence A; — A’.
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Now let A = €P,.Skq(r)-mod. Let a € {0,...,e — 1}. Given M, a
Si,q(r — 1)-module lying in a block B, let M be the corresponding Sk,q(r,r —1)-
module, under the canonical equivalence Sk 4 (r, r — 1)-mod S Sk q(r — 1)-mod.
Tensoring with the natural representation V' = k" of Sk 4(r, 1) = End(V), we ob-
tain a Sk,4(7)-module V' ® M. We define F, M to be the projection of V ® M onto
the sum of blocks C of Sk 4 () such that K(C-mod) N f, (K(B-mod)) # 0.

This recipe defines an exact endofunctor F, on €, o Sk,q(r)-mod lifting the
action of §, on F. Let E, be a left adjoint to F,. Then E, is also a right adjoint to
F,, and E, lifts the action of ¢, on F.

The adjoint pair (E,, F,;) may be used to define a sl,-categorification on A
[CRO8]. We obtain as a result derived equivalences between blocks in Scopes pairs,
which are known to be perverse, by [CRa]. Here are the details: Let B be a block of
Sk,q(7), and put B = sq B, ablock of S 4(7), for some 7. Let A and A be the sets
of partitions labelling simple modules in B and B.

Proposition 9. There exists an equivalence G : D?(B-mod) 5 D®(B-mod) such
that

o G is perverse with respect to the filtrations
Aj={AeA|F/LA) =0 and Aj={AeA|E/LQ) =0}

and the perversity p(j) = j — 1.

o G induces the isomorphism s, : K(B-mod) 5K (B-mod).

e G (and G™V) are induced by complexes of functors, each of which is a direct
summand of a composition of E;’s and Fy’s.

Remark 10. The filtrations above may also be defined by the formulas
Aj={AeA|FILA) =0y and A;={LeA|ELL(}) =0}
where Fa and Ea are the Kleshchev/Kashiwara operators:
Fa(M) := Soc(Fa(M)).  Ea(M) := Soc(Ea(M))
[Kle95a, Kle95b, Kle96].

In very special cases, we can deduce Morita equivalences of a type first discov-
ered by Scopes for symmetric groups. The following corollary is a slight extension
of [EMS94] and [Don94, Sect. 5].

In [EMS94] and [Don94, Sect.5], they dealt with 1-Schur algebras not for the
q-Schur algebras where ¢ # 1. But, the basic ideas given below are (at least at the
level of combinatorics) identical with theirs.

Corollary 11 (Scopes’s Morita equivalences). Fix d > 0. Suppose that for all
A € A, the d-bead abacus representation of A contains no beads in p;, where
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i =a + d modulo e. Then there is an equivalence B-mod = E-mod between the
blocks B and B of Sk 4(d,r) and Sk 4(d,F') corresponding to B and B, sending
L(4) to L(0aA) (and A(A) to A(0gA)).

Proof. Let G : D?(B-mod) = D®(B-mod) be the perverse equivalence provided

by Proposition 9. Then G restricts to an equivalence Gy : A = A, between the
Serre subcategories

Ap:={M € B-mod | F;,M =0} and A;:={M € B-mod| E,M = 0}.

Let A € A. Then by the assumption that there are no beads in p; we have f;A = 0.
Thus A(A) € Ay, and [G;A(A)] = [A(ogA)], since s;A = +0,A and the sign is
determined to be + as G is an equivalence. It follows by induction that for all A €
A, we have G; P(1) = P(04A). This implies the desired statements, since B and B

are Morita equivalent to End (@ AeA P()L)) and End (@ Ach P(A)), respectively.
O

4.2 Inductive Step

Consider a Scopes pair of blocks B and B = 0, B. We assume that Theorem 2 is
true for B and aim to verify it for B.

We shall also assume that all partitions in A and A have at most d parts. Hence,
A=A A=A, B=BandB = B.Leti €{0,...,e —1}sothati =a +d
mod e. We may assume that & # i mod e and therefore that B’ = o4 B’, where
a' €{0,...,e/ —1}suchthati = a’ +d mode' . If @ =i < e, we reduce to
the case @ = i + 1 by the following observation: B}, = Oy+e¢/—¢ .. 0Ou+1Bg .

and there exists an equivalence B/, -mod — B-mod sending L'(AT**1) to
L'(AT%) and A/(AT%T1) to A’(AT®) for all A € A, obtained by e’ — e appli-
cations of Corollary 11. If « = e and i = 0, we can reduce to the case « = e — 1
by a similar argument.

By Proposition 9, we have a perverse equivalence G : D?(B-mod) 5 pb
(B-mod) specified by the filtration Aj = {A € A| F/L(X) = 0} and the
perversity p(j) = j — 1. We have a parallel situation for B’ and B, a per-
verse equivalence G’ : D?(B’-mod) — D®(B’-mod) with respect to the filtration
A, = {A € A | FjL'(A)) = 0} and perversity p(j) = j — 1. Moreover
[GA(L)] = £[A(ogA)] forall A € A. An analogous statement holds for G’.

By a result of Cline, Parshall and Scott [CPS82] (see also [PS88]), the exact
functor B’-mod — B’-mod : M +— fM induces an equivalence of triangulated

categories

D?(B’-mod) ~
DB oD = pb (B -mod),
DZ(B’-mod)

where £ is the Serre subcategory of B’-mod generated by L(A), A € A’ \ A’. An
analogous statement holds for the dot versions.
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We claim that G’ restricts to an equivalence Dg(B’ -mod) 5 DS(B’ -mod).
An equivalent statement is that it restricts to an equivalence between the left per-
pendicular categories, i.e. the full triangulated subcategories of D?(B’-mod) and
D?(B’-mod) generated by {P'(A) | A € A’} and {P'(A) | A € A/}. To see that
this latter statement is true, recall (Proposition 9) that G’ is induced by a com-
plex of functors, each of which is a direct summand of a composition of powers of
E4 and F, . Because of our assumption that all partitions in A and A have at most
d parts, and that « # i mod e, the map between Grothendieck groups induced
by any such direct summand functor sends ;¢ - Z[A'(A)] into 3, v Z[A'(R)],

and therefore } ;s Z[P'(A)] into 3, ;v Z[P'(A)]. A similar reasoning applies

to G’~1, and the claim follows.
Hence, G’ induces a perverse equivalence

G’ : D?(B’-mod) > D?(B'-mod)

with respect to the filtration A’; = {A € A’ | FJL'(X) = 0} and the perversity
p(j)=Jj—-1L
By assumption, we have a Morita equivalence

F : B-mod 5 B’-mod

such that FL(A) =~ L’(A") and FA(A) =~ A’(A") for all A € A. Moreover by
Lemma 12, proved in the following subsection, the bijection A = A A= AT

restricts to bijections A ; = A’j for all j. By Proposition 8, we deduce that the
composition

G'FG™': D?(B-mod) > Db(ﬁ/—mod)
restricts to an equivalence
F: B-mod > E/-mod.

Moreover, [FA()L)] = [A'(AT)] forall A € A By unitriangularity of the decom-
position matrices of B and B, it follows that FL(A) = L'(A") forall A € A, and
therefore that FA(L) = A’(AT) forall A € A.

4.3 Comparison of Crystals

The aim of this subsection is to complete the inductive step by proving Lemma 12,
which was used above to get a good compatibility between filtrations.
Leta € {0, ...,e — 1}. For any partition A, we define

0a(1) := max{k > 0 | (Fo)F(L(1)) # 0}
= max{k > 0 | F,5(L(L)) # 0}
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and similarly

@L () :=max{k > 0 | (Fo)F(L'(1)) # 0}
= max{k = 0 | F,*(L'(})) # 0}

(cf. [HKO2, p.85]), where Fa is the Kleshchev/Kashiwara operator, defined in
Remark 10. Remember that L(A) is a simple module over a Schur algebra with
parameter ¢, while for L’(A) the parameter is ¢’.

Lemma 12. Leti € {0,...,e — 1} and define a and a’ as in Sect. 4.2. Then

0a(A) = ¢ (AT)
forany A € A.

Proof. We explain below why the statement holds if A is e-restricted. But first we
shall assume the truth of this special case and deduce the statement for arbitrary A.

We can write any partition A uniquely as A = A°7™ 4 eA, where A°7™ is
e-restricted. In terms of the abacus, A¢7™ is obtained from A by repeatedly mov-
ing a bead up a runner, say from position & to i — e, where positions h—e, ..., h—1
are unoccupied. This description makes it clear that (A¢7e5)T = (A 1)e'res,

By Steinberg’s tensor product theorem [Don98, p. 65] (cf. [Lus89, 7.4], [DDI1],
[PWO1, 11.7]), we have L(A) = L(A°™) ® L(el). More generally, tensoring with
L(e)) sends modules over a block of Sy x(r — e|)L|) to modules over the block
of Sy (r) corresponding to the same e-core. Hence, for any k the isomorphism
Ve @ L(A) =~ V& ® L(A°™) ® L(el), after a projection onto_appropriate
blocks, gives an isomorphism F,*(L(1)) =~ F,*(L(A¢™)) ® L(e)&) Thus we
deduce that g, (1) = @q(A67").

Putting together the pieces, we have, for any A,

0a(R) = a(A™) = [ (AT™)F) = @, (A7) = ¢, (A ).

Now we return to the special case of e-restricted partitions. One can define a
summand Fyy 4 : Hi,¢(S,-1)-mod — H 4 (S, )-mod of the induction functor be-
tween Hecke algebras of type A, analogous to F,. One then has obvious analogues
F3,4 and @34 of F4 and ¢,.

After Kleshchev’s branching rule appeared, Brundan [Bru98] extended
Kleshchev’s result to Hecke algebras of type A and showed that for any simple
Hik,q(Sr—1)-module L the Hy,4(S,)-module F4 (L) is simple. Since there is a
commutative diagram of functors

Fy: Skgq(r—1)-mod — Sk 4(r)-mod

! l .
Fr o Hi,g(6r—1)-mod — Hi 4(S,)-mod

where the horizontal arrows are Schur functors, this implies that ¢4z(1) = ¢@3,4(4)
for any e-restricted A.
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Brundan also showed that for e-restricted partitions, ¢z 4(1) is the number of
conormal indent a-nodes for A. We will not define this combinatorial notion here;
we just observe that his result implies that ¢4 4(A) depends only on the configu-
ration of beads on runners p;—; and p; in the abacus representation of A, where
i €{0,...,e—1}issuchthati = a+d mod e. We deduce that for any e-restricted
partition A,

Pa(A) = 0r,a(X) = 9 0 (A) = @ (R),

as desired. O

5 Rouquier Blocks

We now complete the proof of Theorem 2 by handling the base case: Rouquier
blocks.

5.1 Wreath Product Interpretation of Rouquier Blocks

In this subsection, we assume that ch(k) = £ > w > 0, and that ¢ is a prime
power not congruent to 0 or 1 modulo £. So e = e(q) is the multiplicative order of
q - 1r,. We denote by L the standard Levi subgroup of GL,(F,) corresponding
to the Young subgroup &, . In [Tur(02, p. 250, Lemma 1 and p. 249, Theorem 1] and
[MiyO1, p.30, Lemma 5.0.6 and p. 31, Theorem 5.0.7] (cf. [Tur05, Theorem 71]),
the GL, (IF,;) analogue of the main theorem in [CK02, Theorem 2] is proved inde-
pendently:

Theorem 13. Suppose y is a Rouquier e-core with respect to w. Put r := ew + |y|

and G := GL,(Fy). Put L := L |y, a Levi subgroup of G. Then L has a

parabolic complement P = LUy, in G. Put I := Ng(L) = L x 6,,. So, k[I] =

k[L] x &,,.

There exists a (k[G], k[I])-bimodule M such that

(1) M is a direct summand of k[G/Ur] @) k(I] as a (kK[G], k[I])-bimodule.

Q) M @46 MY = Aand MV ®4 M = A*, where A is the Rouquier unipotent
block of k[G] with e-core y and A* is the unipotent block of k[I] with (w + 1)-
tuple of e-cores (8", y).

(3) M is left projective as well as right projective.

5.2 Images of Some Modules via the Equivalence

In order to make a connection to g-Schur algebras we need to identify the im-
ages of modules under the equivalence in Theorem 13. We retain the assumptions
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on ¢ and £ of the previous section. For A + n, we denote by S(A) the Specht
k GL, (F4)-module corresponding to A (see [Jam84, Jam86]), by D(A) its unique
simple quotient, by P(1) the projective cover of D(A) and by X(4) the Young
k GL, (F4)-module corresponding to A (see [DJ89] for the definition).

The labels of simple modules over the principal block Bo(k[GL.(F,) ¢ &,])
are given by e-multipartitions of w, which we denote by MP(e,w). This goes
as follows: The principal block Bo(GL.(F,)) has e non-isomorphic simple mod-
ules {D(u) | wisahook partition of e}. For an e-tuple of non-negative integers
m = (my,...,me)suchthat ) ; m; = w, define S(m) to be the GL,. (F;)"-module
X (Ste—i+1, 1i=1)®miy) S0, the Young subgroup G, acts on S(m). For an
e-multipartition (= e-tuple of partitions) A = (A(D, ... 1)) put m; := [A?)| and
then define the Specht By (k[GL.(IFy) ¢ &,,])-module S(A) by

e

GLe (Fy N6, . i 1\Rm; @

IndGLeE]FZ;erm (&(S(e —i 4 1, 17 HBEm g g ) .
i=1

If we replace S(x) by D(x) (resp. X(x)), then we obtain simple modules (resp.
Young modules) over GL, (IF;) ¢ 6,,.

So, the labels of simple modules over A* 2~ By (k[GL, (Fy)6,])) X B,, where
B, is the simple block algebra corresponding to the unipotent character indexed by
e-core Yy, are also given by MP(e,w).

Define a map (=)' : MP(e,w) — MP(e,w) by

2D ifi 4 e is even,
(A otherwise.

(@ =

Here, the Oth runner of an e-quotient is treated as the first entry of an e-
multipartition.

By Hida—Miyachi [HMO0] the images of simple, Specht, Young and projective
indecomposable modules over A* via M are determined explicitly.

Theorem 14 (Hida-Miyachi). For K € {D, S, X, P} and any A € A,
KQ) = M @, K(U).

Remark 15. The proof of this result is given in the appendix, thanks to Akihiko
Hida’s permission. At the level of combinatorics of indices A for modules
S(X), D(A), X(1), P(A) the result above is identical with [CTO3] up to replac-
ing p in Chuang-Tan by e in Hida—Miyachi.

For a finite group H with |H|™! € k, put

1
ey = th

heH

Let B (resp. Br) be a standard Borel subgroup of G (resp. L).
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Put B := egAeg and B¥ := eBLA“eBL. Then, by the origin of Iwahori-Hecke
algebras we can regard B (resp. B¥) as a block of Hk 4(S,) (resp. (Hk,4(G)®" x
k[ew]) Ok Hﬂ&,q (6|y|))

By applying Schur functors, we obtain the Hecke algebra version of Theorem 14
(cf. [Tur05, Theorem 78]):

Corollary 16. Y* = N ®g: YO for any A € A where Y* = egX. (1), Y7 =
eBLX(U) and N = € MeBL.

Remark 17. Here, we label Young modules according to Dipper—James’s conven-
tion. Namely, Y% is a unique indecomposable direct summand of the ¢-permutation
Hk,q (Gr)
Hi,q(S2)
S* is Dipper—James’s g-Specht module and ind is the index representation.

module Ind (ind) such that Y* contains S* as a unique submodule where

5.3 Proof of the Main Theorem: Initial Step

In this subsection, our assumptions on k and g are as in the statement of Theorem 2:
q € Ffand £ > w, or ¢ € C, ie. we include the cases ch(k) = 0 or
e = ch(k) > w. Let y be the Rouquier e-core with respect to w > 0. Put
r = ew + |y|. We denote by A" (resp. A,,) the Rouquier block of Hy 4(S,)
(resp. Sk,q(r)). We denote Bo(Hi,q (S.))®" R BY (resp. Bo(Sk.q (€)™ Ky B,)
by B" (resp. B,,) where B (resp. B, ) is the defect zero simple block algebra of
Hi,q(S)y) (resp. Sk,q4(|y])) corresponding to the e-core y. &,, acts on both B" and
B,, by permuting the H 4 (S, )-components and the Sk 4 (e)-components, respec-
tively. We denote B" x k[&,,] (resp. B,, x k[&,,]) by C" (resp. C,,). Similar to the
case GL.(F;)?8,, by Clifford theory we can construct a standard C,,-module A(A)

for an e-multipartition A: A(A) = Indgizg‘; (|Z|f:1(A(i, 1e=1)Bmiy @ S’W)),
where m; = |)L(i)| fori =1,...,e.

By replacing A by any K € {L,V, P, I, T}, we can construct K(1).

Now, we unify the results in [CT03] on Schur algebras, Theorem 14 on finite

general linear groups and a new result in characteristic zero into g-Schur algebras
as follows:

Theorem 18. There exists an (A", C")-bimodule M" such that

(1) MY is a direct summand of A Qpw C",

(2) MY ®cw — is an equivalence between A”-mod and C"-mod,

(3) Y* = M" ®cw y " for any A such that A¥S* # 0.

So, we have an equivalence G : A,,-mod — C,-mod such that G(K (1)) = K((A)")
forany K € {L,A,V, P, I,T}andany A so that A,,- A(A) # 0.

Proof. The case ch(k) = e > 0 is already treated in [CTO03], and the statement
is true. Next we look at the case ch(k) > e > 0. However, this is nothing but
Theorem 13 and Corollary 16.
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The only remaining claim is to prove the statement for the case ch(k) = 0. We
leave the proof of the existence of M" in characteristic zero to Sect. 6. There, by
considering a modular system (k, O, F) where ch(k) = 0, O is a complete discrete
valuation ring with maximal ideal =, O/(x) =~ F,ch(F) > 0, and ¢ € k and
g = q + () € F both have order e > 0, we shall realize M" as a lifting of an
(Hr,7(Sr), HF 5(6e) 6, KHF 7(8),|))-bimodule My which satisfies statements
(1), (2) and (3). Since A", B* and C" are liftings of the corresponding algebras over
F, statement (2) is clear. By statement (1), we can ensure that M" sends Young
modules to Young modules. So, statement (3) follows from a simple chasing of
characters, i.e. the weights (partitions) A. O

Define A,, to be the set of partitions whose e-weight is w and e-core is Rouquier
with respect to w. Similarly, define A/, for ¢’.

Define ¢ to be the embedding MP(e, w) into MP(e’,w) by t(V)jte/—e := (V);
fori =1,....,eand (V); =@ forj <e' —e.

Next, we define an embedding ¢ of A, into A/, by ¢(X) := v where the ¢’-quotient
of vis t(A).

From now on, we suppose that ¢’ is the quantum characteristic of ¢’ - g, in k so
that ¢’ > e, y’ is a Rouquier e’-core with respect to w. Put r’ = e'w + |y’

Lemma 19. (1) Let f be an idempotent of C], such that if&(i) =@ foralli =
1,....e  —e, then fL'(X) # 0, otherwise fL'(A) = 0. Then, fC,, f is Morita
equivalent to C,,.

(2) There exists an idempotent & of A, such that EL'(1(X)) # 0 for any A € A,,
and £A! & is Morita equivalent to A,,.

Proof. Recall the definition of C], = B], x &,, = (Bo(Sk,q’(¢')) ¢ 6,,) K B,. Put
B’ (resp. B) to be Bo(Sk,q (e)) (resp. Bo(Sk,q(€))). Take an idempotent & of B’
such that £L/(i,1¢") = O forany i < ¢ — e and £L/(j,1¢77) # 0 for any
Jj > e —e. Then, £B’E is Morita equivalent to B. Indeed, we can show this by
the fact that both B and B’ are Brauer line tree algebras with no exceptional vertex.
Let f := £ ---K £ X 1, be the idempotent of B¥* K B,,. So, /B! f is Morita
equivalent to B,,. Now, by taking wreath products, we know that (1) is clear.

By Theorem 18, we have an idempotent j of C; corresponding to £ so that
7 -G(L(t(L))) # 0 for any A. By definition of ¢ we know that for . € A,,, u@ =0
forall0 <i < e’ —e —1ifand only if u = t(A) for some A € A. So, this means
that j satisfies the condition of (1). O

Define B, B’, B, B, A, A’, A, A’ as in Sect. 2, taking o to be 0.
Let f” be an idempotent of A/, corresponding to P . P(t(1)).
By an argument similar to Corollary 11, one can show the following:

Lemma 20. Suppose B = A,,. Then there exists an equivalence

H: f"Al f"-mod - B'-mod,
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such that

H(/"A' () = A'(w") and H(f L' (1(w))) = L' (™) for any p € A.

Proposition 21. Suppose that A,, = B. There exists an equivalence F : B-mod —
B’-mod, such that F(A(A)) = A'(AT) and F(L(X)) = L'(AT) for any A € A.
Namely, the main theorem is true for Rouquier blocks.

Proof. By Lemma 19, we know that there exists an idempotent & of A,
such that §L/(AT) # O for any A € A and £A/ ¢ is Morita equivalent
to A,. Let f be the idempotent of A, such that fA, f is a subalgebra of
Sk,q(d,r), ie. f kills L(u) for () > d and fL(A) # O for [(A) < d.
Similarly, we can find that the property of an idempotent f” of A/ defined
above is that f”A/ f” is a subalgebra of Sk 4(d,r’), i.e. f” kills L'(u) for
I(w) > d and f"L'(A) # 0 for I(A) < d and § = f” 4+ & for some
idempotent £. Let T be a functor from fA, f-mod to f”A! f”-mod such
that T(fAR)) =~ f"A'(t(1)), i.e. T is a restriction of the equivalence of
Lemma 19.

Since max{/(A) |A € A} = max{/(AT)|A € A} = d by Theorem 18 and by
definition of ¢, we know that fL(A) # 0 if and only if f/L’'(¢t(1)) # 0, and we
know that the dominance order of A is preserved by the ¢ map and the dominance
order of A’ is preserved by the + map. Therefore, the composition of equivalences T
and H in Lemma 20 is an equivalence between B-mod and B’-mod, which satisfies
the conditions on the images of A-sections. O

6 Lifting Morita Equivalences

In this section, we supply a missing argument for the proof of Theorem 18. We will
choose an appropriate modular system to work in with the help of the following
lemmas.

Let ¢, = exp(2wi/n) € C, and denote by ®,(x) € Z[x] the nth cyclotomic
polynomial.

Lemma 22. Suppose that a € Z[{.], a # 0 and e > 1. Then, there exists a prime
number £ and a homomorphism~ : 7] — Wy such that q := {, is a primitive eth
root of unity in Iy and so that a # 0.

Proof. Choose f(x) € Z[x] such that f({,) = a. Then, a # 0 implies ®.(x) 4
f(x). Since ®,(x) is monic, there exist Q(x) and r(x) # 0 in Z[x] so that

(1) deg(r) < deg(Pe),

(2) f(x) = Q(x)Pe(x) + r(x).

By Dirichlet’s theorem, there exist infinitely many prime numbers £ > 0 such that
e | £—1. Choose one such £ so that 7(x) # 0. We complete the proof of the lemma by
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showing that there exists a primitive eth root of unity ¢ in Fy satisfying f(¢) # 0.If
not, (x—gq) divides f (x) in F¢[x] for all primitive eth roots of unity . Hence, ® (x)
divides f(x) in F¢[x]. So, by (2) above, we deduce that @, (x) divides 7(x) # 0 in
F¢[x], contradicting (1). O

Lemma 23. Let T be a Z[L.]-algebra, free and of finite rank over Z[C.], and let X
be a I-lattice of finite rank. There exists a prime £ and a homomorphism~ : Z.[{.] —
[y such that q := C, is a primitive e-root of unity in Fy and

dim EndQ(;e)®Z[ze]F(Q(é‘e) ®zi] X) = dim Ensz@z[ge]F(Ff RzZ[¢] X).

Proof. Let~: Z[¢.] — ¢ be a homomorphism, and for R € {Q(¢,), Z[¢.], F¢} put
RX = R®z[¢,1 X and RI" = R®z[¢,1I". Let I be a finite set of generators for I as
a Z[¢,]-algebra (we could, for example, take I to be a basis). Then, Endg T'(RX)
is the kernel of the R-homomorphism fr of Endgr(RX) into @ge ; Endr(RX)
defined by

JrR(x)g == x0g—gox €Endr(RX).

Let M s be the matrix representing fz[¢,] With respect to some chosen Z[{,.]-bases.
Let a € Z[{.] be the product of all nonzero minors of M r. By Lemma 22, we may
choose * : Z[¢e] — Ty such that ¢, is a primitive e-root of unity in Fy and @ # 0.
Then the ranks of My as a matrix over Q({.) and over F; are the same, and it
follows that Endg,r (I, X') and Endg(¢,)r (Q(¢e) X ) have the same dimension. O

We are ready to return to Theorem 18. Let y be a Rouquier e-core with re-
spect to w. Put r = ew + |y|. For any domain R and any { € R, let Ag; =
Hr,:(S:), Bre = HR,t(S(ewyy) and Crr = Bg x R[S,,]. Furthermore, let
FR7;- = AR,;- ®Rr CR,C: and let XR,g- be the FR,;—module AR’g ®Br.¢ CR,;-.

Now consider in particular I' = T'z[¢,1.¢, and X = X7z[¢,] ¢, , and choose a prime
£ and a homomorphism - : Z[¢.] — F; according to Lemma 23. Note that X is free
over Z[¢,] since A = Agzj¢,1,¢, and C = Czje,1,¢, are free over B = By¢,¢,-

Let O be the completion of Z[{.] at the kernel of -, so that O is a complete
discrete valuation ring. By Lemma 23, the natural embedding Fy Endr(X) <
Endrw ‘ (XF,,q) must be an isomorphism. We saw in the proof of Theorem 18 that
there exists a summand My, 4 of XF, 4 with certain good properties. A projection
onto this summand determines an idempotent of Endry, , (XF,.4), Which we may
lift to an idempotent of Endr (X'). We obtain in this way a summand M of X, with
the property that Fy M =~ My, ,. Passing now to the quotient field k of O, we obtain
a I'k ¢,-module kM that settles Theorem 18 in the characteristic O case.

We end this section by remarking that the lifting technique we have used is appli-
cable in some other situations involving ‘Rouquier-like’ blocks in Hecke algebras
of other types. The set up is as follows:

Let W be a finite Weyl group. Let Wy, be a parabolic subgroup of W. Take a
subgroup N C Ny (Wr)/ Wr.

Let A = Hre(W), Bre = Hre(Wr) and Cre = Bre x R[N]. Ex-
actly as above we let I'r; = Ar¢ ®r Cry, and let Xpg ¢ be the I'g ;-module
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ARt ®Bg . Cr- Recall that the classification of blocks of Ag ¢, where R is a
field, only depends on the multiplicative order of ¢ provided that the characteristic
of R is either O or sufficiently large [FS82,FS89,DJ87,DJ92, GR97].

Proposition 24. We fix e. Let 2 be a block of Ag,,),t, and € be a block of
CQ(typ).t.- Suppose that for all sufficiently large primes { there exist a primitive
eth root of unity q in Iy and an (Ag,,q, Cr,,q)-bimodule My such that

(1) My is a direct summand of Xy, .4
(2) My induces a Morita equivalence between the blocks of Ar, q and Cg, 4 that
correspond to 2 and €.

Then, there exists a direct summand Mo of XQ(¢,,),¢. inducing a Morita equivalence
between A and C.

Example 25. Let W(X,) be the finite Weyl group of type X,. Put ¢ := +/—1, a
primitive 4th root of unity. Put Ag = Hg ¢(W(Es)), Br,e = Hg,:(W(D4)), and
Crc = HRr,t,1(W(Fs)) = B¢ x R[G3] where the parameters of Hg ¢,1 (W(F4))
are ¢ and 1. Define 'g ¢ and Xg ¢ as above. Suppose that g - 1, € Fg, £ | g> + 1,
and ¢ is sufficiently large.” Then, by Geck’s result on Schur index [Gec03] and the
equivalence on blocks for finite Chevalley groups Eg(q) and D4(q) x S3 (D4(q)
with a triality automorphism group) in [Miy08], there exists an (Ar,,q. CF,.q)-
bimodule M, such that

(1) My is a direct summand of X, 4.
(2) My induces a Morita equivalence between the principal blocks of Ap, , and
Cry.q-

So, by Proposition 24, we have the corresponding result in characteristic zero.

7 Quantized Enveloping Algebras

7.1 Guessing an Analogue of the Main Theorem

The main theorem suggests an analogous statement for quantized enveloping
algebras. Before stating it, we introduce the necessary notation, following Jantzen
[JanO3].

Let g be a reductive complex Lie algebra. Let k be a commutative ring and ¢ an
invertible element of k. Let Uy x = U ® 4 k, where A = Z[v,v"!] and U4 is the
divided powers integral form of the quantized enveloping algebra of g.

2 Here, the assumption ‘¢ : sufficiently large’ is used to make sure that IF, is a splitting field for
the principal £-blocks of corresponding finite Chevalley groups E¢(q) and D4(q). So, we require
[Gec03]. The claimed equivalence in finite Chevalley groups does always exist in characteristic
£ > 3 such that £ | > + 1 by some extension of IF,.
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Assume that k is a field of characteristic 0, and ¢ is a primitive eth root of
unity, where e is odd and 3 does not divide e if g has a component of type G».
Let U, x-mod be the category of finite-dimensional Uy x-modules of type I (see
[Jan03, p. 523] for definition).

For each dominant weight A € X(T')4, there is a simple U, x module L,(A) of
type I with highest weight A, which is unique up to isomorphism. Every object of
Uy x-mod has a composition series with factors of the form L, (4).

Let W, be the affine Weyl group, acting on X(7) ®z R. Let

Co={AeX(T)®zR|0=<(A+p,a¥) <eforalla € RT}

be the closure of the standard e-alcove (see [Jan03, p.233]); it is a fundamental
domain for this action.

Let ¢’ be a primitive e’th root of unity in k, and let U,/  be the corresponding
quantum group in obvious fashion. We place the same restrictions on ¢’ as we do on
e above, and further we assume e’ > e.

There is an isomorphism f : W, — W sending sg . t0 58 5. forall B € R and
n € Z. Here, we use the notation sg - of [Jan03, p.232, 6.1]. Note that the actions
of w e W, and f(w) € W, on X(T) are different!

The inclusion of C_'e into C_'e/ sends some walls of C_’e into the interior of C_‘er,
so that affine Weyl group stabilizers are not preserved. To ‘correct’ this, consider a
injective map ¢ : C, < C, with the property that for all A € C, and & € RY,
we have (A + p,a¥) = (t(A) + p,@) unless (A + p,a") = e, in which case
(t(A) + p,¥) = €'. Such a map always exists and is unique if G is semisimple.
Moreover, we can always choose it to be the identity map on the interior of C,.

Lemma 26. Let A € X(T) N C, andw € W,. Thenw - A € X(T)4 if and only if
fw)-1(A) € X(T)+.

Guess 27. There is a full k-linear embedding
F : U, r-mod — Uy r-mod
such that for all A € X(T) N C, andw € W, withw - A € X(T), we have

F(Lg(w-2) = Ly (f(w) - 1(D).

The image of F is a sum of blocks of Uy -mod.

7.2 The Case gl,

The aim of this section is to confirm that Guess 27 is correct for g = gl;.
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7.2.1 Weights, Abaci and Affine Weyl Group Actions

We begin by making a link, in the gl; case, between the map w + f(w) appearing
above and the James—Mathas operation A +— A™T. To this end we describe the dot
actions of the affine Weyl group on weights in terms of abaci. We keep the notation
in 7.1, taking the usual presentation

XMy ={A=ter+-+Aseg € X(T) | Ay = -+ = Aq}

for the set of dominant weights for gl,;.
The weights lying in the closure of the standard e-alcove are

X(T)NCo,=AeX(T)| 0<(i+d—i)— (A +d—j)<eforalli < j}.

Here, p is usually taken to be half the sum of the positive weights. But it does no
harm to work with a normalized version that has the same inner products with roots;
so we have taken p = (d — 1)e; + (d —2)ex + -+ + 0gq4.

We fix a p-shifted identification of X(7') with Z4, sending A = Aye; + --- +
Agcq € X(TYto A +d —1,Aa +d —2,...,A4) € Z%. This leads to an iden-
tification C, — {(BeZ?| By > > Pgand B; — Bg < e}. In this picture, the
action of the affine Weyl group W, = Z4~1 x &4 on X(T) = Z¢ is as follows:

U(ﬂl?!ﬁd) = (130'(1)""1130‘@1))

my,...,mg—1).(B1,...,Ba) = (B1 +emq,Ba +emy —emy,...,Bqg —emg_1)

where 0 € G, (my,...,mg_1) € 741 and B1,...,Ba) € 74 . This is conve-
niently represented using James’s abacus, with e runners and with d beads labelled
by 1,...,n. The action of G is given by permutating the labels, and that of Z¢~!
by moving beads up and down runners. From this description, the following lemma,
making the combinatorial connection between Theorem 2 and Guess 27, is imme-
diate. We say that a weight A € X(T) is polynomial if A is dominant and A4 > O,
ie.if (Aq,...,Ay) is a partition.

Lemma 28. Let A € X(T) N C, and w € W,, and suppose that w.A = p — (me —
1a)(19) for some polynomial weight w and some integer m. Then, f(w).((A) =
pte —(me’ —1g)(1%).

7.2.2 Proof for gl,

Here, we shall confirm Guess 27 for g = gl; by appealing to Theorem 2. We
denote by Pg the category of polynomial representations over Uy x(gly), i.e. the
full subcategory of Uy (gl )-mod consisting of modules with composition factors
of the form L, (1) where A is a polynomial weight.
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Tensoring with the representation det™” = L(—m,...,—m) induces a self-
equivalence of Uy  (gl;)-mod sending L(A) to L(A — m(14)); denote by Py, the
essential image of P§ under this equivalence. Then, we have an exhaustive filtration
P§ C Py C -+ of Uy i (gly)-mod.

It is known that P¢ is equivalent to €Dy, Sk 42(d, r)-mod, in a way preserving
labels on simple modules. Hence by Theorem 2, there exists a full embedding Gy :
Ps — 793/ sending L4 (1) to Ly (™) for all polynomial weights .

We get for each m > 0 a corresponding embedding G, : Py,, — Py, such

that G, (L( —me(19))) = L(ut —me’(1%)) for any polynomial weight p. Since

’

ut —me'(1%) = (u — me(19))*, we have a commutative diagram:
Gm: P < P°,
U U

Gm—1 : P < Pp¢

(m—1)e (m—1)e’"

By taking the limit m — oo, we have a full embedding

o0 o
G = lim G : Uyi(alg)mod = | J P — Uy k(glg)-mod = | Pre

m=0 m=0

This is not quite the functor we want; a slight adjustment is required. By the
linkage principle, Uy k (glg)-mod = B; ccnx(r) Mw,.2, where My,  is the full
subcategory consisting of modules with composition factors of the form L, (w.A).
Let Z be the self equivalence of U, (gl;)-mod whose restriction to My, » is
tensoring with det*@ . One can define a self equivalence Z' of Uy x (gl;)-mod anal-
ogously.

Let F := Z'GZ7' : Uyx(gly)-mod — Uy x(gly)-mod. Then for each A €
X(T) N C,, the functor F restricts to an equivalence Muw, 2 = My, 5 sending
Ly — (me —Ag)(19)) to Ly (u* — (me’ — 14)(14)) for any polynomial weight
i. By Lemma 28, this implies that F(Lg(w.A)) = Ly (f(w).t(1)), as desired.
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field with g elements associated with an e-weight w > 0 and a Rouquier e-core p
with respect to w where e is the multiplicative order of ¢ modulo £ > 0. (See the
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We assume that B,, , has an abelian defect, ie, £ > w. It is known that there ex-

ists a Morita equivalence F between B,, , and the wreath product block Bj g S,,.
This result is obtained by W. Turner and the second author independently. The both
methods are completely identical each other and are very similar to J. Chuang and
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A Introduction

Let £ be a prime number. Let O be a complete discrete valuation ring with fraction
field K of characteristic 0 and residue field k = O/J(O) of characteristic £. We
assume that K is big enough for all groups in this chapter. Let GL, (¢) be the general
linear group over field of g elements, where ¢ is a prime power. We assume that £
does not divide g. Let e be the multiplicative order of ¢ in k. The unipotent blocks of
OGL,(q) are parametrized by e-weights (semisimple parts) and e-cores (unipotent
parts) [FS82]. Let B,, , be the unipotent block of OGL, (q) with e-weight w and
e-core p.

Let p be an e-core satisfying the following property: p has an (e-runner) abacus
representation such that I';_; + w — 1 < I'; where I'; is the number of beads on
the ith runner [Rou98, CK02]. Let m = ew + |p|. Let N, = (GL.(g) ? G,) X
GLp|(q). Let f be the block idempotent of Bo(O(GL(q) 2 Sy)) ® Bo,p, Where
Bo(O(GL.(q) ? G,)) is the principal block of the wreath product GL.(q) ? S,,.
Let D be a Sylow £-subgroup of GL.(g) ¢ G,,. Then, as an O(GL,,(q) x N,)-
module, B, ,f has a unique indecomposable direct summand X,, with vertex
AD = {(d,d) | d € Dj}. Turner [Tur02] proved the following which is analo-
gous to the result of Chuang and Kesser for symmetric groups [CK02].

Theorem A.1. If w < £, then a (B,,,, ON,, f)-bimodule X,, induces a Morita
equivalence between ON,, f and B,, ,.

This result was proved by the second author independently [Miy01].

Note that using this result, combining with [Mar96,Rou95] and [Chu99], one can
prove Broué’s conjecture [Bro90, Bro92] for weight two unipotent blocks of finite
general linear groups very easily.

In this chapter, we consider the correspondences of various modules under the
equivalence above. In Sect.3, we consider simple modules. In Sect.4, we treat
Young modules and Specht type modules. Throughout the chapter, we assume
w < £. The main results of this chapter, namely, Corollary C.3 and Theorem D.9,
enable us to calculate not only decomposition numbers of B,, , but also the radical
series of Specht type modules lying in B,, ,. These graded decomposition numbers
are calculated in [MiyO1] explicitly in terms of the Littlewood—Richardson coeffi-
cients. (Moreover, we can also calculate the Loewy layers for Young modules lying
in By, ,.) The second author conjectured that under the condition “w < £ these
graded decomposition numbers lying in B, , are coincident with crystallized de-
composition numbers introduced in [LT96] (see, also [LLT96]). This conjecture is
proved by [LMO2].

B Modules for the Wreath Product

In this chapter, modules always mean finitely generated right modules, unless
stated otherwise. Let A F n. In [Jam86], James defined a K[GL,(q)]-module
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(resp. kGL,(q)-module) Sk (A) (resp. Sk(A)). Sk(A) is simple and affords an
irreducible unipotent character. On the other hand, Sk (A) has a unique simple
quotient D(A). Moreover, {D(A) | A = m, e-coreof A is p} is a complete set
of representatives of isomorphic classes of simple k ® B,, ,-modules [DJ86]. Let
Xo(A) be the Young OGL, (g)-module corresponding to A [DJ89]. Then, X (1)
is an indecomposable direct summand of a permutation OG L, (¢)-module induced
from a parabolic subgroup. For R € {K,k}, let Xg(A) be R ®o Xo(A). Let
A = (Ag,...,Ae—1) be a multipartition of w. Let R € {K, O,k}. For each A;,
we write S ﬁ" for the Specht RS, ;|-module corresponding to A;. Note that, since
w <, Sﬂt’ is simple projective. Hence, there is a unique projective O&, ;|-module
S&' which is alift of Sp'. Moreover, S’ = K® S . Letv; = (i+ 1,177 |- e
for0 <i < e—1.Let T be one of Xk, Xk, Sk, Sk and D. Then Tr(v;)®Ii!®@ 54!
isan R[GL.(q) &), ]-module [15]. We set,

e—1
Tr(A) = Indgizgggg: <® Tr(v))®hil @ S%ei) ® Sr(p).
i=0

where So(p) is a projective indecomposable By, ,-module (note that By , has defect
zero), Sr(p) = R ® So(p) is a simple R[N,,] f-module for R = K, k. Then

{D(A) | A : e-tuple partition of w}

is a complete set of isomorphism classes of simple k N,, f -modules.

Let P(p,w) be the set of all partitions of m with e-core p. Let A € P(p,w).
Using the abacus representation of p mentioned in Introduction, we can consider
the e-quotient of A [15]. We denote the e-quotient of A by

2=AO Al

The correspondence B
A< A

gives a bijection between P(p, w) and the set of all e-tuples partitions of w. Hence,
{DA) | e P(p.w)}
is a complete set of representatives of isomorphism classes of simple kN, f-
modules.
Fora € P(p,w—1), let
P(e.i) = A e Plo.w) | «© 2D 2D =al (i # ))}.

On the other hand, let P (w) be the set of all partitions of w and let Py (w) = {A €
Pw) |a C A} fora = w — 1. We need the following combinatorial lemma.
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Lemma B.1. (1) Let o and t be bijections from P(w) to P(w). Suppose w > 2. If
0(Pa(w)) = t(Pu(w)) foranya =w—1, theno = 1.

(2) Let 0 and t be bijections from P(p,w) to P(p,w). Suppose w > 2. If o(I’
(o, 7)) = t(I'(,i)) forany a, i, then 0 = .

Proof. (1) LetA = (A1,A2,...) = w. Suppose that A; > A; 41 >---> A; > 0 for

@)

C

some i # j. We define two partitions «, 8 as follows:

o= (o1,02,...), @ =A; — 1, o = A (k #10)

B=(Br.B2....). Bj=Aj = 1. i = Ax (k # j).

Then Py (w) N Pg(w) = {A}, and o(A) = 7(4).

So we may assume that A = (A7"). Lety = (A7"~1, 11 —1). Theno(n) = ()
for w € P,(w) other than A by the above argument. Hence, we have
o(A) =1(A).

Let A € P(p,w). If there exists i such that )u(j)‘ = @ for any j # i, then
(L) = t(4) by (1). So we may assume that A) #£ @, AU £ @ for some
i #j.
Take o, B € P(p, w — 1) satistying:

o« 2O, gO) € 1),

Then I'(, i) NT(B, j) = {A},and 6 (X)) = T(}). O

Simple Modules

Definition

Groups: Let G be GL,(q) and let G’ be a Levi subgroup of G correspond-

ing to a composition (e,n — e), which is isomorphic to GL.(q) X
GL,—(q). Let N =N,, (resp. N’) be the normalizer of a Levi sub-
group corresponding to a composition (¢”, |p|) in G (resp. G’), which
is isomorphic to GL.(q) ¢ 6,, X GL),|(q) (resp. GL¢(q) X Ny—1).

Blocks: Let By be the principal block of OGL,.(g). Let b be the block idem-

potent of B, ,. Let f (resp. f’) be the the block idempotent of
Bo(O[GL.(9)26,])®Bo,p (resp. Bo® Bo(O[GLe(9)26,-1])® Bo,p).
For a block ideal B of OH for some subgroup H of G, we denote
k ® B by B.

Functors: For a finite dimensional algebra A, we denote by mod-A the category

of finitely generated right A-modules. For any Levi subgroup L of G,
we denote by Rg (resp. *Rg) the Harish-Chandra induction (resp. re-
striction) functor for G and L. Let XY be Homp, ,(X,,, By,.p). Define

functors F,,, (F,,)g and F,, as follows:

w.0
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F, = —®ons X, : mod-ONf —> mod-B,, ,
(Fy)k =— QKNS (K® X‘Z) : mod-K[N]f — mod-K ® B, ,
F,=— kN 7 XY : mod-kN f —> mod-B,,
For F € {F,, (F,)k, Fw}, we denote the inverse of F by F*.
Lemma C.1. Res&x0\/(X,) = b RSN, (Bo ® X\—1).
Proof. First,

d§3 N (ON' f1) = RGN (Bo ® Xm1) @ V,

where V' is a direct sum of indecomposable modules with vertex not conjugate of

AD. On the other hand, Res& 2%, (X,,) is a direct summand of Ind%?‘fl\;,((’)N’f’).

Since ResZ %, (X,,) is indecomposable by [Tur02], Res& %, (X,,) is a direct sum-

mand of Rgf‘xj}’v’/(Bo ® X,—1). Since

(F)k (IndY, (K[N']f") = b(RE)(id ® (Fu—1)k)(K[N']f)

by [Tur02], ,
K®X,=bRSN (K® (By® Xy—1))

as K[G]-modules. Hence,
ResZ N/ (X,) = b REXDN (Bo ® X,—1).
O

In order to compare the labels of some B, ,-modules with that of some kNf-
modules, the following definition will be important.

Definition Let 1 € P(p, w) be the partition such that
5o 2 ) A0 ife+i:odd,

A" ife £ ¢ even.

Theorem C.2. (F,)x(Sx(1)) = Sx(1).

Proof. We proceed by induction on w. The case w = 2 is proved in [Tur02]. So we
assume w > 2. Define a bijection o : P(p, w) —> P(p, w) by

(F)k(Sk(V) = Sk(0(1)).
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It suffices to show that 6(1) = A By the Littlewood—Richardson rule,

(F)k(Indy, Sk(v)) ® Sk @) = (F)k | @ Sk | = € Skow)

wel(a,i) el (a,i)
fora € P(p,w—1)and 0 <i < e — 1. On the other hand,

bRE(id ® (Fu1)k)(Sk (vi) ® Sk (@) = b RS (Sk(vi) ® Sk(&))

D skw= P Sk

WET (&,i) nel(a,i)

by induction and [Tur(02]. Since these two modules are isomorphic byLemma C.1,
we have o (I'(«,i)) = (I'(«,i))Y. Hence 6(A) = A by Lemma B.1. O

Corollary C.3. F,(D()) = D(X) for » € P(p,w).

Proof. Let A € P(p,w). We will show that F,.(D ()L)) =~ D(A) by induction on A.
Suppose that F,(D(&t)) = D() for any u € P(p,w), u > A. Suppose that
F,(D(V)) = D(A) for v € P(p,w). We write V <> W if modules V and W have
the same composition factors. Then

Sk < | P dauD(w) | & D(L)
w>A
for some nonnegative integers d, . By Theorem C.2,
Sk < [ D D) | © D).
w>A

Since Sy ()Vk) has D(i) as a composition factor by definition, we have v = A. O

D Young Modules

Recall that
e—1
XR(A) = Indgpe@io: (@ Xr()®hil ® S};) ® Sr(p)
i=0

and Sg(A) is a submodule of X g(A) by definition.
Lemma D.1. [X (1) : D(A)] = 1.
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Proof. By Mackey’s decomposition theorem, we know

GLo(qNG,, 1, 1GLo(qNG,, ~ GL: (915,
Resg o G S@ (M= P Resgl gy (V)?
ge[el\ew]

forany R[GL.(q)¢ 6, ]-module V. Here, [&, \&,,] is a set of the right coset repre-
sentatives of G, \&,,.
In particular,

GLE (q)?GM'v
Resgr 8 gy (D(A))

e—1 e—1 4
= (HdimR S,ﬁf)- b (®(D(ui))®|“|) ® Sk(p)- (1)

i=0 2€[6,\&,] \i=0

GL:(qR&)

Comparing the composition factors of ResGLe @ ®f;(1) Xk (v)®hil® Sﬂii with

®f;(1, D(v;)®lil we get
GLo (NS e—1 e—1 e—1
[ResGLg(Z)XW* Q) Xu)®ril@ st &) D(w)®'“} = [ [ dim S3".
i=0 i=0 i=0

Therefore, by (1) we have [Xi (1) : D(A)] = 1. O

Let n, (resp. x, ) be the character afforded by Xo(A) (resp. Sk (A)).
For e-tuple multipartitions A and p, we define a total order A > u by

A > p, if there exists m such that A, > p,, and A; = p ; for j > m.

Then, by definition clearly the following holds:

Proposition D.2. (n,, x,) = 1 and (nl,)(ﬂ) =0ifA > u.
In particular, we know the following:

Corollary D.3. IfA # p, then Xi(A) % Xk (p).

Lemma D.4. Soc(Xi (1)) = Soc(Sk())

GLe (g6,

Proof. Since the functor Indg; ¢ 5, o 2

preserves the Loewy layers of modules,

e—1
Soc(Xk(4)) = Indgy (3 (®(SOC(Xk(Ui)))®)‘f ® Sﬂgf) ® Sk(p).
i=0
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Similarly, we have

e—1
Soc(Sk(A)) = Indg <@ (®(Soc(Sk(v,~)))®|“| ® Sﬁ”) ® Sk (p).
i=0

However, Soc(Xk (v;)) = Soc(Sk(v;)) fori =0,...,e — 1. Hence, we are done.
]
Since Sy (A) is indecomposable, by Lemma D.1 we immediately know
Corollary D.5. Xy (A) is indecomposable.
Lemma D.6. F*(Xy(1) = Xk (D) for some v € P(p,w).

Proof. Let L := L ) be the Levi subgroup of G corresponding to the compo-
sition (e", p) E m. Resg(ﬁvj(V)) is a direct summand of b,, - *Rf(V) for any
éw,p—module V. Any indecomposable direct summand of Resg (I*:v;k (XK (A))) has
the following shape:

Q) X(vm(i)) ® Sk(p)-

i=1
Here, m(i) is an element of {0, 1,2, ... e — 1} forany i € {1,2,...,w}. Hence,
any indecomposable direct summand of F¥ (X (A)) is a direct summand of

e—1
(Indﬁ <® X(vi)@’"f)) ® Sk(p)
i=0
for some (ng,n1,...,ne—1) E w. Since I:’; is an equivalence, we get

F*(Xk(A)) = Xk(v) for some v.

Theorem D.7. F, (X (1)) = Xk(/v\) forany A € P(p,w).
Proof. Tt suffices to show that

Fr(Xx() = Xu(h) @)
for any A € P(p,w). We proceed by induction on (>, P(p, w)). By Corollary C.3,
we have already shown (2) for the maximal element of P(p, w). Suppose that the
claim (2) holds for any u > A. By Lemma D.6, there exists v € P(p, w) such that

Fr(Xe(V) = Xk ().

In particular, Xk (13) must have 1_3(13) as a composition factor. So, we deduce by
Corollary C.3 that Xx(A) =~ F,(Xk(V)) must have D(v) =~ F,(D(V)) as a
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composition factor. Hence, by [Jam84, 16.3] we deduce v > A. Suppose that v > A.
By the assumption of induction, we have

FX(Xx(v)) = Xk ().

Il

In other words, we have
Fr(Xk(v) = FY(Xk(R)).
Therefore, we have v = A and get a contradiction. 0O

Let P(1) (resp. P (L)) be the projective indecomposable module corresponding
to D(A) (resp. D (A)). Then, Specht type modules Sk (1), Sk (1) and Young modules
Xk (L), Xk (A1) enjoy the following properties:

Lemma D.8. (/) If t € Homgg (P (L), XKk (A)) satisfies Top(z(P(1))) = D(A),
then t(P()) = Sk (A). i

(2) If ¥ € Homgn(P(A). Xx(1)) satisfies Top(¥(P (1)) = D(A), then
Y (P () = Sk(d).

Proof. (1) is clear by [DJ89]. (2): By Lemma D.1, we have already known [Xk ()L)
D()L)] 1. Moreover, Sk (1) is a submodule of Xy (1) and have its unique top
D(}). So, ¥(P (1)) must be isomorphic to Sg (1). O

By Corollary C.3, Theorem D.7 and Lemma D.8, we have
Theorem D.9. F,,(Sk (1)) = Sk (L) for any A € P(p,w).
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Quantum gl,, g-Schur Algebras and Their
Infinite/Infinitesimal Counterparts

Jie Du and Qiang Fu

Abstract We present a survey of recent developments of the Beilinson-Lusztig—
MacPherson approach in the study of quantum gl,, infinitesimal quantum gl,,,
quantum gl and their associated g-Schur algebras, little g-Schur algebras and in-
finite g-Schur algebras. We also use the relationship between quantum gl,, and
infinite g-Schur algebras to discuss their representations.

Keywords Quantum group - Quantum Schur algebras - Infinite g-Schur algebras -
Representations

Mathematics Subject Classifications (2000): 17B20, 17B35, 20G15

1 Introduction

Almost at the same time when Ringel discovered the Hall algebra realization [24]
of the positive part of the quantum enveloping algebras associated with finite di-
mensional semisimple complex Lie algebras, Beilinson, Lusztig and MacPherson
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We organize the chapter as follows. Section 2 collects the definitions of quantum
gl,, for any consecutive (finite or infinite) segment 7 of Z, the g-Schur algebras and
the infinitesimal quantum g[,,. In Sect. 3, we generalize the geometric setting in [1]
for g-Schur algebras to introduce the algebras KC(n, r), for any 7, and discuss the
stabilization property for /C(n, r). This property allows us to define a new algebra
IC(n) over Q(v) of which a certain completion I/(\Z(n) of IC(n) contains a subalgebra
isomorphic to the quantum group U() = U,(gl,). This is the BLM realization

which is discussed in Sect. 4. When 7 is an infinite segment, the completion IAC(n, r)
of IC(n, r) contains a subalgebra V (7, r) which is isomorphic to a homomorphic
image U(n,r) of U(n). In Sect.5, we use the integral version (1) of IC(n) to
obtain its specialization KC(1)x at a root of unity, and then to construct a subal-
gebra W of the completion I%(n)k of K(n)k. The algebra W is isomorphic to the
infinitesimal quantum g[,,. From Sect. 6 onwards, we present various applications.
In Sect. 6, g-Schur algebras are investigated via their presentations. In particular,
we display several bases and mention a nice application to Hecke algebras. Parallel
to the infinitesimal theory for quantum gl,,, little g-Schur algebras are discussed in
Sect. 7. For the rest of the chapter, we focus on the case when n = Z. In Sect. 8, we
discuss presentations of the algebras U(oco, r). Infinite g-Schur algebras S(oo, r)
are introduced and the relations between S(oo, r) and quantum gl,, are discussed
in Sect. 9. In particular, we show that U(oo, r) is a proper subalgebra of S(oo, r).
We end the chapter by discussions on the representation theory of quantum gl ..
We discuss the highest weight representations in Sect. 10 and their polynomial type
representations in Sect. 11.

2 Quantum gl,, Infinitesimal Quantum gl,
and ¢-Schur Algebras

Let n € Z be a consecutive segment of Z. In other words, 7 is a subset of the
form [m,n] := {i € Z | m < i < n} or one of the sets (—oo, m], [n, c0) and Z,
where m,n € Z. Let n7 = 7\ {max(n)} if n has an upper bound, and n7' = 7
otherwise. We also denote by My (R) (resp. R7) the set of all matrices (a;,;)i,jen
(resp. all sequences (a;);e,) With all entries in a set R of numbers, and will always
abbreviate the sub-/supscript n by n if n = [1, n], and by oo if n = Z. Moreover, we
also assume that if 7 is infinite, then the elements in M, (R) (resp. R") have finite
support,i.e.all a; ; = 0 (resp. a; = 0) but finitely many of them.

Let U(n) := U,(gl,) be quantum g[,, defined over Q(v). Then, U(n) is the alge-
bra over Q(v) presented by generators

Ei. Fi (ien’). K;. K;' (jen
and relations

(a) KIKJ = KjKi, KiKi_l = 1,
(b) K;E; = vlii=8i i+ E;K;:
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(c) KiF; = vdii+t17% F; K;;

(d) E;E; = E;E;, FiFj = F; F; when li—j|>1;
Kl‘—K4—1 ~ _

(e) EiFj — FjE; = 6; j— — Zr, where K; = KK\

® EizEj — (v + U_I)EiEjEi + EjEiz =O0when|i —j| =1;

(@) F2F;—(+ v )FF;F + F;F} = 0when|i — j| = 1.

When 7 is an infinite segment, U(n) can be regarded as the quantum enveloping
algebra associated with an oo x oo Cartan matrix.

We also set
Un).  if = [L.n];

U0 =1 Yooy, ifn =2

Clearly, we have natural algebra embedding U([—n,n]) € U([—n — 1,n + 1]) for
all n = 0. Hence, obtain an algebra isomorphism

U(o0) =~ l_ir_)nU([—n,n]). (2.0.1)

n

We will see in Sect. 4 that U(n) can be reconstructed as a vector space together with
a given basis and certain explicit multiplication formulas between basis elements
and generators.

Let Z = Z[v,v~'] and let U(n)° (resp. U(n)™, U(n)~) be the Z-subalgebra of

1 | Kjic
U(1) generated by all K ;, K 1 |: ]t :| (resp. El.(m), Fl.(m)), where

(m) _ E_lm o _ F" Kjie] tOKjuestl— KJTIU—C-FS—I
E7 = o B = 7, and = H
[m] [m] t 1

US — U—S

with [m]' = [1][2]-- [m] and [1] = L=27. Also, let U(n) = U T Um)° UG~
151- ,C

t

subalgebra of U(n) and there is a triangular decomposition

By [25, Sect. 3] and [20, 2.3 (g9)(g10)], all |: i| € U(n). Thus, U(n) is a Z-
UG =Um* e Um°® e Um™.

Let 2, be a free Z-module with basis {w; };ey. Let 2, = Q, ® Q(v). Then
U(n) acts on 2, naturally defined by

8

Kaowp =v°2Pwp (a,b € n), Eqwp=08441,p0a, Fawp=2584pwat1(a en_', ben).

This action extends to the tensor space €2 ;,8” (r = 1) via the coalgebra structure A
on U(n) defined by

AE)=E®K +1QE;, A(F)=F®1+K'®F, AK;)=K; ®K;.



96 J.Du and Q. Fu

Thus, we have a Q(v)-algebra homomorphism
¢ - U(n) — End(RF"). (2.0.2)
Restriction induces a Z-algebra homomorphism
¢rlua = Un) — End(Q27). (2.0.3)

Let
UGn.r) =im() and UG r) = im( lug))- (2.0.4)

If 7 is finite, both U(n, r) and U(n, r) are called g-Schur algebras at n; see [16].
Note that g-Schur algebras can be described as the endomorphism of the tensor
space regarded as a module of the Hecke algebra associated with the symmetric
groups on r letters (see Sect. 9 for more details).

Let U(n)r = U(n) ®z k, where k is a field containing an [’th primitive root & of
1 (I’ = 3), and is regarded as an Z-module via the specialization of v to &. We will

denote the images of E,-(m) ® 1, etc. in U(n)x by the same letters. Clearly, (2.0.1)
induces a k-algebra isomorphism

U(oo)r = lim U([=n, n])x (2.0.5)

n

We now follow [20] to introduce infinitesimal quantum gl,. Let itk (1) be the
k-subalgebra of U(n), generated by the elements E;, Fj, Kj:|E1 for all i, j, and

define itz (7)™, x(n)° and i (n)~. Similarly, we have an inherited triangular
decomposition

it (1) = die () Vit () %t ()™ = e (M F @ d1ge (7)° @ e ()~

Moreover, we have
U (00) = lingnuk([—n, n]) (2.0.6)

We may further introduce the so-called infinitesimal quantum group ux (n) when
[ is odd. Let
U, if I’ is odd
= nrsedd 2.0.7)
I’/2, ifl’is even
Thus, &/ — &~ = 0 and further E} = 0 = F/ and K¥ = 1in U(py. If I' is
odd, then the elements Kil — 1 (i € n) are central in it (n) (and in U(7n)g). These
elements generate an ideal (K ll —1|i € n) of g (n). Define

we(n) = e (n)/ (K} = 1] i €n).

Call ug (n) the infinitesimal quantum gl,,.
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An alternative way to see the algebra iig (1) and ug (1) is using the De Concini—
Kac quantum group (see [3]). Let Uy (1) be the algebra over k with generators E;,
F; and K /j.tl (i € n7',j € n) and the relations (a)—(g) where v is replaced by &
(noting our assumption on [’ in the definition of ux (17)). This algebra is a gl,, version
of a De Concini—Kac quantum group. Clearly, there is an algebra homomorphism
8 : Uy (n) — U(n); mapping the generators of Uy, (1) to their counterparts in U(n)g.
The image of § is the algebra i ().

The following result is given in [11, 2.5] and [13, 2.1] (the proof for an infinite n
is entirely similar).

Proposition 2.1. (1) Let I be the (two-sided) ideal of Uy(n) generated by
El.l, Fl.l, sz-l —1,i €n?, j €n. Then there is an algebra isomorphism

U/ T S ().

In other words, uy (n) is the k-algebra defined by generators
Ei. Fi. Kj(ien", jen)

and relations (a)-(g) with v replaced by ¢, together with the relations:
(h) E/ =0, F/ =0and K¥ = 1.
(2) Ifl' be odd, then uy(n) is the k-algebra defined by generators

Ei, Fi, K;(ien’, jen)

and relations (a)—(g) with v replaced by ¢, together with the relations:
(h E! =0, F/ =0and K} = 1.

In Sect. 5, we will discuss the realizations of iz (1) and ug (n).

3 The Algebra IC(y, r) and the Stabilization Property

For a matrix A = (a;;) € My(N) (resp. j = (ji) € N"), let |[A] = }; ;aij
(resp. [j| = >_; ji). Let E(n) = My(N), E(n.r) = {4 € E(n) | r = |A]} and
E(n) = {(ay) € My(Z) | aij = 0 Vi # j)}.

Let V be a vector space of dimension r over a field k. An 5-step flag is a col-
lection § = (V;);en of subspaces of V such that V = Uien Vi, Vi € Vi4q forall
i enland V; = 0fori < 0if n has no lower bound. Let F be the set of 7-step
flags. The group G = G(k) := GL(V) acts naturally on F with orbits being the
fibres of the map F — A(n,r) := {A € N7 | r = |A|} given by

(Vidien = (dim Vi / Vi_1)ieq,
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where Viyin¢)—1 = 0 if 1 is bounded below. If F; denotes the inverse image of
A e A(np,r), then F = UAeA(n,r) F, a disjoint union of G-orbits. If f € F, and
P, is the stabilizer of f in G, then F), =~ G/ P;,.

Let V = V(k) = F x F and let G act on V diagonally. For (f,§) € V where
f= (Vi)iep and f = (V/)iey, the subspaces

Xij=Xi;(§,f) =Viea +(VinV))
(where i, j € n) form an (n x n)-flag:
S Xy S Xij1 S S Xiv1,) S X1 S E VL

Leta; ; = dimX; ;/X; j—1. Setting W(f,{) = (a; ;) definesamap ¥ : V —
E(n). Then E(n,r) = im V. The G-orbits O4, A € E(n,r), in V are the fibres
of U,

When k = Fj is a finite field of g elements, then the action of G(g) := G(k) on
V(q) := V(k) induces a permutation module ZV(q). Let &, - (¢q) be the Z-algebra
with basis {€4} 4ez(,r) and multiplication: for 4, A" € E(n,r),

€4 €4 = Z CA,A7,A7€A"
A’e€E(n,r)

where, for fixed (f1, f2) € Oyr,

caa,a =F€V@ | (F1.7) € 04, (], §2) € Onr}.

Note that if 7 is finite, then

Enr(q@) = Endzgg)(ZV(q))*.

Thus, &,,-(¢) has an identity. This is not the case if 7 is infinite.

It is well known that there are polynomials f4 47,47 such that f4 4 47(q) =
ca.a 4 forall A, A, A" € E(n,r). Thus, we define a Z-algebra K(n, r) with
basis {¢B} Bez(y,r) and multiplication

$a-bar =) fauar()par.

A

For any n > 1, we may embed E([—n,n],r) into E([-n — 1,n + 1],r) by
adding zeros in rows and columns labelled with —n — 1 or n + 1. This induces an
algebra embedding K([—n, n], r) into K([—n — 1,n + 1], r) as a centralizer subal-
gebra e/C([—n — 1,n + 1], r)e for an idempotent e. Thus, we obtain a direct system

K([=n.n], r)}nz1.
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Lemma 3.1. (1) Let Z[,/q, ﬂ_l] be the subring of C generated by 7 and

N ﬂ_l, and let K(n.r)| sz be the specialization of K(n,r) atv = |/q.
Then we have an algebra isomorphism

K.r)| yg = Er(@) ®2 Z1VG. VT ).

(2) We have an algebra isomorphism:

K(oo,1r) = li_n)llC([—n,n], r).

n

For any A = (a; ;) € g(n), let row (A) = (Zjen a,-’j)l.en and col (4) =
(Zien ai, j)j <n b€ the sequences of row and column sums of A. Note that row (A)

and col (A4) are well defined for any A € Moo(Z) since A has a finite support.
Let Z; be the subring of Q(v)[v’] generated by v/ (j € Z) and the elements

v—2(ll—i)v/2 -1

[l —=—

i€[1,z]

foralla € Zandt = 1. Forn = ng and A € E([—no,no]), define A" ¢
E([—n,n]) by adding zeros at the (i, j)-position for all i < —ng ori > ng or
Jj < —ngorj > ny.

The following stabilization property is a slight modification of the result [1, 4.2]
for g-Schur algebras; see [7, Sect. 3] for more details.

Theorem 3.2. For B € E(n,r) let d(B) = Zizk,j<l bijbri. The basis
1Bl = v_quﬁB}Beg(,,,r) for K(n,r) satisfies the following property: if A, B €

E([-no.no]) for some ny = 1 with col(A) = row (B), then there exist
ga.8,c(v,V') € Z1 with C € E([—no, nol) such that
AT B = ST gas e C

CEE([~nonol)

orall large p and n = ng, where ,CU"" = pIr_, v+ CU"l and I;_,, 1 is the
p p Pl-n,n] [-n,n]
identity matrix in E[—n, n].

4 The BLM Construction of U(n)

Beilinson-Lusztig-MacPherson [1] used the stabilization property of the g-Schur
algebras to define an algebra over Z; with a basis indexed by E(n), and then, by
specializing V' to 1, to obtain an algebra C free over Z with a basis {[A]} , Ewm)
The quantum group U(n) is realized as a subalgebra of a certain completion of
K := K ® Q(v). In this section, we state the result with respect to a consecutive
segment 1 of Z. We refer [7] for the treatment of the case when n = Z.
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Let IC;) (v, V') be the free Z;-module with basis {4 | 4 € Z(n)}. Define a multi-
plication - on /Cyy (v, V') by linearly extending the products on basis elements:

Z gA,A’,A”A,/y if col (A) = row (A/)
A-A = {47€Em)
0, otherwise

forall A, A’ € (n). Ky (v,V') is an associative algebra without 1 by Theorem 3.2.

Let K(n) = Ky(v,V) ®z, Z and KK(n)) = K, (v,V) ®z, Q(v) where v/ > 1.
Then K(17) and KC(n)) are associative algebras with basis {[A] := A®1 | A € E(n)}.
We also have

K(o0) = limK([=n,n]),  K(00) = limK([-n, n)). 4.0.1)

Let I,é(n) be the vector space of all formal (possibly infinite) Q(v)-linear com-
binations ) , = ) Ba[A] which have the following properties: for any x € Z7,

AcE 0, row(A) =x
the sets ¢ ([ Ba# (4) ; are finite. 4.0.2)

{A€E@m) | Ba#0. col(4) =x}
In other words, for any A, € Z7", the sums }_ .z, Baldiag(4)] - [A] and
D oAcE P BalA] - [diag(p)] are finite. We can define the product of two elements

S pegon BalAl Lpezqy v8[B] in K() 10 be Xy 5 BayplA] - [B]. This de-
fines an associative algebra structure on l/e(n). This algebra has an identity element
> seznldiag(1)], the sum of all [D] with D a diagonal matrix in E(m). K(n) is
naturally a subalgebra of I/(\l(n) (without 1).

Note that one may define I/C(n, r) similarly. However, if || < oo, then IC(n, 1)
is finite dimensional and I%(n, r) = KK(n,r). If n = Z, then KC(o0, r) is infinite
dimensional. We will see in Sect. 9 that the algebra U(co, r) defined in (2.0.4) is
embedded in the completion algebra 1?;(00, r).

Let 2% (1) be the set of all A € E(5) whose diagonal entries are zero, and let
E1(n) (resp. 2~ (1), 2(1)°) denote the subset of Z (17) consisting of those matrices
(a;,j) witha; ; = Oforalli = j (resp.i < j,i # j).Forany A € E(n), there exist
unique AT € ET (), A € 27 (n) and A° € E(n)° suchthat 4 = AT + A% + 4™,

Givenr > 0,4 € 2¥(p)andj = (Ji)ien € Z", we define

AG) =A@y = Y vE9IA+ D] € K.
DEE(n)°
AGor) = AG.ryy = Y. vEi4di[A+ Dl e K1),
Deg (MY

[A+D|=r

where 2(1)° denotes the subset of diagonal matrices in E(n) and d; are diagonal
entries of D.
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Let V(1) (resp. V(1, r)) be the subspace of 7%(77) (resp. I?J(n, r)) spanned by
B(n) = {A() | A € EF(n). je L")

(resp., B(n,r) = {A(,r) | A € EX(n,r), j € Z"}). Note that V(n,r) =
K, r)K(n,r)if [n] < oo.

The following results are proved using the multiplication formulas given in
[1, Lemma 5.3]. The details in the infinite case can be found in [7, 3.3]. For
1<i,j<n,letE;; € E(n) bethe matrix (ag ;) with ax; = 6; 6.

Theorem 4.1. Let n C Z be a consecutive segment of 7.

(1) V(n) is a subalgebra of l,(\l(r)) with Q(v)-basis B(n). It is generated by
Ennt1(0), Epyy4(0) and 0G) forall h € n™ and j € 7.

(2) There is an algebra monomorphismt : U(n) — 7%(77) satisfying
Ep > Eppar(0). K{'KJ? - K" > 0G). Fy > Epr1,4(0).

Hence, im(t) = V().
(3) For any positive integer r, there is an algebra homomorphism &, : U(n) —
IC(n, r) satisfying

Ep > Eppr(0,r), K"K - KJ" 5 0, r), Fy = Eps1.4(0,7)

such that V(n,r) = im(&,) is a subalgebra ofk(n, r). In particular, V(n, r) is
generated by the elements Ep p11(0,7), Eptq1,4(0,7), and 0@, r) for all h €
n7 and j € N".

(4) By identifying U(n) with V(n) via t, the algebra homomorphism &, in (3) satis-
fies £ (A()) = A(j.r), forany A € B (n), j € 2.

Remarks 4.2. (1) From Theorem 4.1 (2), U(n) = V(n) gives a realization of quan-
tum gl,,. This realization provides explicit multiplication formulas between the
generators and basis elements A(j); see [1, 5.3].

(2) It is known U(n,r) = V(n,r) if n is finite. We shall see in Sect.9 that
U(oo, r) = V(oo, r). In particular, V(co, r) is a realization of U(oco, r).

5 Constructions of u; (1)

In this section, we discuss the realizations of i (1) and ug (n). As set in Sect. 2, k is
a field and ¢ € k is an !’th primitive root of 1.

Let 2;() be the set of all A = (ai,;) € E (1) such that a;j,; <l foralli # j.
Let Eli(n) be the set of all A € ;(n) whose diagonal entries are zero. In other
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words, Eli(r)) =BT n El(n). Define E; () and E; (n) similarly. Let E;,;- (1)
be the set of all n x n matrices A = (a;,;) witha;,; € N, a;; <[ foralli # j
anda;; € Zy := Z/1'Z for all i. We have an obvious map pr : 2;() — E1.r(n)
defined by reducing the diagonal entries modulo /’.

Let K(n)x = K(n) ® z k. Mimicking the construction of I/(\l(n), we define I/C(n)k
to be the k-vector space of all formal (possibly infinite) k-linear combinations
Do Em BalA] satisfying the property (4.0.2) with a similar multiplication. This
is an associative algebra with an identity: the sum of all [D] with D a diagonal
matrix in E(n). The elements A(j) defined earlier becomes

AG) = ) &[A + diag(z)] € K(n).

z€ZN

where j -z = X;j;z. Clearly, A(j) = A(j') whenever j = j'. Here ~ : Z" —

(Z)" is the map defined by (j1, j2,....jn) = (j1,j2,-...jn). Thus, we shall

write A(j) := A(j). Similarly, we shall use A(j, r) := A(j, r) to denote the element

defined earlier with v replaced by ¢ for the algebra I/C(n, Nk = l%(r/, r) ® k over k.
Let W be the subspace of l%(n) % spanned by

By = {A() | A € Ef (n). j € (Z1)"}.

We have clearly dim W < AP || = .

We remark that all the results given below are stated for an arbitrary 1. Their
proofs for an infinite 7 is entirely similar to the proofs given in [11] (when [’ is odd)
and in [13] (when [’ is even).

The following resultis [11, 4.4] and [13, 4.1].

Lemma 5.1. (1) W is a subalgebra ofl/é(n)k.
(2) The elements Ep 4+1(0), Ep41.1(0), 0(e;) (for h € nandi € n) generate W
as an algebra.

Given 4 € Eli(n) and j = (j;)iep € Z", we rewrite

AG) =) &[4 + diag(@)] € K(n)x

zeZ"

> Y [A + diag(x)]

7€(Z,))1 xeZn
X=z

> &4 + diag(@)].

z€(Z,)"

where &% = &% and

[A + diag@] = Y [4 + diag(x)] € K()«-

xeZNn
X=1
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Note that A + diag(z) € E; /(1) and the elements [A], A € E;/(n), are linearly

independent. Thus, we have the following; see [11, 13].

Lemma 5.2. (1) The set {A(j) | A € Eli(n), j € (Z1)"} forms a k-basis for W.

(2) Ifn = |n| is finite, then the set {[A] | A € E;,1/(n)} forms a k-basis for W and
dimW = (I'yr"*n.

Assume that 1 is a finite segment of Z. Following [1, 6.3], let K(n) be the
k-subspace of KC(17)x spanned by the elements [A] with A € E;(). It is proved
that K(n) is a subalgebra of (7).

Let K'(n) be the free k-module with basis elements [A] in bijection with the
elements A € Ej;/(n). There is an algebra structure on K'(n) given, for 4, A’ €

Err(n), by

0, if col (A) # row (A") in Zy/,
[A] - [A] = - .
Y pinlpr(A”)], otherwise,
where p 7, and A" are determined by a product in K(n): [A] - [A'] = Y p i [A"]
for any A, A € 8;(n) satisfying col (A) = row (4’) (in Z), pr(A) = A and
pr(A’) = A’. Unlike K(n) or K(n), the algebra K’(n) has an identity element: the
sum 3, ¢z [diag(4)].
We now have the following results.
Theorem 5.3 ([11], [13]). (1) Assume that 1 is finite. There is an algebra isomor-
phism vy : W = K'(n) satisfying [A] v [A] for A € E; 1 (n).
(2) There is an algebra epimorphism ¢ : g (n) — W satisfying Ep +— Eh,h+1(6),
Fr—= Epy1.0(0), Kj = 0(e ;).
(3) Ifl' is even, @ is an isomorphism, and if I’ is odd, then ¢ induces isomorphism
@ ug(n) —> W.
Corollary 5.4 ([1]). Assume that 7 is finite. If I’ = [ is odd, then we have an
algebra isomorphism uy (n) = K'(n).

6 Bases for ¢-Schur Algebras

In this section, we first describe the Drinfeld—Jimbo type presentations for g-Schur
algebras at n = [1, n], and then we introduce several resulting bases.

Theorem 6.1. The g-Schur algebra U(n, r) over Q(v) has the following presenta-
tions with

(1) [4] generators

ei, fi(1<is<n—-1,k;(1<j<n)
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and relations:

(S1) kikj = kjk;;

(S2) kje; = viiiTdiitie k;, kiE; = v t170) £ Ky
(S3) ejej =eje;, £;f; =£; £, when li—j|>1;

(S4) e?ej —(V+vHeieje + eJe =0, whenli — j| = 1;
(S5) fzfj—(v—i—u OE; f,f, + £,£2 =0, whenl|i — j| = 1;

(S6) elfj —fie; =6 :)_kl—l , where k; = klklﬁl;

(S87) ky--kp=V'and forall1 <i <n, (k; —1)(k; —v)---(k; —v") =0.

(2) [9] generators
ei, fi, kj(1<i<n—-1)

and relations (S1)—(S6) together with

(SO) [ki:t1]'[ka;t2) -+ [kn—1:ta1]' = Ofort; € N suchthatty+---+t,_ =
r+1,

where [X:t]' = (X=1)(X—v)--- (X—'"1), and kp=v"kyl- k;ll in (S6).

Proof. Let ﬁ(n r) be the algebra with either of the described presentations. Then
there exist an algebra epimorphism

¢ U(n) — Un,r).
The algebra epimorphism ¢, : U(n) — V(n,r) = U(n, r) given by
Eh = Eh,h+1(0’ r), Kl' = O(ei, r), Fh = Eh+1,h(0, r),

where e; = (...,0,1,0,...), induces an epimorphism ﬁ(n, r) — U(n,r). Thus,
1

the result follows if we could prove that dim ﬁ(n, r) <dimU(n,r).
We prove this inequality by constructing some integral monomial bases below.
a

We first display an integral monomial basis for U(n). For A = AT + A~ €
E*(n), where AT € Et(n) and A~ € E~(n), and j € Z", let

M@AD — gt KG) - FAD ¢ U(n),

(ai.j) - (ai.j)
where EU7) = =i<ishej<n En /s FU =Tligjcheicn B and

K() = Ki' - K} [KI’O] : [K";O]
/1 ljnl 1

where §; = 0 (resp. 1) if j; = 0 (resp. j; < 0). The order in the products E@" and
F“7) is taken as follows: For the Jjth column (reading upwards) a;—1,;,...,a1,;
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(2 < j < n)of AT, fix the reduced expression for the longest word of the symmetric
group G; on j letters:

wo,j = S;—1(8j—28;—1) - (S152++-5j—1)

and put
@j—1.4)(aj—2.;) n@;j—2.;) (a1.;) p(a1.;) (@1./)
Mj = E N EL P ED T (B ES BN,
Similarly, for the jth row (reading to the right)a; 1,...,a;,;j—1 (2 < j <n)of A™,
put

M= (Fj(‘iflvl) ... Fz(aj’l)Fl(a“)) i (F;‘ijl‘j”)F;‘ijz’j*Z))F;a_fl’f”).

Then E4™) = M,M,_y--- My and F“47) = MM}--- M.
Lemma 6.2. ([19]) The set

MUV | Ae850), jezm)
forms a Z-basis for U(n).
We want to construct a similar basis for ﬁ(n, r). Let

e ZF (EUD)Y £AD) 2 F (U and |:ki§0:| _i (|:Ki§0:|),

t t

and put, for A € N”,
n
k=] [ki’_o] . 6.2.1)
i=1 !

Lemma 6.3. We have, for any A € N",

0, otherwise.

K, = §[diag(x)], iFIA = r.

The following result is proved in [9].

Theorem 6.4. Let
M = {m® = U0k, (€47 | A € B(n. 1),

where 0 (A) = (01(A), ..., 0n(A) with 0;(A) = ai; + 3 <;<;(ai,j +aj;). Then
M is a spanning set and, hence, forms a Q(v)-basis for fj(n, r). (So we may identify
fj(n, r) with U(n, r), and &, with {,.) Moreover, M gives a Z-basis for the integral
q-Schur algebra U(n, r).
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We call M an integral monomial basis. This basis leads to several other bases

for U(n, r) which we now describe.
Fix the reduced expression

i=(is....i)=(m—1,....2,1,....n—1.n—2,n—1) (6.4.1)

of the longest word wg of the symmetric group &,, that is, wo = s;, i, - -8}, . For

any ¢ = (cy,...,cy) € NY, define monomials in root vectors E and F® as in [19,
2.2] (using braid group actions). Let ef = ¢, (E{) and £{ = {,(F°).
For any A € E*(n), let ¢c(A") = (¢1.....c,) € NY, where the first n — 1

components of ¢(A™) is the nth column of AT reading upwards, and the next n — 2
components is the (n — 1)st column and so on, i.e.

C1 =dp—-1,n,---5Cn—1 =d1n, Cn = Ap—2n—1,--- -

Define ¢(A™) symmetrically.

Theorem 6.5 ([11,13]). We list the following Q(v)-bases for the q-Schur algebra
U(n,r). Let i be a fixed integer with 1 < iy < n.

(1) The monomial basis:

Nig = {e“DREUD | 4 e 85n). jeN", jiy =0, [j| +]4] < r};
(2) The BLM basis:

Biy = {AG.r) | A€ EX(n). je N", ji, = 0. |j| + |4 < r}:

(3) The PBW basis:

Pio = {ef WU [ A e 85 m), je N, iy =0, il + 4] <7},

We end this section with an application. We identify the Hecke algebra part of

the monomial basis M. We assume now n = r though all results hold forn > r.

Let
w=(,1,...,1) e N",

and let H = kU, n)ky and H = kguU(n,n)ky. Forany w € &, let 4, €
E(n,n) be the permutation matrix defined inductively by A, = A, A, where
w = ys; with y <wands; = (i,i + 1) for some i.

Lemma 6.6 ([9, 9.1]). The algebra 'H is free over Z with basis

Mg = {m) | we &,}.

+ —
LetC; = ms;) = e(ASi)k,,(Asl_)f(ASi), andlet7; = ¢; — v L.



Quantum gl,, g-Schur Algebras and Their Infinite/Infinitesimal Counterparts 107

Theorem 6.7 ([9, 9.3-9.4]). (1) The elements 7T;, 1 < i < n — 1, satisfy the
following relations:

@ (T —v)(T +vH=0;
b)) LT, =TT, l|i—j|>1L
© TTi1Ti =TTy, 1<i<n-2.

In particular, T; is invertible and Tl-_l =C; —w.
(2) Foranyw € 6y, there is a reduced expression w = s;, ---S;, satisfying

m(AW) =Cj - Cj).

Therefore, H is isomorphic to the Hecke algebra over Z associated with G,,.

Remark 6.8. (1) Some commuting relations between the e; and £; and the quantum
Serre relations give rise to the braid relations (b) and (c).
(2) Using the notation in [17], C; corresponds to Cs’i, and 7y = vilTSl..

7 Little g-Schur Algebras

In this section, we continue to assume n = [l,n]. By restricting the map ¢, :
U(n) — U(n,r) defined in (2.0.2) to the Z-form U(n), we obtain a surjective
map &, : U(n) = U(n, r) (see [6]).

As in Sect. 2, let k be a field which is a Z-module via v — &, where ¢ is an [’th
primitive root of 1. Then base change induces a surjective homomorphism

Crg =6 @1 :Um)k — Un,r)g

and hence, a map
Cre st (n) = Uln,r)e
by restriction. The image ¢ x (itx (n)), denoted ug (n, r), is called a little g-Schur

algebra. Note that if [’ is odd, then ¢, (Kl.l — 1) = 0 for all i. Hence, {, x induces
a surjective map, the version of ¢, over k,

Skt ug(n) — ug(n,r).

Let ug(n,r)* = &™), ue(n,r)™ = Grli(m)™), ue(n,r)® =
¢rk (itx (n)°). By abuse of notation, we shall continue to denote the images of
the generators E;, F;, K for i (n) by the same letters e;, £;, k; used for U(n, r).

We first have the following.

Theorem 7.1 ([11, 7.6]). The set {eD | A E;'(n), |A| <7} (resp. {ED | A €
E; (n), |A] < r}) forms a k-basis of ug (n, )t (resp. ux(n,r)7).
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For any A € A(n,r), let A be the image in (Z;/)" obtained by reducing every
entry modulo [’. Let, for A € Eli(n) with |A| < rand A € A(n,r —|A]),

[A+diagV).rl= Y  [A+diag(w)] € Ug(n.r).

HEA(n.r—]A])
pE

We also set A(n,r); = (A e (Zy)" | A € An,r)}.Forv € (Zy)", define

> k, ifveA,r),
Py = { #EA(nT),Z=V
0 otherwise.

Let NJ, = {A € N" | 4; < I’ Vi}. In contrast with Theorems 6.4 and 6.5, we
have the following bases for uy (1, r).

Theorem 7.2 ([11, 8.2, 8.5]). Fix any integer ip with 1 < iop < n. Each of the
following sets forms a k-basis for uy(n, r).

(1) Ly := {[A + diag(A). 7] | A € EE(n), |A] <7, A € An,r — |A])};

2) My :={eWDpr @D | A € EF(n), A € A(n,r), Ai = 0;(A) Vi};

(3) Nige = {e“DREAD | A€ BF(m), jeNJ, jiy =0, il + 14| <r};

4) Bjx = {AG.r) | A€ Ef(n). je N}, ji, =0, |jl + |A] < r}:

(5) Piose = (e WU | A€ BF (). e Np. iy =0, il + 4] < 7).

‘We may use the bases to derive certain dimension formulas. Let, forn > m > 1,
An,r:m)={AeAn,r)|0< Ao, ... . Am <l',0< Appt1,.. ., An <1}

Then #A(n,r;1) = #A(n,r); and #A(n,r;n) = #A(n,r);. By Theorem 7.1, we
have dim ug (n, r)jE = #A(N,r; 1), where N = ('2’) + 1, while, by Theorem 7.2,
dimug (n,r) = #A(n?,r;n). More explicitly, we have the following dimension
formulas.

Theorem 7.3 ([11,13]). We have, for 1 <m < n,

sac[m—1\(n—m\[(n+r—t—sl'"—1
g ()

In particular, we have

(D) dimug(n. 1) =Yoo (=D*("}")
@) dimug(n,r)* =YooV
() dimug (n,r) = Y 5o (=1) ("]

( +r —sl’ —1)
)(N“ S with N = (3) + 1
—1

)(n —n)( 2+rn2tl lsl’—l)
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There is a simpler description of the number dimuy (n, r) if I = [ is odd. For
any A = (a;,;) € Mu(Z),let A = (a;,;) = (a;,;) where a; ; € Z;, and let
E(n,r) = {A | A € E(n,r)}. Then it is easy to see that all the sets Z(n,r),
A(n?,r;1) and A(n2, r); have the sane cardinality. Hence, we have

R — 2 _ 2 . _
dimug(n,r) =#2(0n,r) = Z(_l)s (n i 1) <n +nr2 _sll l)'

§=0

Remark 7.4. Infinitesimal Schur/q-Schur algebras were introduced in [2, 5] as the
dual algebras of the homogeneous components of the infinitesimal thickening (by
the torus) of the Frobenius kernel of the quantum coordinate algebra of GL,,. It is
proved in [12] that the subalgebra of U(n, r); generated by the little g-Schur algebra
u(n,r) and [k"t;o] (1 <i < n,t € N)is isomorphic to the infinitesimal g-Schur
algebra investigated in [2].

8 Presenting V (oo, r)

Recall from Sect. 4 the Q(v)-algebra V(oo, r). By Theorem 4.1 (3) for n = Z, it is
generated by the elements

€ = Eii+1(0,r), fi = Ei11,(0,r), andk; = O(e;,r)

foralli € Z, where e; € Z°° has 1 as the i th component and 0 elsewhere.
For any A € N, since A has finite support, the product (cf. (6.2.1))

0 .
=[] [k;’io],

i=—00

is well defined, and a result similar to Lemma 6.3 holds. We also introduce the
products @4 ™) and f47). Bases similar to those given in Theorem 6.5 exist for
V(oo,r).

Lemma 8.1 ([7, 4.8-4.9]). Each of the following sets forms a basis for V(co, r):

(1) Noo = {e(‘“)kjf(fr) | A€ B%(c0), jeN®, |j| + |4] < r};
(2) Boo = {A(.7) | A € BF(00), j € N, |j| +|A] <1},

We remark that a basis similar to the PBW basis 6.5 (3) can also be constructed.
In order to avoid the dependence of the sequence i defined in (6.4.1), we may simply
use the PBW basis constructed in [8, 4.6].

We now present V (oo, r) by generators and relations; cf. Theorem 6.1. The proof
of the following theorem relies on the basis Noo.
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Theorem 8.2 ([7,4.7]). The algebra V (oo, r) over Q(v) has the following presen-
tations with generators

e, fi,ki,ieZ
and relations: fori, j € Z,

(1) kikj = kjki;
Q) [Lieglki;ti]' =0forallt = (t;) e N® with |t| = Y, cpti =1 + 1;
(3) kie; = U8i.j_8i.j+lejki’ kif; = vlij+1-6i fiki;

(4) eje; = eje;, f,'fj =fjf,' when |i — j| > 1;

(5) efe; —(v+vYee;e; +e;82 =0when|i — j| = 1;

6) f2f; — (v + U_l)fﬁji+fjflz =0whenli —j| =1;

(7) e;f; —f6; =6 kiki L here ki = kik~!

v—v—1” i+1°

We rewrite €; etc. as e; , etc. if different r’s are under consideration.

Corollary 8.3. Forr € N, there is an epimorphism from V(oo,r + 1) to V(oo, 1)
by sending €; y41t0 €y, fi r4+1 to fi p and K; y+1 to ki, fori € Z.

We shall see in the next section that V(oo, ) is isomorphic to U(oo, r). Thus, we
obtain the so-called transfer maps from U(oo, r + 1) to U(oo, r) (cf. [23]) which is
useful in the study of the polynomial representation category C, in Sect. 11.

Let V(oo,r) = & (U(00)) be the integral Z-form of V(oo, r), where &, is de-
fined in Theorem 4.1 (3). Then we have the following integral basis for V (oo, r); cf.
Theorem 6.4.

Proposition 8.4 ([7, 4.12]). The set
Moo = {6@DIGTAT) | 4 € EE(00), L € N®, 4 = 0(A), |A] <1}

forms a basis for V(oo, r), where A = o (A) means A; = o0;(A) foralli.
Moreover, the subset {e(A+)k,,(A)f(A_) | A € E(oo,1)} of Moo forms a basis
Jfor K(oo, r).

Note that the last assertion is seen from [7, (3.6.1)].

Remarks 8.5. (1) Since the relation (S7) from Theorem 6.1 does not hold in
V(oo,r), there is no natural homomorphism from the g-Schur algebra
U([—n,n],r) to V(oco,r). However, there is a natural homomorphism from
a Borel subalgebra U([—n, n],7)>° or U([-n,n],r)S® into V(co, ) (sending
1 to 1). Thus, the identity element 1 of V(oo, r) is a finite sum of orthogonal
idempotent elements labelled by the elements in the set A([—n, n], r). This fact
is useful in the proof of Theorem 8.2.

(2) Itisinteresting to point out that the Doty—Giaquinto type presentation described
in Theorem 6.1 (1) does not exist for V(co, r).
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9 Infinite ¢-Schur Algebras and Their Elementary Structure

In this section, we first introduce the g-Schur algebra S(, r) at n. We will mainly
focus on the structure of infinite g-Schur algebras.

Let H be the Hecke algebra over Z associated with the symmetric group &,
on r letters. Then H as a Z-algebra has a basis {7, },,es, subject the relations (cf.
Theorem 6.7): forallw € G, ands € S :={(i,i + 1) |1 <i <n-—1},

Tsws if sw>w,

IT, =
v—=v YT, + Ty, ifsw<w.
Let H =H® Q).

Let n be a consecutive segment of Z. Let £, be a free Z-module with basis
{wi}ien andlet , = Q, ® Q(v). H acts on Q?’ from the right by “place permu-
tations™:

Wiy Wi W Wy ifij<ijir;
(@i @i, )1, j 4= Vi, - o, ifij=ij1;

(v—v_l)a),-l---w,-,—i—a),-l---a)inwij---wi,, ifij >ij+1.
The algebras
S(1.r) 1= Ends(R%7),  S(n.7) := Endy ()

are called g-Schur algebras at 1. Note that S(n,r) := S(n,r) for n = [1, n] is the
q-Schur algebra we discussed before. Clearly, if 7 is finite, S(n, r) = S(|n|,r) and
S(n,r) = Sn,r) @z Q(v). When n = Z, the algebras S(oco,r) := S(Z,r) and
S (o0, r) are called infinite q-Schur algebras.

Since the H-action commutes with the action of U(n), it follows that U(n,r) C
&(n, r). Hence, we obtain algebra homomorphisms

¢ U — S, r), Crluay : UMm) — S(n,r). (9.0.1)

These homomorphisms are surjective whenever 7 is finite. In particular, we have
Un,ry=8mn,r)andUn,r) = S(n,r)foralln,r = 1.

Since Q‘f’fn’n] is a direct summand of the H-submodule QE’n_l’n +1] for all
n = 1, it follows that we may embed S([—n,n],r) as a centralizer subalgebra of
S([—(n + 1),n + 1], 7). Hence, we obtain a direct limit system {S([—n, n], 7)}n=1-
By Lemma 3.1 (2), we have

K(oo,r) = li_r)nS([—n,n], r), IC(o0, 1) =~ h'_I)nS([—n,n],r).

This isomorphism implies immediately the second isomorphism in the following.
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Proposition 9.1.  The H-module Q&' is isomorphic to the H-module
@)LeA(oo,r) x)H. Thus, we have the following algebra isomorphisms

So.r)= [ € Homp(xuH.xiH).
HEA(oo,r) AeA(oo,r)

IC(oo,r)é @ @ Homy (x, H, x, H).

neA(oo,r) Ae A(oo,r)

Here the multiplication in [],,c s (0o.r) Dic(co,ry Homu (X H, X3 H) is given as
follows:

(Zv gm)r(ZA fk,u)u = (Zv 2 gv,AfA,M)Mv

where fj ., &, € Homy (x H, Xy H) forall A, .

Similar results hold with S, 2, 'H, IC replaced by S, R, H, K, respectively.

The second isomorphism can also be made more explicit. For any A € A(oco,r),
let G, be the corresponding Young subgroup, and let ©, be the set of distinguished
right &,-coset representatives. We also put ©,, = D, N @;1. This is the set of
distinguished double (&, &,,)-coset representatives. We also define, for any w €

D)., amap
¢)1VM : @ X H — @ X H
reA(oo0,r) A€A(oo,r)
by setting ¢>fu(xvh) =8 ZXEGAWGM h. Itis well known (see, e.g., [15, (1.3.10)])
that there is a bijection

J A, w, ) | A, pne Aloo,r),w €Dy .} — E(oo, 7).

Corollary 9.2. The isomorphism 6 is induced by j. In other words, if
JOw, ) = A, then 8(¢4) = @5,

We will identify the two bases under 6.

Let w € A(oo,r) such that w; = 1if 1 <i < r and w; = 0 otherwise. The
following describe some elementary structure of S(oo, r). Part (1) follows from
Lemma 6.3, and Part (4) shows that the Hecke algebra H is always a centralizer
subalgebra of S(oo, ).

Lemma 9.3. Let A, u € A(oco,r).

(1) kp = [diag(A)] = Paiag() = ¢, forall A € A(co,r);

(2) S(oo,r)k), = K(oco,r)ky;

(3) kaS(o0, 1)k, = ki K(o0, 1)k, = Homy (x, H, x3H);

(4) We have H = K¢ S(00, 1)K = Ends(oo,r) (&) = Endy (o) (Q2)).

Similar results hold for the algebras over Q(v).
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We continue to use boldface fonts for objects over the field Q(v). The identifi-
cation of Ends(22") with [ e acc0,r) Dreaoo,r Homr(xpH, x2H) gives rise
to a natural injective algebra homomorphism ¢, : K(co,r) — Endsy (Q2%). By
9.1 and the definition of I%(oo, r), we know that é_’r induces naturally an injective
algebra homomorphism

& : K(00.7) — Endyy (),

sending 3 ez (oo.r) PalAl = Ypentoon X guv=n BaldD to (X wen=u

BalA] e (oo,r)- We will view 7%(00 r) as a subalgebra of Ends (2 g’).
Recall from Theorem 4.1 (3) the algebra homomorphism &, : U(co) — V(oo, r).
We are now ready to identify U(oco, r) with V(oo, r).

Theorem 9.4 ([7, 5.41). The map ¢, : U(co) — Endy(RE) factors through {,
V(oo,r) = Endp (RE"). In other words, we have ¢, = ¢, 0 &,. Hence, U(co, 1) =
V(oo,r).

Remark 9.5. (1) The injective map &y : I?Z(oo, r) — EndH(Slg’) is not surjective;
see [7, 5.4]. Thus, unlike the (finite) g-Schur algebra case, the homomorphism
¢, from U(o0) to the infinite g-Schur algebra S(oo, r) is not surjective, i.e. the
algebra U(oo, r) is a proper subalgebra of S(oco, r).

(2) It can be proved (see [7, 6.9]) that the epimorphism ¢, : U(co) — U(oo,r)
can be extended to an algebra epimorphism 2, : I/C(oo) — I%(oo r) by sending
24T 00y BalAI 10 3 4z (00,r) BalA]. Thus, we obtain an algebra homomor-
phism &, : KC(c0) — Endy (227).

(3) Itis possible to introduce a new algebra l/(\fr(oo) which has the infinite g-Schur
algebra as a homomorphic image. Let I’CT(oo) be the vector space of all formal
(possibly infinite) Q(v)-linear combinations ) _ , F (00) Ba[A] which have the
following properties: for any x € Z°°,

the set {4 € B(00) | B4 # 0, col (4) = x} is finite. 9.5.1)

In other words, for any . € Z", the sum ZAEE(OO) Bal[A]-[diag(w)] is finite. We
can define the product of two elements }_ , 5,0y BalAl 2 pcF(00) ¥B[B] in
Kt (o) tobe Y 4 p Bays[A]-[B]. This defines an associative algebra structure
on I?JT(oo). This algebra has an identity element ), .70 [diag(1)]: the sum
of all [D] with D a diagonal matrix in E(oc0). One proves that the map é’j :

KT (00) — Endy (R &) sending > AT (00) BAlAl 10 3 4ez(oo,r) BalA] is an
epimorphism; see [7, 6.9].
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10 Highest Weight Representations of U(oco)

In this section, we discuss the “standard” representation theory of U(oco). This in-
cludes the category C of weight modules, the category C' of weight modules with
highest weights, the category C'™ of integrable modules and the category O, all of
which are full subcategories of the category U(co)-Maod of U(co)-modules.

Let X(00) = {A = (A;)iez | Ai € Z} be the weight lattice, and let

Xt(c0) = {1 € X(00) | Aj = Ajy; foralli € Z}

be the set of dominant weights. For i € Z, let as before e; = (...,0,1,0,...)
1

and o; = e; —e;4+1. Then R(oco) = {e; —e; | i # j} is the root system of
glso, and RT(c0) = {e; —e; | i < j} is the associated positive system. Let
IT(c0) = {o; | i € Z} be the set of all simple roots, and let < be the partial ordering
on X (oo) defined by setting, for all A, u € X(00), u < Aif A — pu € NTI(00).

For a U(co)-module M and A € X(o0), let M) = {x ¢ M | Kix =
vhix fori € Z}. If My # 0, then A is called a weight of M and M) is called a
weight space; if M = @AeX(oo) M, then M is called a weight module.

Let wt(M) = {1 € X(c0) | M) # 0} denote the set of the weights of M. It is
clear that for a U(co)-module M and i € Z, we have

EiM, C MA+0¢,- and FiM; C M,x_a,.. (10.0.2)

Let C denote the full subcategory of U(co)-Mod consisting of all weight mod-
ules, and let CM be the full subcategory of C whose objects are the weight U(co)-
module M with the property that, for any x € M, there exists no = 1 such that
u.x = 0 whenever u is a monomial in the E;’s having degree at least ng.

An integrable U(oo)-module M is a weight module satisfying that, for any x €
M and any i € Z, there exists ng = 1 such that E'x = F"x = O for all n = no.
Let C™™ be the full subcategory of C consisting of integrable U(co)-modules.

The category O is the full subcategory of C each of whose objects M has finite
dimensional weight spaces and has weight set wt(M) C | J{_,(—o0, A ] for some
A A8 e X(00). Here, for A € X(00), (—00, A] := {u € X(00) | u < A}.

We first observe the following; see [7, Sect. 7].

Proposition 10.1 ([7, 7.2]). The category O is a full subcategory of C. Thus, we
have the following flowchart for various chains of full subcategories:

C
VRN
Chi Cint

| I

O \ Chi a Cint
N
O ﬂ Clnt
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For a U(oco)-module M, if there exista A € X (co) and a nonzero vector xo € M
such that Ejxg = 0, Kjxo = v*ixq forall i € Z and U(oco)xg = M, then M is
called a highest weight module. The vector x¢ is called a highest weight vector.
Using a standard argument (for finite dimensional highest weight modules), one
sees easily that a highest weight U(co)-module with highest weight A is a weight
module and M = (P, <; M. Moreover, dim M; = 1 and M contains a unique
maximal submodule.

For A € X(00), let

M®) = U(e0)/ (Z U(eo) B + Y U(oo)(Ki - v*f)) ,

i€Z i€Z

which is called a Verma module. This is a highest weight module with the highest
weight vector 1,, the image of the 1. Thus, M (1) has a unique irreducible quotient
module L(2). Clearly, the modules M (1) and L(A) are all in the category C" and
in the category O.

We have the following classification of irreducible modules in the category CM.

Theorem 10.2 ([7, 7.4]). There is a bijection A + L() between X(00) and the
set of isomorphism classes of irreducible U(oo)-modules in the category C" (resp.
in the category O).

The classification of irreducible integrable modules seems very hard. However,
it is possible to classify all irreducible integrable modules in C", i.e. all irreducible
modules in CM N C™. We shall see in the next section that there exist irreducible
integrable modules which are not in CM.

For A € X (00), let I() be the submodule of M (1) generated by F;
(i € Z). By the commutator formula [18, 4.1 (a)]:

(Ai=Ai41+D

(k—t)
i s

min(k,l) 5
®) () (- | Kis2t —k—1
EPFD = Y F [ ) E
t=0

we deduce I(A) = >, ., U™ (oo)Fl.()L"_A"Jrl +) 1,. Hence I(X) is a proper submod-
ule of M(A). Let L(A) = M(A)/I(A). By [21, 3.5.3], we have the following.

Lemma 10.3. For A € X (00), the module m) is an integrable U(co)-module.

Hence, as a homomorphic image of L(A), the module L()) is an integrable U(c0)-
module.

We now have the following classification theorem whose proof requires the fact
that, if M is a objectin C'™ and 0 # xo € M}, satisfying E;xo = O foralli € Z,
then A € X T (o0).

Theorem 10.4 ([7,7.6 and 7.7]). The map A — L(A) defines a bijection between
X T (c0) and the set of isomorphism classes of irreducible U(oco)-modules in the
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category C™ N CM. Hence, it also defines a bijection between X +(00) and the set of
isomorphism classes of irreducible U(oo)-modules in the category C™ N O. More-

over, we have L(A) =~ m) forall A € X*(c0).

Remarks 10.5. Tt can be proved (see [7, 7.7]) that, for A € X T(o0), L(A) is iso-
morphic to the direct limit of finite dimensional irreducible U([—n, n])-module
L(A[—n,n)), Where A[_, o] = (Ai)—n<i<n, if A = (A;)iez. However, for a non-
dominant weight A, we could not prove that a similar isomorphism holds.

The following result shows that there are not many finite dimensional weight
U(oco)-modules. Let C™ be the category of finite dimensional weight U(co)-
modules.

Theorem 10.6 ([7, 7.10]). The category C™ is a completely reducible category,
and the modules L(m1) (m € Z), wherel = (..., 1,1,...,1,...) € X(00), are all
non-isomorphic irreducible U(oo)-modules in C.

11 Polynomial Type Representations of U(oco)

Polynomial representations of U(n) are obtained via g-Schur algebra representa-
tions and are all highest weight modules. In this section, we will see that the
U(oo)-modules arising from weight modules over infinite g-Schur algebras are in
general not highest weight modules. Thus, we obtain a “nonstandard” representation
theory for U(c0).

Let r be a positive integer, and let C, be the full subcategory of C consisting of
U(oo, r)-modules which are weight modules when regarded as U(oco)-modules via
¢ 1 U(o0) — U(oo, r). We also define CP°! to be the full subcategory of C consisting
of weight U(oco)-modules M such that wt(M') € N°°. (Recall that the elements of
N have finite support.) We call the objects in CP°! polynomial representations.

There is a close connection between polynomial representations and weight
S (0o, r)-modules. By definition, an S(oo,r)-module M is called a weight
S(oo, r)-module if M = @EA(OOJ) k; M. (Recall from Lemma 9.3 (1) that
k), = ¢/{ 1-) Let S(00, r)-mod be the category of weight S(co, r)-modules. Since
the quantum group U(co) maps to §(oo, r), every S(oco, r)-module is naturally a
U(oo)-module. Moreover, we have the following (which justifies the terminology
of weight §(oo, r)-modules).

Lemma 11.1. Let M be a weight S(o0, r)-module regarded naturally as a U(c0)-
module. Then, for any A € A(n,r), KxyM = M. Hence, M is a weight U(c0)-
module. Moreover, M is also an integrable U(oco)-module.

We may define the category IC(oco, r)-mod of weight IC(co, r)-modules. By
regarding U(oo, ) as a subalgebra of S(oco, r), we may define U(oo, r)-mod simi-
larly. Note that U(oo, r)-mod is a full subcategory of C,.
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Since every weight (oo, r)-module induces naturally a weight S(oco,r)-
module using the fact that for any x € S(oco,r) and A € A(oo,r), xk; € K(oo, ),
we have immediately the following category isomorphisms.

Lemma 11.2 ([7, 8.2]). The category K(oo,r)-mod, and hence the category
U(oo, r)-mod, is isomorphic to the category S(oco, r)-mod.

Thus, S(co, r)-mod can be regarded as a subcategory of C.

We want to classify the irreducible modules in S(oco,r)-mod. Let
R(00,r) := 8(00,r)Kyg. Since S(oo,r)k;, = K(n,r)k, for all A € A(oco,r)
(see 9.3), it follows that 2 (oo, r) is a weight S(oo, r)-module. Moreover, it is an
(S(o0, r),H)-bimodule.

Proposition 11.3. The (S(oo, r), H)-bimodule S (co, r) is isomorphic to SZ?Z.

For A, € A(oo,r), we say that A and p are associated if u can be derived
from A by reordering the parts of A. Let AT(r) = {A € A(co.r) | A; =
Ofori <0OandA; = A;4q fori = 1}. This is the set of all partitions of r. We de-
fine a map from A(oo,r) to A1 (r) by sending A to AT where AT is the unique
element in A (r) which is associated with A.

For A € A(co,r), let A be the partition dual to A1, Let y;, =
Zw&@l/ (=)' T, and z; = ¢/{w Ty, ya» where g = v € Q(v) andwy € Dy
satisfying G N w;, GA/WXI = {1}. Let S* = z;,H be the Specht module of H as-
sociated with A, and let W(oco, 1) = S(00, r)z). We call W(oo, A) the Weyl module
of S(oo, r).

The following results classify irreducible representations of three relevant
categories.

Theorem 11.4. Let A € A(oo, 7).

(1) [7,8.4] W(o0,A) = W(oco, A1) as S(oo, r)-modules;

(2) [7,8.8(1)] the set {W(oo, L) | A € AT (r)} forms a complete set of irreducible
modules in §(oo, r)-mod;

(3) [7, 9.3(1)] the set {W(oo,A) | A € Ui_o AT (i)} forms a complete set of
irreducible modules in C,;

4) [7, 9.3(2)] the set {W(oco,A) | A € Ui2og AT (i)} forms a complete set of

irreducible modules in CP\.

The proof for Part (3) requires the following facts: (1) there is a surjective ho-
momorphism, the transfer map, from U(oo, r 4+ 1) to U(oco, r) (see 8.3); (2) every
irreducible polynomial representation of U(co) is an irreducible weight S(oo, r)-
module for some .

Finally, we mention the following result.

Theorem 11.5 ([7, 8.8 (2)]). Every weight S(oco,r)-module is completely re-
ducible.
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It would be interesting to point out that the category of finite dimensional
weight U(n)-modules possesses a quite rich structure. It covers all finite dimen-
sional S(n, r)-modules which form a major constituent. As a contrast, the category
C' of finite dimensional U(oo)-representations is more or less trivial. However, the
infinite dimensional U(co)-module categories C™, C™™, O and S(co, r)-mod have
inherited some of the features from their (finite dimensional) U(n) counterparts.
For example, the complete reducibility continue to hold in S(oo, r)-mod, and the
irreducible objects in C" N C" are indexed by “dominant weights.”
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Cherednik Algebras for Algebraic Curves

Michael Finkelberg and Victor Ginzburg

Abstract For any algebraic curve C and n > 1, Etingof introduced a “global”
Cherednik algebra as a natural deformation of the cross product Z(C") x S,, of
the algebra of differential operators on C” and the symmetric group. We provide
a construction of the global Cherednik algebra in terms of quantum Hamiltonian
reduction. We study a category of character Z-modules on a representation scheme
associated with C and define a Hamiltonian reduction functor from that category to
category O for the global Cherednik algebra.

In the special case of the curve C = C*, the global Cherednik algebra reduces to
the trigonometric Cherednik algebra of type A,_1, and our character Z-modules be-
come holonomic Z-modules on GL,, (C)xC". The corresponding perverse sheaves
are reminiscent of (and include as special cases) Lusztig’s character sheaves.

Keywords Z-modules - Character sheaves - Cherednik algebras

Mathematics Subject Classifications (2000): 20Gxx (20C08)

1 Introduction

1.1 Global Cherednik Algebras

Associated with an integer n > 1 and an algebraic curve C, there is an interest-
ing family, H, ., of sheaves of associative algebras on C M = C"/S,, the nth
symmetric power of C. The algebras in question, referred to as global Cherednik
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algebras, see Sect. 3.1, are natural deformations of the cross-product Zy, (C") xS,
of the sheaf of (twisted) differential operators! on C" and the symmetric group S,
that acts on Zy (C"). The algebras H, y were introduced by Etingof, [E], as “global
counterparts” of rational Cherednik algebras studied in [EG].

The global Cherednik algebra Hy y contains an important spherical subalgebra
eH, ye, where e denotes the symmetriser idempotent in the group algebra of the
group S,. We generalize [GG] and prove that the algebra eH,. € may be obtained
as a quantum Hamiltonian reduction of Qn,(,w(rep’é X IP’"_I), a sheaf of twisted
differential operators on repg: x P"~1, cf. Theorem 3.3.3.

Our result provides a strong link between categories of Py, (repl X Pr—1).
modules and H, y-modules. Specifically, following the strategy of [GG], Sect. 7,
we construct an exact functor

H : Duey (tepl x P*H)-mod — H, ,-mod, (1.1.1)

called the functor of Hamiltonian reduction.

1.2 Character Sheaves

In mid 1980s, Lusztig introduced an important notion of character sheaf on a re-
ductive algebraic group G. In more detail, write g for the Lie algebra of G and use
the Killing form to identify g* = g. Let A/ C g* be the image of the set of nilpotent
elements in g, and let G Xx N' C G x g* = T*G be the nil-cone in the total space
of the cotangent bundle on G.

Recall further that, associated with any perverse sheaf M on G, one has its
characteristic variety SS(M) C T*G. A character sheaf is, by definition, an AdG-
equivariant perverse sheaf M, on G, such that the corresponding characteristic
variety is nilpotent, i.e. such that we have SS(M) C G x N.

We will be interested in the special case G = GL,. Motivated by the geometric
Langlands conjecture, Laumon, [Lal], generalized the notion of character sheaf on
GL, to the “global setting” involving an arbitrary smooth algebraic curve. Given
such a curve C, Laumon replaces the adjoint quotient stack G/AdG by Coh., a
certain stack of length n coherent sheaves on C. He then defines a global nilpotent
subvariety of the cotangent bundle T*Coh’., cf. [La2], and considers the class of
perverse sheaves M on Cohg. such that SS(M) is contained in the global nilpotent
subvariety.

In this chapter, we introduce character sheaves on repg, X P"~1. Here, the scheme
rep¢ is an appropriate Quot scheme of length n sheaves on C, a close cousin of
Coh-, and P"~! is an n — 1-dimensional projective space. In Sect. 4.4, we define a
version of “global nilpotent variety” M C 7™ (repg x P”~1), and introduce a class

! 'We refer the reader to [BB] and [K] for the basics of the theory of twisted differential operators.
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of Z-modules on repi. x P71 called character 9-modules, which have a nilpotent
characteristic variety, i.e. are such that SS(M) C M, see Definition 4.5.2.

The group G = GL, acts on both rep{, and P”~! in a natural way. In analogy
with the theory studied by Lusztig and Laumon, perverse sheaves associated with
character Z-modules via the Riemann—Hilbert correspondence are locally constant
along G-diagonal orbits in repy, X Pr-1

A very special feature of the G-variety repf x P7~! is that the corresponding
nilpotent variety, Mlyj, turns out to be a Lagrangian subvariety in T (repg. x Pr1y,
This follows from a geometric result saying that the group GL, acts diagonally
on N x C" with finitely many orbits, [GG], Corollary 2.2. These orbits may be
parametrised by the pairs (A, u), of arbitrary partitions A = Ay + --- + A, and
W= 1+ -+ fg, with total sum A + p = n, see [AH, T].

1.3 The Trigonometric Case

Character Z-modules play an important role in representation theory of the global
Cherednik algebra H, . In more detail, there is a natural analogue, O(H,,y ), of
the Bernstein—Gelfand—Gelfand category O for the global Cherednik algebra, see
Definition 4.6.1. We show (Proposition 4.6.2) that the Hamiltonian reduction functor
(1.1.1) sends character Z-modules to objects of the category O(H,y); moreover,
the latter category gets identified, via the functor Hl, with a quotient of the former
by the Serre subcategory Ker H.

In the special case of the curve C = C*, the global Cherednik algebra reduces to
H,, the trigonometric Cherednik algebra of type A,_1, see Sect. 5.1 for definitions,
and the sheaves considered by Laumon become Lusztig’s character sheaves on the
group GL,. Similarly, our character Z-modules become (twisted) Z-modules on
GL, x P"1,

Given a character sheaf on GL,, in the sense of Lusztig, one may pull-back the
corresponding Z-module via the first projection GL,, xP"~! — GL,,. The resulting
2-module on GL, x P"1 is a character 2-module in our sense. However, there
are many other quite interesting character Z-modules on GL, x P"~! which do not
come from Lusztig’s character sheaves on GL,,.

Sometimes, it is more convenient to replace GL, by its subgroup SL,. In that
case, we prove that cuspidal character 2-modules correspond, via the Hamiltonian
functor, to finite dimensional representations of the corresponding Cherednik alge-
bra, cf. Corollary 4.6.6 and Theorem 5.5.1.

1.4 Convention

The trigonometric Cherednik algebra depends on one complex parameter, to be de-
noted k¥ € C. Such an algebra corresponds, via the quantum Hamiltonian reduction
construction, to a sheaf of twisted differential operators on SL, X P"~1 which
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is also labelled by one complex parameter, to be denoted ¢ € C. Throughout the
chapter, we will use the normalization of the above parameters k and ¢, such that the
sheaf of TDO with parameter ¢ gives rise to the trigonometric Cherednik algebra
with parameter

K =c/n. (1.4.1)

2 A Representation Scheme

2.1 Basic Definitions

In this chapter, we work over C and write Hom = Homc, End = Endc, ® = ®c.
Let Y be a scheme with structure sheaf Oy and coordinate ring O(Y).

Definition 2.1.1. Let V be a finite dimensional vector space, F a finite length (tor-
sion) Oy-sheaf, and ¢ : V = I'(Y, F), a vector space isomorphism. Such a data
(V, F,9) are called representation of Oy in V.

Proposition 2.1.2. (i) For eachn > 1, there is a GL,(C)-scheme repy, of finite
type, that parametrizes representations of Oy in C".

(iiy If Y is affine, then we have rep}, = rep"O(Y), the affine scheme that
parametrizes algebra homomorphisms O(Y ) — EndC".

Proof. The scheme rep} may be identified with an open subscheme of Grothen-
dieck’s Quot-scheme that parametrizes surjective morphisms C” ® Oy — F such
that the composition C"* — I'(Y,C" ® Oy) — I'(Y, F) is an isomorphism. The
group GL, acts on repy, by base change transformations, that is, by changing the
isomorphism C” = I'(Y, F). O

Below, we fixn > 1,1let V = C”, and GL(V) = GL,(C). Given a representa-
tion (F, ) in V, the isomorphism @ : ¥V = I'(Y, F) makes the vector space V an
O(Y)-module. We often drop ¢ from the notation and write F € repy,.

Example 2.1.3. For Y := A, we have O(Y) = C|[¢]; hence, rep}, = rep"C|[t] =
EndV.

For Y := C*, we have O(Y) = C[t,t7']; hence, rep}, = rep"C[t,t7!] =
GL (V). In these examples, the action of the group GL (V') is the conjugation-action.

2.2 Factorization Property

From now on, we will be concerned exclusively with the case where Y = C is a
smooth algebraic curve (either affine or complete).
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Let S, denote the symmetric group. Write C” and C™ = C"/S,, for the nth
cartesian and symmetric power of C, respectively. Taking support cycle of a length
n coherent sheaf on C gives a natural map

w: repr —> c™, F > SuppfF. (2.2.1)

It is straightforward to see that the map = is an affine and surjective morphism
of schemes, and that the group GL (V) acts along the fibres of @ .

The collection of morphisms (2.2.1) for various values of the integer n enjoys an
important factorization property. Specifically, let k, m, be a pair of positive integers
and D; € C®, D, € C™ |D{| N |Dy| = @, a pair of divisors with disjoint
supports, that is, a pair of unordered collections of k and m points of C, respectively,
which have no points in common. The factorization property says that there is a
natural isomorphism

_ GL;xXGL;, _ _
@ YDy + D2) = GLigm % (@ H(D1) x w1 (D2)).

The factorization property also holds in families. To explain this, let ©C %™ ¢
C %) 5 C ™ pe the open subset formed by all pairs of divisors with disjoint support.
There is a natural composite projection 9C %) s C ®) 5 Cm) s, € ktm),

The family version of the factorization property reads

GLk xXGLy

k+ QO (k,m) k QO (k,
repe mC(kﬁm) c km) ~ (GLk+m X (repc xrep’é’)) C(k)fc(m) C tk-m)
(2.2.2)

2.3 Tangent and Cotangent Bundles

Let €2¢ be the sheaf of Kihler differentials on C. Given a finite length sheaf 7 we let
FY = Extl (F, Qc), denote the Grothendieck—Serre dual of 7. Let j : C — C be
an open imbedding of C into a complete curve. Then we have natural isomorphisms

I'(C,FY) = Ext'(F, Q) = Hom(Og, F)* = T'(C, F)*, (2.3.1)

where we write F = 7, and where the isomorphism in the middle is provided by
the Serre duality. In particular, for any F € repi-, one has canonical isomorphisms

4
INC2FRF)=T(C,F)®T(C,FY) > V ® V* = EndV. (2.3.2)

Let A C C? := C xC denote the diagonal divisor. Thus, on C2, we have a triple
of sheaves O¢2(—A) < O¢2 < O¢2(A). For any F € repg, let Kerx denote the

kernel of the composite morphism V ® O¢ — I'(C,F) ® Oc —» F.
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Lemma 2.3.3. The scheme rep(. is smooth. For the tangent, resp. cotangent, space
at a point F € repg., there are canonical isomorphisms:

[

Tr(repe)

Hom(Ker,,F) = T(C>(FRFY)(A)). resp.
Tr(repl) =~ Ext'(F,Ker, ® Qc) = T

(C*(FRFY)(-A)).

Proof. It is well known that the Zariski tangent space to the scheme param-
etrizing surjective morphisms V ® Oc —» F is equal to the vector space
Hom(Ker,,F). This proves the first isomorphism. From this, by Serre duality
one obtains T %(rep}) = Ext'(F, Ker, ® Qc¢).

To complete the proof, it suffices to prove the second formula for the tangent
space Tr(repg); the corresponding formula for 7'z (repf-) would then follow by
duality.

To prove the formula for T’z (repf,), we may assume that C is affine and put
A = OC). Also, let V = T'(C,F) and K = T'(C,Kerg). Thus, we have
Hom(Ker,,F) = Homy (K, V).

The sheaf extension Kerr —V ® Oc —> F yields a short exact sequence of
A-modules

0K — A0V 5 v o,

where act is the action-map.

The action of A on V makes the vector space EndV an A-bimodule. We write
Der4(A, EndV) for the space of derivations of the algebra A with coefficients in the
A-bimodule EndV . Further, given an A-module map f : K — V, for any element
a € A we define a linear map

Spl@): V-V, vime fla®@v—1R®av).

It is straightforward to see that the assignment a > § r(a) gives a derivation 6 5 €
Der4 (A, EndV'). Moreover, this way, one obtains a canonical isomorphism

Homy (K, V)= Derg(A,EndV), [+ §;.

The above isomorphism provides a well-known alternative interpretation of the
tangent space to a representation scheme in the form T'x(rep) = Derq(A4, EndV).

We observe next that forany a € A, onehasa®1—1®a € I'(C?, Oc2(—A)) C
A ® A. Further, for any section s € F(Cz, (FX }"V)(A)), the map

A — T(CRFRFY)=V*QV =EndV, a+£(@):=s5s(a®1-1®a)
is easily seen to be a derivation. Moreover, one shows that any derivation has the
form &° for a unique section s.

Thus, combining all the above, we deduce the desired canonical isomorphisms

Tr(repl) = Homu (K, V) = Derg(4,EndV) =~ T'(C* (F B F)(A)).
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In particular, for any F € repf., we find that
dim T (repl) = dimI'(C?, (F R FY)(A)) = dim(V @ V*) = n?

is independent of . This implies that the scheme rep?, is smooth. O

2.4 Example: Formal Disc

Given a formal power series f = f(t) € /(C [Iz]1, we define the difference-derivative
of f asapower series Df(¢',t") := % e C[[t',t"].

For any X € EndV, write Lx, Ry : EndV — EndV, for the pair of linear
maps of left, resp. right, multiplication by X in the algebra EndV. These maps com-
mute, hence, for any polynomial f € C][t], there is a well-defined linear operator
Df(Lx, Rx) : EndV — EndV. For instance, in the special case where f(t) = t™,
we find Df(Lx, Rx)(Y) = X" 1Y + X™2YX + .-+ XYX™ 2 4 YX™ 1,

Let C, be the completion of a smooth curve C at a point x € C, a formal
scheme. A choice of local parameter on C, amounts to a choice of algebra isomor-
phism O(Cx) = C[[t]]. Thus, for the corresponding representation schemes, we
obtain rep” O(Cy) = rep”C[[t]] = N, the completion of EndV along the closed
subscheme A/ C EndV, of nilpotent endomorphisms.

The tangent space at a point of rep” O(Cyx) = N may be therefore identified
with the vector space EndV. More precisely, the tangent bundle T (rep” O(Cy)) is
the completion of EndV x EndV along N x EndV. Abusing the notation slightly,
we may write a point in the tangent bundle as a pair (X, Y) € EndV x EndV, where
X erep"O(Cy) = N,andY isa tangent vector at X . Thus, associated with such a
point (X, Y') and any formal power series f € C[[¢]], there is a well-defined linear
operator Df(Lx, Ry), acting on an appropriate completion of EndV'.

Now, let ¢ and u be two different local parameters on the formal scheme C,.
Thus, one can write u = f(¢), for some f € C[[¢]]. We have

Lemma 2.4.1. The differential of f acts on the tangent bundle T (rep” O(Cy)) by
the formula
df : (X,Y) = (f(X), Df(Lx, Rx)(Y)). o

Remark 2.4.2. In the special case where f(¢) = e’, writing ®(z) := (¢! —1)/1, we
compute
f(l/) _ f(z//) et/ _ et” t'—t" _
t— " = t— - =t
Therefore, for the differential of the exponential map X + exp X, using the lemma
and the notationadX(Y) := XY —YX = (Lx—Rx)(Y), one recovers the standard
formula

e =@ —1")e".

dexp: (X.Y) > (f(X). Df(Lx. Rx)(Y)) = (eX, @(adX)(Y)-eX>. O
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2.5 Etale Structure

The assignment C > repg is a functor. Specifically, for any morphism of curves
p : C; — C,, the push-forward of coherent sheaves induces a GL,-equivariant
morphismrepp : repg, — repg,. F > piF.

The following result says that for any smooth curve C, the representation scheme
repg is locally isomorphic, in étale topology, to repf&l = gl,, the corresponding
scheme for the curve C = Al

Proposition 2.5.1. For any smooth curve C and n > 1, one can find a finite collec-
tion of open sub-curves Cs C C, s = 1,...,r, such that the following holds.

Foreachs = 1,...,r, there is a Zariski open subset Ug C rep’és, and a diagram
of morphisms of curves

qs

C > Cy

Ds

which gives rise to a diagram of representation schemes
Tepq s Tepps
rep. M repg, O Us s rep’y; = gly.

The above data satisfy, for each s = 1,...,r, the following properties:

o The map q is an open imbedding, and rep}. = (repq;)(Uy) U --- U (repg;) (Us)
is an open cover;

o The map ps is étale and the restriction of the morphism repps to Uy is étale as
well.

This proposition is an immediate consequence of two lemmas below. Fix a
smooth curve C.

Lemma 2.5.2. Given a collection of pairwise distinct points c1,...,cny € C there
is an open subset C' C C and an étale morphism p : C' — Al such that
C1,...,cy € C’ and all the values p(cy), ..., p(cyN) are pairwise distinct.

Proof. Pick a point x € C ~ {c1,...,cn}. Then C ~ {x} is affine. Choose an
embedding y : C ~ {x} < A"™. Then the composition of y with a general linear
projection A™ — Al is the desired p; while C’ is the complement of the set of
ramification points of p in C ~ {x}. O

Given an étale morphism of curves p : C — A! define

0C®™ = {(c1,...,en) €C™ | plei) = pley) iff ¢;=cj, i, j=1,....n}

This is clearly a Zariski open subset in C™. Let @ ~'(°C ) be its preimage in
repg, cf. (2.2.1).
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Lemma 2.5.3. The morphism below induced by the map p : C — Al is étale,

repp : w 1(OC™) - repy 1 = gly.
Proof. To simplify notation, write U := w1 (°C ™) and py := repp.

We must check that the differential of p on the tangent spaces is invertible.
Let ¢ = (kici + -+ + kic;) € °C™ (so that ¢y, ..., c; are all distinct). Then
p(c1), ..., p(cy) are all distinct. If F € U, and wF = ¢, then p,.F € rep;’v, and
w(p«F) = (klp(cl) + -+ + ki p(cr)). As we know, Trrep. = Hom(Ker s, F).

Let C; (resp. A! p(ci )) stand for the completion of C at ¢; (resp. A! at p(c;)). Let
(Kerg)e; (resp. (F)¢;) denote the restriction of Kerr (resp. F) to Cc;. Then the
restriction to these completions induces an isomorphism

Hom(Kerg, F) = @ Hom((Kerx)e;, (F)e;)-

1<i<l

Similarly, we have

Hom(Kerp, 7. p«F) = € Hom((Kerp, ) pici). (PF) pie))-

1<i<l

The map p being étale at ¢;, it identifies C,, with Al p(cr)” Under this identi-
fication (F),; gets identified with (p«F)p(c;), and (ICerf)c gets identified with
(Kerp,7)p(c;)- Note that the latter identification is provided by the differential of
the morphism repp at the point 7 € rep¢,. The lemma follows. O

3 Cherednik Algebras Associated with Algebraic Curves

3.1 Global Cherednik Algebras

For any smooth algebraic curve C, Etingof defined in [E], 2.19, a sheaf of Cherednik
algebras on the symmetric power C ™, n > 1.
To recall Etingof’s definition, for any smooth variety Y, introduce a length two

complex of sheaves £ ;’2 = [Q) 4 (823 )closed], concentrated in degrees 1 and 2.
The sheaves of algebraic twisted differential operators (TDO) 0n Y are known to be
parametrized (up to isomorphism) by elements of H?2(Y, QY ), the second hyper-
cohomology group, cf. e.g., [K].

Remark 3.1.1. For an affine curve C, we have H?(C, Qlc’z) = 0; for a projective

curve C, we have H2(C, QIC’Z) =~ C, where a generator is provided by the first
Chern class of a degree 1 line bundle on C. O
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Now, let C be a smooth algebraic curve. Given a class ¥ € HZ(C, QIC’Z),

write y®" € H2(C", Qlc’z)g” for the external product of n copies of . Pull-
back via the projection C" —» C ™ induces an isomorphism H?(C ™ QIC’(Zm

H2(C".Qen)Sr € HX(C". Q). Let Y, € H2(C™,Q(:C,)) denote the preim-

) >

age of the class ™" via the above isomorphism.

Foranyn > 1,k € C,and ¥ € H?(C, Qlc’z), Etingof defines the sheaf of
global Cherednik algebras, as follows, cf. [E], 2.9. Let  be a 1-form on C”" such
that for the cohomology class n € H2(C", QIC%) one has dn = y®”. Next, for any
i,j €[l,n],let A;; C C" be the corresponding (ij)-diagonal, with equal ith and
jth coordinates. Thus, A, = U# j A;j, is the big diagonal, and the image of A,
under the projection C” — C ™ is the discriminant divisor, D ¢ C®,

Given a vector field v on C”, for each pair (7, j), choose a rational function flj on
C" whose polar part at A;; corresponds to v, as explained in loc. cit. 2.4. Associated
with such a data, Etingof defines in [E], 2.9, the following Dunkl operator

D, := Lie, +(v.n) + kn-Y (sij = 1) ® £ € Py, (C" ~ Ap) X Sp.
i#j

Here Lie, stands for the Lie derivative with respect to the vector field v, and the
cross-product algebra Zy,, (C" ~ Ay) xS, on the right is viewed as a sheaf of
associative algebras on C ") (D.

The sheaf of Cherednik algebras is defined as a subsheaf of the sheaf
1. Dy, (C" ~Ap) xS, where j : C™ <D < C ™ stands for the open imbedding.
Specifically, following Etingof, we have

Definition 3.1.2. Let H, y, , the sheaf of Cherednik algebras, be the sheaf, on C ™,
of associative subalgebras, generated by all regular functions on C" and by the
Dunkl operators D,, for all vector fields v and flj as above.

Next, let e € CJ[S,] be the idempotent projector to the trivial representation.
The subalgebra eH, e C Hy,y, is called spherical subalgebra. This is a sheaf
of associative algebras on C ™ that may be identified naturally with a subsheaf of
Dy, (C™),

The following is a global analogue of a result due to Gordon and Stafford [GS],
and Bezrukavnikov and Etingof [BE] in the case where C = AL

Proposition 3.1.3. For any k € C ~ [—1,0), the functor below is a Morita equiva-
lence
He,y,-mod — eHy,e-mod, M — eM.

Proof. It is a well-known fact that the Morita equivalence statement is equivalent to
an equality H.y,, = Hy,y,,€Hx.y,, - In any case, on C ™, one has an exact sequence
of sheaves

0— HK,I/fn ~e~HK7,,,n — HK,l//n — HK,Ilfn/HK,llfn -e-HK,W — 0. (3.1.4)
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Proving that the sheaf on the right vanishes is a “local” problem. Thus, one can
restrict (3.1.3) to an open subset in C ™. Then, we are in a position to use the
above-cited result of Gordon and Stafford saying that Proposition 3.1.3 holds for
the curve C = A'. In effect, by Proposition 2.5.1, each point in C™ is contained
in an open subset U with the following property. There exists an étale morphism
£ U — (AH)®™ such that the pull-back via f of the sheaf on the right of (3.1.3)
for the curve A! is equal to the corresponding sheaf for the curve C. O

The sheaf Hy 4, comes equipped with an increasing filtration arising from the
standard filtration by the order of differential operator, cf. [EG, E]. The filtration on
H v, induces, by restriction, an increasing filtration, F, (éHy v, €), on the spherical
subalgebra. Etingof proved a graded algebra isomorphism, cf. [E],

grF (@Hey, € = psOy, Y := (T*C)® = (T*(C")/Sn,  (3.1.5)

where p : (T*C)™ — C® denotes the natural projection.

3.2 The Determinant Line Bundle

We fix a curve C, an integern > 1,and let V= C". Set X, := rep, x V, a smooth
variety. Let X’ C X, = rep{t x V be a subset formed by the triples (F,%,v)
such that v is a cyclic vector, i.e. such that the morphism O¢ — F, f — fvis
surjective. It is clear that the set X, is a GL(V')-stable Zariski open subset of X,,.

Choose a basis of V, and identify V' = C”, and GL(V) = GL,, etc. Assume
further that our curve C admits a global coordinate t : C < A'. Then, associated
with each pair (F, 9,v) € X ¢ there is a matrix g(F,d,v) € GL,, whose kth row
is given by the n-tuple of coordinates of the vector t*~1(v) e C* = V = I'(C, F),
k=1,...,n.

Lemma 3.2.1. (i) Themap w : X;*¢ — C®, ¢f. (2.2.1), makes the scheme X
a GL(V)-torsor over C™.
(il) Given a basis in V and a global coordinatet : C < A, the map

gxw: XS GL, x C™, (F,0,v) = (9(F.9,v), SuppF), (3.2.2)

provides a GL(V )-equivariant trivialization of the GL(V')-torsor from (i).

Proof. The action of GL(V') onrepg x V is givenby g(F, ¥, v) = (F, ¢ og™!, gv).

To prove (i), we observe that the quotient GL(V)\ X, is the moduli stack of
quotient sheaves of length n of the structure sheaf O¢c. However, this stack is just
the Grothendieck Quot scheme Quoty, ¢ isomorphic to C () Part (i) follows. Part

(i1) is immediate. O

On X, = rep’é x V, we have a trivial line bundle det with fibre A” V. This line
bundle comes equipped with the natural GL(V')-equivariant structure given, for any
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a e A"V,by g(F.0 via) = (F.0og !, gv:(det g)-a). We define a determinant
bundle to be the unique line bundle £ on C ™ such that @ * L, the pull-back of £
via the projection X,;’° — C™ is isomorphic to det | Xoe-

The square of determinant bundle L2 has a canonical rational section 8, de-
fined as follows. Let (cy,...,c,) be pairwise distinct points of C, and F =
Oc/Oc(—c1—+++—cp) = O¢; ®-+-®O,,, apointin X, . The fibre of £? at the
point @ (F) € C™ is identified with the vector space /.',i- = (0 ® -0, )®2,
We define §(c1,...,cn) == (1¢; A+ A 1,)?, where 1., € O,, stands for the unit
element.

We have the finite projection map p : C” — C™, the (big) diagonal divisor,
A, C C", and the discriminant divisor, D C C . Note that, set theoretically, we
have |D| = p(|An]); however, for divisors, one has an equation p*D = 2A,,.

Next, we put X,2 := X,7° N @~ (C™ < D). Clearly, we have X, C X, C
X, . Given a global coordinate  : C — Al we write

me):== ] ()—t(c)).  VYe=(c1.....ca) €C™.

1<i<j<n

for the Vandermonde determinant. Thus, 72 (c) is a regular function on C ™.

Proposition 3.2.3. (i) For any smooth connected curve C, we have
Xp~ X2 = w71 (D) U (X, ~ X2,

a union of two irreducible divisors.
(i) There exists a regular function f € O(X,;®) such that

e It has a zero of order 2 at the divisor X, ~ X, and a pole of order 1 at
the divisor w1 (D);
e [tis a GLy,-semi-invariant, specifically, we have

f(g-x) = (det g)? - f(x), VgeGL,, x € X5

(i) The function f is defined uniquely up to multiplication by the pull back of
an invertible function on C ™. Furthermore, in a trivialization as in Lemma
3.2.1(ii), one can put

f(x) = (det g(x) - m(w (x)))*, x € XL=.

Proof. The uniqueness statement follows from the semi-invariant property of f. To
prove the existence, recall the definition of the line £. By that definition, a section
of L is the same thing as a semi-invariant section of the trivial bundle with fibre
A"V, on X,”°. We let f be the rational section of the latter bundle corresponding,
this way, to the rational section § of L. A choice of base in V' gives a basis in A"V,
and hence allows to view f as a semi-invariant rational function.

The order of zero of f at X, ~ X, is a local question, so we may assume the
existence of a local coordinate # on C, trivializing our torsor as in 3.2.1 (ii). Then the
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divisor X, ~ X,;”“ is given by an equation det g(x) = 0, so we see that the zero of f
at X, ~ X, indeed has order 2. The statement that f has a pole of order 1 at w ~! (D)
immediately follows from the next lemma. In the presence of a local coordinate ¢,
the explicit formula for the function g then follows from the uniqueness statement.

|

Lemma 3.2.4. There is a canonical isomorphism £L%* ~ Ocm (D).

Proof. We have to construct an S,-equivariant section of p*£®? which is regular
nonvanishing on C” — A,, and has a second order pole at (each component of)
A,. Clearly, § is a S,-invariant regular nonvanishing section of p*£%®?|cn_a, . To
compute the order of the pole of § at the diagonal ¢; = ¢}, it suffices to consider the
case where C = A, n = 2. In the latter case, a straightforward calculation shows
that & has a second-order pole. O

3.3 Quantum Hamiltonian Reduction

The goal of this section is to provide a construction of the sheaf of spherical Chered-
nik subalgebras in terms of quantum Hamiltonian reduction, in the spirit of [GG].

Let ¢, (L) € H?>(C", Qlc’fn))g" denote the image of the first Chern class of the
determinant line bundle £. For a complex number k, we will sometimes denote the
class k - c1(£) € H*(C™, QIC’%)S" simply by «, if there is no risk of confusion. Let
¥ e H?(C, Qlc’Z)S". Note that if C is affine, then ¢ = 0, and if C is projective,
then y is proportional to the first Chern class ¢1(.Z) of a degree one line bundle
% on C, so that = k - ¢1(.%). The line bundle .#®" on C" is S,-equivariant.
Let 2™ denote the subsheaf of S,-invariants in p..Z®", the direct image sheaf
on C™,

Weset Y, = k-1 (£™) € HX(C™. Q7). andlet w* (Y) € H*(X,. Qy2),
be its pull-back via the support-morphism (2.2.1), cf. [E], 2.9. Let %, (X,,) denote
the sheaf on X, = rep; x V, of twisted differential operators associated with the
class w*(¥y).

We have a GL,-action along the fibres of the support-morphism. Therefore,
the TDO associated with a pull-back class comes equipped with a natural GL,-
equivariant structure. More precisely, [BB], Lemma 1.8.7, implies that the pair
(Py,,(Xn), GLy) has the canonical structure of a Harish—Chandra algebra on X,
in the sense of [BB], Sect. 1.8.3. It follows, in particular, that there is a natural Lie al-
gebra morphism gl,, — %y, (X»), u > u, compatible with the GLy-action on X,,.

For any k € C, the assignment u > u — k - ¢r(u) - 1 gives another Lie algebra
morphism gl, — Yy, (X,). Let g« C Dy, (X;,) denote the image of the latter
morphism. Thus, g, is a Lie subalgebra of first-order twisted differential operators,
and we write %y, (X,)g, for the left ideal in %y, (X,) generated by the vector
space gy.

Let Py, (X,7°) be the restriction of the TDO %y, (X,) to the open subset
Xp© C Xy. Let w, Py, (X,’) denote the sheaf-theoretic direct image, a sheaf
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of filtered associative algebras on C ) equipped with a GL,-action. We have the
left ideal Py, (X,7) gk, in Dy, (X;'°), and the corresponding G L,-stable left ideal
w, QWn (X:lyc)gk - w, ‘@Wn (X;;yc)

The TDO %y (X,) may be identified with a subsheaf of the direct image of
Py (Xy°) under the open embedding X, <> X,. This way, one obtains a re-
striction morphism

r: @, Dy(Xn) /@ Dy (Xn)oe > @ Dy (X)) 0. Dy (X,7°) Gic.

We are now going to generalize [GG] formula (6.15), and construct, for any
keC, y e H*(C", Qlc’z), a canonical “radial part” isomorphism

rad : (@, Py, (X22) ) . Dy, (X)) " S Dy, (CP D), wi> iy,
(3.3.1)

of sheaves of filtered associative algebras on Xp°/GL, = C™ < D.

To this end, assume first that the class ¥ = ¢1(.%) is the first Chern class of
a line bundle % on C. Then, we have ¥, = ¢ (Z™). Furthermore, we have the
pull-back w*.Z®™, a line bundle on X,’° equipped with a natural GL,-equivariant
structure. Write @(C("), ‘,2”(")), resp. .@(X;yc, w*Z(")) for the sheaf of TDO on
C ™ acting in the line bundle 2™, resp. TDO on X2, acting in the line bundle
w* LM,

It is clear that, on X, ®, one has a sheaf isomorphism

gm0 o f-o*(s),
where 2™ = (5 € w,w* L™ | g(3) = (det g)5, Vg € GL,}.

Note further that for any GL,-invariant twisted differential operator u €
D(Xpt, w* ™), we have u(L™) ¢ £™. We deduce that for any k € C,
and any GL,-invariant twisted differential operator u € 2(X,%, w*.Z™), the
assignment

He : L 5 20 o £ u(t -s),

is well-defined and, moreover, it is given by a uniquely determined twisted differ-
ential operator i, € Zy, (C ™ (D).

The above construction of the map u > i, may be adapted to cover the general
case, where the class ¥ is not necessarily of the form ¢ (%) for a line bundle .Z.
The map u > i, is, by definition, the radial part homomorphism rad that appears
in (3.3.1).

The group S, acts freely on C” ~ A, and we have (C" ~ A,)/S, = c™ D,
Hence, 2y, (C ™) (D) ~ Dyrn (C" A,)S7. The lift of the determinant line

bundle £ to C" has a canonical rational section § %. The restriction of this section
to C" ~ A, is invertible, and we let twist : 2y, (C™ ~D) > Py, +1(C™ < D) be

an isomorphism of TDO induced via conjugation by § 3,
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Combining all the above, we obtain the following morphism of sheaves of filtered
algebras on C ™, where | stands for the open embedding C™ ~ D — C ™.

w.@w(xn)

twistorador : (—
@, Dy (Xn) G

GL,
) — Dy, +1(CM D). (33.2)

Here, the algebra on the left is the quantum Hamiltonian reduction of Zy (X,*) at
the pointk - 17 € gl;.
Our main result about quantum Hamiltonian reduction reads

Theorem 3.3.3. The image of the composite morphism in (3.3.2) is equal to the
spherical Cherednik subalgebra. Moreover, this composite yields a filtered algebra
isomorphism

GL, ~
(wv@TIfn (Xn)/w-glﬁn (Xn)gx) —eHe y,+18,

as well as the associated graded algebra isomorphism

gr(w. Dy, (Xn)/@. Py, (Xn)a) ©" = gr(eHe g, 11€).

3.4 Proof of Theorem 3.3.3

It will be convenient to introduce the following simplified notation. Let Hy 4 C
jx Py, +1(C™ < D) be the image of the composite morphism in (3.3.2) (note the
shift ¥, + 1 on the right); also, for the spherical subalgebra, write

An iy = €Hy y, +1€. (3.4.1)
We will use the factorization isomorphism (2.2.2) for k + m = n. Write
: Ocem) s clem) .= C) x C for the open imbedding and pr :

Oc km) s ¢ tem) _s, €™ for the composite projection.
A natural factorization property for the determinant bundle gives rise to a canon-
ical isomorphism of sheaves of TDO,

Pr* Dy, +1(C?) = j* ( Dy 11(C D) B 11 (C).

Lemma 3.4.2. The above isomorphism restricts to the isomorphism of subalgebras
pr*Hn,K,l/f i j*(Hk,K,xp X Hm,/c,w)'

Proof. Let (F1,v1) € Xk and (F2,v2) € X, be such that the sheaves F; and F»
have disjoint supports. Then, the stabilizer in GL, of the point (F; & F>, vi ®v2) €
Xy, n =k +m, is equal to the product of the stabilizers of (F1,v1) and (F3, v2) in
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GLy and GL,,, respectively. This yields the following factorization isomorphism,
cf. (2.2.2),

GLxxGL
GLg4m k>><< m (Xi X Xm) % Oc kim) ~ Xn X Q?C(k,m)7
C k) xc(m)

(€. F1.91,v1, F2, 02, v2) —> (F1 & Fa, (11 @ B2) 0 g™ g(v1 ® ).

Now, the desired isomorphism of subalgebras in the statement of the lemma is a
particular case of the following situation. We have a subgroup G’ C G” (in our case
G' = GLg x GLy, G” = GL,), and a G’-variety X’ with a TDO 2’ equipped

with an action of G’ (in our case X' = (X x Xp) X Octem) and 9" =
C k) xc(m)

J ¥ (Py, B Dy,,)). We have a G”-invariant linear functional y” on the Lie algebra
g” whose restriction to g’ is denoted by y’ (in our case y” = (k — 1) - tr). We set

G/
X" = G” x X’;itis equipped with the TDO 2" lifted from X', acted upon by G”
(inour case X” = X, xcon YC*®™ and 9" = pr*Py,). Then it is easy to show
that one has (.@”/@”g;,,)G" o~ (9’/@’9;,)G/. |

Lemma 3.4.3. Let U € C™ pe an open subset and let D1 € TI'(U, Hp «y) C
Dyn+1(U), resp. Dy € T'(U, Ay k), be a pair of second-order twisted differential
operator on U with equal principal symbols.

Then, the difference D1— D> is a zero-order differential operator; more precisely,
it is the operator of multiplication by a regular function on U.

Proof. Ttis enough to prove the statement of the lemma in the formal neighbourhood
of each point ¢ = (kicqy + -+ ki) e U C C™ where cy,...,c; are pairwise
distinct and k; + --- + k; = n. By induction in n, we are reduced to the diagonal
case ¢ = (nc). Then it suffices to take the formal disk around ¢ for C. In the latter
case, our claim follows from the explicit calculation in [GGS], Sect. 5, and the proof
of Proposition 2.18 in [E]. ]

Proof of Theorem 3.3.3. We equip the sheaf Hj ., defined above (3.1.5), with
the standard increasing filtration induced by the standard increasing filtration on
Dy, (Xn), by the order of differential operator. Let gr7, 4 denote the associated
graded sheaf. We also have the increasing filtration on the algebra A, ., cf. (3.1.5).
Furthermore, Lemma 3.4.3 yields FoA, .y = FoHp i,y

Next, we observe that the spherical Cherednik subalgebra A, . y is generated by
the subsheaf F,A, . Indeed, it is enough to prove the equality of A, 4 with the
subsheaf generated by F>A, v in the formal neighbourhood of any point ¢ € C ™),
Arguing by induction in n as in the proof of the lemma, it suffices to consider the
case ¢ = (nc). We then take the formal disk around ¢ for C. In such a case, the
desired statement is proved in Sect. 10 of [EG].

Thus, we have filtered algebra morphisms

Ay = Hasew < (@, Dy, (Xn)] @ Dy (Xn)8i) L.



Cherednik Algebras for Algebraic Curves 137

To prove that these morphisms are isomorphisms, it suffices to show that the induced
morphisms of associated graded algebras,

9rAnky — GEHn iy < 9L(@. Dy (Xn) | @ Dy (Xn) i) OE,

are isomorphisms. Reasoning as above, we may further reduce the proof of this last
statement to the case where C is the formal disk around c. The latter case follows
from [GG], page 40. The theorem is proved. O

4 Character Sheaves

4.1 The Moment Map

Fix a smooth curve C and let A <> C? = C x C be the diagonal.

Recall the smooth scheme X, = rep. x V, and let T* X, = (T*repg) x V x V'*
denote the total space of the cotangent bundle on X,,. We will write a point of 7* X},
as a quadruple

(F.y.i,j) where F €repl, y e T(C? (FRFY)(-A)). i€V, jeV™
The group GL(V) acts diagonally on repy, x V. This gives a Hamiltonian

GL(V)-action on T* X, with moment map u. Given F € repf., we will also use
the map

vr: D(C3(FRFY)(-A)) = T(C* FRFY)>EndV, 4.1.1)
induced by the sheaf imbedding Oc2(—A) — Oz, cf. (2.3.2).
Lemma 4.1.2. The moment map [ is given by the formula, cf. (4.1.1),
w: (T*repg) x V xV* — EndV = LieGL(V), (F,y.i,j)—>vr(y)+i® .
We leave the proof to the reader.

Example 4.1.3. In the special case C = A!, we have rep = EndV = gl,,. In this
case, the moment map reads, see [GG],

weghxgl, xVxV* — gl,, (x,y,i,/)=>[x,y]+i®j

Similarly, in the case C = C*, the moment map reads

w: GL, xgl, xVxV* — gl,, (x,y,i,j)|—>xyx_1—y+i®j.
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4.2 A Categorical Quotient

The goal of this subsection is to construct an isomorphism (T*C)™ ~
w=1(0)//GL, (the categorical quotient). To stress the dependence on n, we will
sometimes write (4, for the moment map u.

Note that we have the direct sum morphism

Xie X Xop = Xiesgms (F,01,v1:G,02,v2) = (F @G, 01 & F2,v1 B v2).

This morphism induces a similar direct sum morphism 7* Xy xT*X,,, = T* X 1m,
DFRF(-A))XTGRGY(=A) 5 (yi,y) > y1 @ eT(FO G R(FDG)(—A)),

where we have used simplified notation I'(—=) = TI'(C2, —).

Clearly, we have T*X; = T*C x A! x (A!)*. Iterating the direct sum morphism
n times, we obtain a morphism (T*C x A! x (A1)*)* — T*X,,. Restricting this
map further to the product of n copies of the subset T*C ~ T*C x {1} x {0} C
T*C x A! x (A1)*, we obtain a morphism (T*C)" — T*X,,. The image of the
latter morphism is clearly contained in g, !(0). It is also clear that the composite
morphism (T*C)" — T*X,, — T*X,//GL, factors through the symmetrization
projection (T*C)"* — (T*C)™.

This way, we have constructed a morphism e : (T*C)™ — u71(0)//GLy.

Lemmad4.2.1. ¢: (T*C)™ — 1-1(0)// GLy is an isomorphism.

Proof. Use the factorization and the “local” result for C = A! proved in [GG] 2.8.
O

Notation 4.2.2. We let 7, denote the natural projection ;' (0) — ;' (0)//GL, ~
(T*C)™. If the value of n is clear from the context, we will simply write
7w N(0) > (T*C)™.

4.3 Flags

Fix a smooth curve C and a sheaf 7 € repj;. Let F, : 0 = Fo C F; C --- C
Fn = F be a complete flag of subsheaves, length(F,) = r. Thus, for each r =
1,2,...,n, we have a sheaf imbedding i, : F, < F and also the dual projection
iy FY > F

Thus, for the spaces of global sections of sheaves on C?2, we have a diagram
D ((Fro1 B FY) (=D)L T((F B FY)(=A)) <—— T ((F B FV)(=A)).

Definition 4.3.1. (a) Let rgE'/é be the moduli scheme of pairs (F, F,), where F €
repf, and F, is a flag of subsheaves.
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(b) Fix F € rep., and an element y € I"(Cz, (FK .7-'V)(—A)). A flag F, is said
to be a nil-flag for the pair (F, y) if we have

iY(y) € <F(C2,(}'r_1 < J—‘,V)(—A))), Vr=1,2,....n.

We have a natural forgetful morphism rgE'/é — repg, a GL(V)-equivariant
proper morphism which is an analogue of Grothendieck simultaneous resolution,
cf. [Lal] 3.2. ~

We further extend the above morphism to a map ¢ : repy x V — X, =
rep, x V, identical on the second factor V. For the corresponding cotangent bundles,
one obtains a standard diagram

T* Xy < ¢* (T* X)L T*(repl x V).

where the map p; is a natural closed imbedding, and p; is a proper morphism. Thus,
¢*(T* Xy) is the smooth variety parametrizing quintuples (F, F,, y,i, j).

Let Z C T*(rgﬁ'z« X V) be a closed subscheme formed by the quintuples
(F,F.,y,i,j) such that F, is a nil-flag for y. Now, the set p; (1 ~1(0)) is clearly
a closed algebraic subvariety in ¢*7*(repl. x V), and so is p7 ! (1™ (0)) N p5 1 (2).
The map p1 : py'(n=1(0)) N p5'(Z) — T*X, is a proper projection.

Observe next that the zero section embedding C < T*C induces an embedding
C™ < (T*C)™, and recall the map 7 from Notation 4.2.2.

Proposition 4.3.2. For a quadruple (F.y.i, j) € u1(0), the following are equiv-
alent:

e The pair (F, y) has a nil-flag;

e (F,y,i,J) belongs to the image of the projection
pripi (N 0) N pyN(Z) — T* Xy

° ]T(f,y,i,j) c C(ﬂ) C (T*C)(n)’

This proposition will be proved in the next section.

4.4 A Lagrangian Subvariety

We define a nil-cone Mipj(C) C T*X, to be the set of points satisfying the equiv-
alent conditions of Proposition 4.3.2, with the natural structure of a reduced closed
subscheme of T*X,, arising from the third condition of the proposition.

In the special case of the curve C = A!, we have rept. = EndV = gl,,, and the
corresponding variety Ml (C) is nothing but the Lagrangian subvariety introduced
in [GG], (1.3). In more detail, write N” C gl,, for the nilpotent variety. Then, one
has
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Lemmad4.4.1. (i) Let C = A'. Then, we have

Mni(AY)={(x, y.i, j)egl, x gly x VxV* | [x,y]+i ® j=0 & y € N'}.
(4.4.2)
(iiy Similarly, in the case C = C*, we have

Mnil(C™)={(x, .1, j) € GLp x gly x V x V* | xyx~'—y+i ® j=0 & yeN}.

Proof. In the case C = A!, the morphism ¢ : re\pjg, — rep’y; = gl, becomes
the Grothendieck simultaneous resolution, cf. [Lal] (3.2). In this case Proposition
4.3.2 is known. Hence, we only have to check that for any quadruple (x, y, i, j) as
in (4.4.2) there exists a complete flag V, such that xV; C Vi, and yV; C Vi_ for
any k = 1,...,n. But this is also well known, see e.g., [EG], Lemma 12.7. Part (i)
follows. Part (ii) is proved similarly. O

Proof of Proposition 4.3.2. The first two conditions are clearly equivalent. The first
and third conditions are compatible with factorization, and so are reduced to the
“local” case C = A!, see Example 4.1.3. Then they are both equivalent to the
nilpotency of y, cf. Lemma 4.4.1. O

Proposition 4.4.3. M, (C) is the reduced scheme of a Lagrangian locally com-
plete intersection subscheme in T (repl, x V).

We recall that it has been proved in [GG], Theorem 1.2, that the right-hand side
in (4.4.2) is the reduced scheme of a lagrangian complete intersection in gl,, x gl,, x
V x V*.

Proof of Proposition 4.4.3. We are going to reduce the statement of the proposition
to the above-mentioned special case of C = A, see (4.4.2).

To this end, fix a curve C’. Proposition 2.5.1 implies that there exists a finite col-
lection of Zariski open subsets C C C’ and, for each subset C, an étale morphism
p: C — Al and a Zariski open subset U C repe x V, such that the following
holds:

o The scheme rep{,, X V is covered by the images in repy., of the subsets U/, corre-
sponding to the curves C from our collection;

e For each C, there is an étale morphism of curves p : C — A! such that the
induced morphism below is also étale,

repp x Idy @ repg x V. — X i=reply; x V = gl(V) x V.

Then, we have T*U = U xx T* X ; hence, the map repp xIdy inducesa GL(V)-
equivariant étale morphism py : T*U — T*X. The moment map 7*U — EndV
factors through T*U — T*X — EndV, and My;(C) N T*U is the preimage of
Mni(A!) in T*U. Thus, Mp;(C) N T*U is the reduced scheme of a lagrangian
locally complete intersection in 7" */. The proposition follows. O
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4.5 Projectivization

One can perform the quantum hamiltonian reduction of Theorem 3.3.3 in two steps:
first with respect to the central subgroup C* C GL,, of scalar matrices, and then
with respect to the subgroup SL, C GL,. The subgroup C* C GL,, acts trivially
on repg:; it also acts naturally on V' = C", by dilations. We put

Vo=V ~{0}; P=PWV)=V/C*; X, =reptxP.

We have a natural Hamiltonian C*-action on T* V', a symplectic manifold, and
Hamiltonian reduction procedure replaces 7*V by T*P.

Similarly, the diagonal C*-action on repg; X V'° gives rise to a Hamiltonian C*-
action on 7 (repg, x V°), with moment map . It is clear that the space

T*%, = 1(0)/C* = {(x,y.i,]) € SL, xsl, x VO x V* | (j,i)=0}/C*

is a Hamiltonian reduction of the symplectic manifold 7* (repf. x V°).

One may also consider the Hamiltonian reduction of the Lagrangian subscheme
My € T*X,. This way one gets a closed Lagrangian subscheme Mi,;(C) :=
(Mni(C) N w™'(0)) /C* C T*X%,.

Recall that, by Hodge theory, there are natural isomorphisms H?2 (PP, Qﬁ;z)
H“'(P,C) = C. Therefore, for any ¥ € H?*(C,Qg°) and ¢ € C =
H2(P, QIIPiz), there is a well-defined class (Y, ¢) € H?(%,, Q;gj), and the cor-
responding TDO Py, .(X,), on X,,.

We have a natural algebra isomorphism

I

De(Xn) = (D (Xn)] Py (Xn)-(eU— 0)), 4.5.1)

where eu is the Euler vector field on V' that corresponds to the action of the iden-
tity matrix Id € gl(V'). The algebra on the right-hand side of (4.5.1) is a quantum
hamiltonian reduction with respect to the group C*, at the point k = ¢/n.

Definition 4.5.2. An SL(V)-equivariant twisted Zy, . (X,)-module s called a char-
acter 9-module if its characteristic variety is contained in My (C) = (Mn”(C )n
nH)/C,

Let 6y, denote the (abelian) category of character Zy, . (X, )-modules.

It is clear, by Proposition 4.3.2, that any object of the category %y is a holo-
nomic Z-module; in particular, such an object has finite length. See [FG] for more
details.

Remark 4.5.3. For a general curve C and a general pair (y, ¢) € H?(C, Qlc’z) xC,
the category %y, . may have no nonzero objects at all. It is an interesting open prob-
lem to analyze which nonzero objects of the category %p,o admit (at least formal)
deformation in the direction of some (v, ¢) # (0, 0).
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In the special case of the curve C = C*, however, we have H?(C, Qlc’z) = 0.
Thus, there is only one nontrivial parameter, ¢ € C. It turns out that, for any ¢ € C,
there is a lot of nonzero character Z-modules on GL, x P; moreover, all these
Z-modules have regular singularities. O

4.6 Hamiltonian Reduction Functor

We now introduce a version of category O for Ay = eHg y,,+1€, the spherical
Cherednik algebra associated with a smooth curve C, see (3.4.1).

Definition 4.6.1. Let O(A.,y ) be the full subcategory of the abelian category of left
Ax,w-modules whose objects are coherent as O ) -modules.

For any SL(V)-equivariant Zy, .(X,)-module F, one has the sheaf-theoretic
push-forward w, F, a sheaf on C ™ cf. (2.2.1). The latter sheaf comes equipped
with a natural locally finite (rational) SL(V)-action, and we write (w, F)SL(V) ¢
w, F, for the O -subsheaf of SL(V)-fixed sections.

Thanks to Theorem 3.3.3, one can apply the general formalism of Hamiltonian
reduction, as outlined in [GG], Sect. 7, to the spherical Cherednik algebra. Specifi-
cally, we have the following result

Proposition 4.6.2. (i) One has the following exact functor of Hamiltonian
reduction:

H: e — O(Acy). FiHF) = F@. F)SEY, «=c/n.

Moreover, this functor induces an equivalence €y.c | ker H = O(A y ).
(ily The functor H has a left adjoint functor

TH: O(Acy) = Cyer M = (Dyc(Xn)] Dy.c(Xn)o) ®@a,,, M.

Moreover, for any M € O(Ay ), the canonical adjunction Ho TH(M) - M
is an isomorphism.

To prove Proposition 4.6.2, first recall the projection T*C" —» (T*C)™. Abus-
ing the language, we will refer to the image of the zero section of 7*C" under the
projection as the “zero section” of (T*C)™.

Recall that the spherical algebra A,y has an increasing filtration. Therefore,
given a coherent A, y-module M, one has a well-defined notion of characteristic
variety, SS(M) C Spec(grf Ac.y). We may (and will) use isomorphism (3.1.5)
and view SS(M) as a closed algebraic subset of (7*C)®™. Then, the following is
clear

Lemma 4.6.3. A coherent Ay y-module M is an object of O(A,y) if and only if
SS(M) is contained in the zero section of (T*C)®™. O
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Proof of Proposition 4.6.2. The assignment H : F > (w,F)SLWY) clearly gives
a functor from the category of SL(V)-equivariant coherent Py, . (X,)-modules
to the category of quasi-coherent O ) -modules. This functor is exact since the
support-morphism @ is affine and SL(V) is a reductive group acting rationally on
w,F. Thus, our Theorem 3.3.3 combined with [GG], Proposition 7.1, implies that
(w.F)SLWY) has a natural structure of coherent Ay -module.

We may use Lemma 4.2.1 and the map 7 introduced after the lemma to obtain a
diagram

Spec(gr Zy,c (X)) = T*Xn D 1 (0) = (T*C)™ = Spec(grAcy).
4.6.4)

We remark that the statement of Lemma 4.2.1 involves the space X, rather than
Xy the above diagram is obtained from a similar diagram for the subset repi- xV° C
Xy, by Hamiltonian reduction with respect to the C*-action on 7*(repf, x V°)
induced by the natural action of the group C* C GL(V') onrepg, x V°. Furthermore,
from Lemma 4.2.1, we deduce that the map 7 in (4.6.4) induces an isomorphism
1 (0)//SL(V) = (T*C)™.

Now let F be an SL(V')-equivariant coherent Zy, . (X,)-module. Choose a good
increasing filtration on F by S L(}V')-equivariant Ox,, -coherent subsheaves and view
grF, the associated graded object, as a coherent sheaf on 7*X,,. It follows that
SS(F) = supp(grF) C u~'(0).

Each of the functors w,e and (=)L) is exact. We deduce gr((w, F)SL(V)) ~
(r.grF)SLMY) Moreover, the isomorphism (T*C)™ =~ u~1(0)//SL(V) in-
sures that (7r,grF)SLY) is a coherent sheaf on (7*C)®™. Hence, the filtration
on H(F) = (w,}")SL(V), induced by the one on F, is a good filtration; that is,
grH(F) is a coherent grA, y-module, cf. (4.6.4). We conclude that S S(H(F)) C
7 (SS(F)).

The above implies that, for any character Z-module F, one has
SS(H(F)) C n(SS(F)) C 7(Mni(C)) = zero section of (T*C)™.

The first claim of part (i) of the proposition follows from these inclusions and
Lemma 4.6.3. Part (ii) is proved similarly; using that, for any coherent A y-module
M , one has

SS(TH(M)) c = (SS(M)). (4.6.5)

At this point, the second claim of part (i) is a general consequence of the existence
of a left adjoint functor, cf. [GG], Proposition 7.6, and we are done. O

Corollary 4.6.6. Let F be a simple character 9-module such that H(F) # 0.
Then, we have

[(C™, H(F)) < oo <= w@(SuppF) is a finite subset of C™.



144 M. Finkelberg and V. Ginzburg

Proof. The space of global sections of a coherent Ocm-module is finite
dimensional if and only if the module has finite support. Furthermore, we
know that H(F) is a coherent O, -module and, moreover, it is clear that
SuppH(F) C @w(SuppF). This gives the implication “<=.”

To prove the opposite implication, let M := H(F). We have a nonzero mor-
phism TH(M) = THoH(F) — F that corresponds to Idg () via the adjunction
isomorphism

Home, (T HoH(F), F) = Homoa, ) (H(F), H(F)).

This yields the following inclusions
@ (SuppF) C w(Supp' H(M)) C w(w_l(SuppM)) = SuppM = finite set.

Here, the leftmost inclusion follows since F is simple; hence the map T]HI(M )—>F
is surjective, and the rightmost equality is due to our assumption that the sheaf H (F)
has finite support. The implication “=>"" follows. O

S The Trigonometric Case

5.1 Trigonometric Cherednik Algebra

From now on, we consider a special case of the curve C = C*. Thus, we have
repix >~ GLy.

Let H C GL, be the maximal torus formed by diagonal matrices, and let f
be the Lie algebra of H. Let {y1,...,Y,} and {x1, ..., x,} be dual bases of h and
bh*, respectively. The coordinate ring C[H ], of the torus H, may be identified with
C[xf!,...,xF!], the Laurent polynomial ring in the variables x; = exp(x;). Given
an n-tuple v = (vq,...,v,) € Z", we write X := X‘l)l X € (C[X?El,...,xnil ,
for the corresponding monomial. Let T = SL, N H be a maximal torus in SL,,
and let t := LieT. Let P = Hom(H, C*), resp. Py, and PO be the weight lattice
of the group GL,, resp. of the group SL,, and PGL,. Thus, PO C Py, and we
put Q@ := Py/P° = 7Z/nZ. We form semi-direct products W¢ = P x W (an
extended affine Weyl group), resp. W¢ := P% x W, and Wy := Po x W. One has
an isomorphism Wy = W¢ x Q.

We fix k € C. The trigonometric Cherednik algebra Hy®(GL,) of type
GL, is generated by the subalgebras C[W€] := C[H] x C[S,] and Sym(h) =
Cly1,...,Yn] with relations, see e.g., [AST], 1.3.7, or [Su], Sect. 2:

si Yy —=si(y)-si = —k{xi —Xxit1,Y), Vyeh, 1<i<n;
[yi.x;] = Kx; - i), l=i#j=m
Vi, Xk] = Xk — kX - Z Siks 1<k<n.

ie[1,n]~{k}
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Recall that P := P (V), where we put V = C”". According to [GG], (6.13), one
has a canonical isomorphism

(Z(GLy x V)] 2(GLn x V)gi) " = (D (GLy X P)/ Duic(GLy x P)gic)SEn,

where P (GL, X P) = 2(GL;,) @ Zni (P) stands for the sheaf of twisted differ-
ential operators on GL, x P, with a twist n - k along P.

Corollary 5.1.1. The spherical trigonometric Cherednik subalgebra erCrig (GLy)e
is isomorphic to the quantum Hamiltonian reduction (Dne(GL, x P)/

D (GLy x P)g,)SEn.

Proof. Recall that p := % Y wcr+ @ € h*. Fory € b, let dy denote the correspond-
ing translation invariant vector field on H.

Introduce the Dunkl-Cherednik operator T,/ as an endomorphism of C[H] de-
fined as follows:

) (xi —x;,Y)
Ty =0y —«{p.y) +« Z T ox %,

1<i<j<n i

(1 —S,'j) (5.1.2)

Let A(GL,) be a subalgebra of End(C[H]) generated by the operators corre-
sponding to the action of elements w € S,,, by the commutative algebra C[H], of
multiplication operators, and by all the operators 7.¢, y € h.

The following key result is due to Cherednik; for a nice exposition, see
e.g., [Op], 3.7:

The assignment

x"w = exp(V)w, hoyr TF, veZ',weS,,yeh

extends to an algebra isomorphism Hg £ (GL,) = A(GLy).

To complete the proof, note that the curve (C*)™ being affine, one can
replace the sheaf of Cherednik algebras by the corresponding algebra of
global sections. Moreover, since H 2((CX,Q(IC’i) =0, the parameter ¥ in H y
vanishes. Thus, Theorem 3.3.3 says that the Hamiltonian reduction algebra
(Zuic(GLy X P)/ Dnie(GLy x P)g, )5t is isomorphic to the algebra A(GL,).

O

5.2 SL,and PGL, Cases

The trigonometric Cherednik algebra Hgig(P GLy) of PGLy-type is defined
as a subalgebra in H{®(GL,) generated by C[W¥9] and Sym(t). Equivalently,
He (P GL,) is generated by the subalgebras C[W¢] and Sym(t) with relations

sioy—=si(y)-si = —k{xi —xit1,y), Vyet 1<i<n (5.2.1)
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X — 5;; (X)
y.xl = (ny)x—x > (Olijvy)]—lilsij,
. — X. Xj
1<i<j<n 1
Vy e t, x = exp(n), n € P° c C[W9] (5.2.2)

The trigonometric Cherednik algebra chrig (SLy) of type SL,, is generated by the
subalgebras C[W;7] and Sym(t) with relations

si Y= si(Y)-si = —k(xi —xi41.y), Vyet l=i<n (5.2.3)
w-y=wly) o, Vyet wel 5.2.4)
X — 5;; (X)
y.x] = (n.y)x—x Y (aijvy)l—lil.sijv
1<i<j<n _Xi Xj
Vyet, x =exp(n), n € Py C C[Wy] (5.2.5)

For an equivalent definition, see e.g., [Op], 3.6.

The algebras Hg ®(SL,), He¢(PGL,) and H{®(GL,) are closely related to
each other. To formulate the relations more precisely, let Z(C*) be the algebra
of differential operators on C*. Let ¢ be a coordinate on C*, and y = rd,. Then
P(C) is generated by r*!, y with the relation [y, 1] = .

We have an embedding C* < H as the scalar (central) matrices in GL,,. Taking
product with the embedding T < H, we obtain a morphism (n-fold covering)
T xC* — H. At the level of functions, we have an embedding C[H] — C[T]|®C
[C*]. In coordinates, we have X; > X; ®%;, 1 <i < n.Theisogeny T xC* — H
induces an isomorphism of the Lie algebras of our tori. The inverse isomorphism
h — t® Csendsy; € hto(yi — =Y j—y Yk, »D) (recall from the previous
paragraph that C = Lie C* is equipped with the base {p}).

We consider the tensor product algebra Hy *(SL,) ® 2(C*) together with the
following elements:

1 « 1 ,
Bx)=x;0u &)= (Yi__ZYk)®1+1®_U§ 1 <i<n.
nk:l n

The following is a straightforward corollary of definitions.

Corollary 5.2.6. (i) There is a natural isomorphism HTg(SLn) ~ Hyp®
(PGL,) x Q.

(iiy The map x; — E(x;), Yi = E(i), sij —> sij; 1 <i # j < n defines an
injective homomorphism & : Hgig(GLn) — Hf(rig(SLn) ® 2(C*). O

Corollary 5.2.7. Foranyc € C~[—1,0), the functor below is a Morita equivalence

He#(SLy)-mod —> eH{#(SLa)e-mod, M — eM.
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Proof. We need to prove that HES(SL,) = Hf(rig(SLn)-e; HY¢(SL,). The sim-
ilar statement for the trigonometric Cherednik algebra H"8(GL,) follows from
Proposition 3.1.3 (for C = C*). Therefore, we have an equality

,
1= up-eve, wur,....up.vi.....v, € HE(GLy). (5.2.8)
k=1

This implies, via the imbedding Hy'*(GLy) < H{®(SLy) ® 2(C*) of Corollary
5.2.6 (i), that a similar equality holds in the algebra H¢ ®(SL,) ® Z(C>). Thus, in
H 8(SL,) ® 2(C*) we have

,
1® 1= (u-evi) ®wi. ug.vi € HIE(SLy), w € 2(C).  (5.2.9)
k=1

Choose a C-linear countable basis {g, }yen of the vector space Z(C*) such that
q1 = 1. Expanding each of the elements w; € Z(C>) in this basis and equating the
corresponding terms in (5.2.9), one deduces from (5.2.9) an equation of the form
1=Y,a;-e-by, whereay, by € Hf(ng(SL,,). Thus, we have shown that

Hgig(SLn) = H}crig(SLn)'e'Hgig(SLn),

and the Morita equivalence for the algebra Hf(rig (SL,) follows. O

5.3 The SL,-case

We have the S, -equivariant product morphism H = (C*)" — C* with the kernel
T C H. We can consider the restriction of the sheaf of Cherednik algebras H, to
the closed subvariety T /S, C H/S,. Abusing the notation, we also write H, for
the corresponding algebra of global sections.

The proof of the following result copies the proof of Proposition 5.1.1.

Corollary 5.3.1. The spherical trigonometric Cherednik subalgebra ercrig (SLp)e
is isomorphic to the quantum Hamiltonian reduction (Zy(SL, x P)/
D (SLy x P)g,e)Stn,

An important difference between the algebras eHy® (GLy)e and eHy®(SL,)e is
that the latter may have finite dimensional representations, while the former cannot
have such representations. In view of this, it is desirable to have a version of Hamil-
tonian reduction functor that would relate Z-modules on SL, x P (rather than on
GL, x PP) with eH;?(SL,)e-modules. To this end, one needs first to introduce a
Lagrangian nil-cone in T*(SL, x IP), and the corresponding notion of character
2-module on SL, x P.
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To define the nil-cone, we intersect Mp(C*) C GL, x gl, x V° x V* =
T*(repg.x x V°), the nil-cone for the group GLy, with SL, x sl, x V° x V*. Let
Mpi € T*(SL, x P) be the Hamiltonian reduction of the resulting variety with
respect to the Hamiltonian C*-action on the factor T*V° = V° x V*,

We write Z, := 2(SL,) ® Z.(P). An SL,-equivariant Z.-module is called
character Z-module provided its characteristic variety is contained in M.

5.4 A Springer Type Construction

We are going to introduce certain analogues of Springer resolution in our present
setting. The constructions discussed below work more generally in the framework
of an arbitrary smooth curve C. However, to simplify the exposition, we restrict
ourselves to the case C = C*.

Write B for the flag variety, that is, the variety of complete flags F = (0 =
Fo C F; C ---CFnlan—V) where dim F, = k,Vk = 0,...,n. In
the trigonometric case, the variety repi-, introduced in Sect. 4.3, reduces to S L, =
{(g.F) € SLy x B | g(Fx) C Fy, Yk = 0,...,n}. The first projection yields a
proper morphism SL, — SL, known as the Grothendieck—Springer resolution.

Now, fix an integer 1 < m < n. We define a closed subvariety X, ,, C X, as

follows:
Xnm:=1{(g,0) e SL, xP | dim(C[g]f) < m},

where C[g]¢ C V denotes the minimal g-stable subspace in V' that contains the line
Lcv. _ . _ _

Next, we put X, = SL, x P and define a closed subvariety X, ,, C X, as
follows:

Xpm :={(g. F.U) € SLyxBxP | L € Fyp. & g(Fi) C Fr, Vk =0,....n}.

We have a diagram

~

xnm

SL, xP BxP.

We observe that:

e The projection %n,m — Bx P, (g, F,{) — (F,{) makes Afn’m a locally trivial
fibration over the base {(F,{) € Bx P | £ C Fy,}. Both the fibre and the base
are smooth. _

Thus, X, s, is smooth.
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e The image of the projection %n,m — SL, x P is contained in X, ,,; hence the
projection gives a well-defined morphism:

Tn,m - %nm — Xnm, (g F.v) = (g.v).
Let X%, be an open subset of X, », formed by the pairs (g, {) such that g is

a matrix with 7 pairwise distinct eigenvalues. Let X 5, = 7, (X1 ), an open

subset in %n,m.

Proposition 5.4.1. (i) The map 7wy m : %nm — Xy, m is a dominant proper mor-
phism, which is small in the sense of Goresky—MacPherson.

(i) The restriction sy m : Xy — Xnom is a Galois covering with the Galois
group Sy X Spy—m.

Proof. ClearlL Tn,m 18 proper and has a dense image. Hence, it is dominant.

Let Z := Xpm Xx,.,, Xn,m; s0 we have a projection Z — X, »,. To prove that
TTn,m 18 semismall, one must check thatdim Z < n?+m.To prove that 1, ;, is small,
one must show in addition that each irreducible component of Z, of dimension
n? + m, dominates X, ». The argument is very similar to the standard proof of
smallness of the Grothendieck—Springer resolution.

In more detail, for w € S, we denote by Z,, the locally closed subvariety of Z
formed by the quadruples (g, F, F’, £) such that the flags F and F’ are in relative
position w (and such that £ C F, N F,,, and g(F) = F, g(F’') = F’). Then we
have Z = |—|w€§n

We may view Z,, as a fibration over an S L,-orbit in B x B, the cartesian square
of flag variety. We see immediately that dim Z,, < n? + m with an exact equal-
ity if and only if F,,, = F,,. The latter equality holds if and only if w € S,, x
Sp—m C Sp. For such a w, it is clear that Z,, dominates X, ,. This completes the

proof of (i).
Now part (ii) follows easily from the above description of irreducible compo-
nents. O

Let X denote the set of partitions of an integer N. For any partition A € X,,,
resp. ;b € Xu_m, write L, resp. L, for an irreducible representation of the Sym-
metric group Sy, resp. S,—m, associated with that partition in a standard way. Thus,
L, ® L, is an irreducible representation of the group Sy, X Sp—m.

Let Cx e be the constant sheaf on %ngm According to Proposition 5.4.1 (ii),
we have:

nm)sCx, = D LaRLy) ® L
A W)ETMmXTpn—m

where .Z ,, is an irreducible local system on X5, with 1 monodromy Ly X L.

Now, let C~ [d1m .’{n _m] be the constant sheaf on X, ,,, with shift normaliza-
tion as a perverse “shea. Then, from part (i) of Proposition 5.4.1, using the definition
of an intersection cohomology complex, we deduce
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Corollary 5.4.2. There is a direct sum decomposition

(Tm)«Cx, ,, [dim Xy ] = P (LaRLy) ® IC(ZL,). O
A W) EXmXTn—m

Here, I C(—) denotes the intersection cohomology extension of a local system.

One can also translate the statement of the corollary into a Z-module lan-
guage. To this end, write iy, : %nm — %n = SLn x [P for an obvious
closed embedding. For any integer ¢ € Z, one has a % -module O(¢)n,m =

wm(Os1, ®Op(c))[m —n], on Xnm-

Corollary 5.4.2 yields the following result.

Corollary 5.4.3. The direct image (705,)+«O(C)n,m is a semisimple Dy -module
on X, m and one has a direct sum decomposition

()« O nm = P LiBLY) ® Frp
(A, W)EXXTp—m

where F),, is an irreducible character Dy .-module on X,. O

5.5 Cuspidal 7-Modules

The goal of this subsection is to describe character Z,.-modules which have finite di-
mensional Hamiltonian reduction. These Z,.-modules turn out to be closely related
to cuspidal character sheaves on SL;.

In more detail, write Z(SL,) for the centre of the group SL,. Thus, Z(SL,) is
a cyclic group, the group of scalar matrices of the form z - Id, where z € C is an nth
root of unity.

Let U C SL, be the unipotent cone, and let j : U < U be an open imbedding
of the conjugacy class formed by the regular unipotent elements. The fundamental
group of U™ may be identified canonically with Z(SL,). For each integer p =
0,1,...,n — 1, there is a group homomorphism Z(SL,) — C*, z-1d — z%.
Let L, be the corresponding rank one SL,-equivariant local system, on U™, with
monodromy 6 = exp(znrl’ ).

From now on, we assume that (p,n) = 1, i.e. that 8 is a primitive nth root of
unity. Then, the local system L, is known to be clean; that is, for Z-modules on
SLy, one has yiL, = jn«l, = j«Lp, cf. [L] or [Os]. Given a central element
7z € Z(SLy,), we have the conjugacy class zZU™8 C SL,, the z-translate of U™, and
let zj1L, denote the corresponding translated Z-module supported on the closure of
zZU™®. According to Lusztig [L], zj1L, is a cuspidal character Z-module on SL,,.

Furthermore, for any integer ¢ € Z, we may form zL, . := (zjiLp) K O(c), a
twisted 2-module on SL, x P. Thus, z£, . is a simple character Z.-module.
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Theorem 5.5.1. (i) Let ¢ be a nonnegative real number and let F be a nonzero
simple character D.-module. Then, the following properties are equivalent:

a. The support of F is contained in (Z(SL,) - U) x P;
b. We have F = zL, ., for some z € Z(SL,) and some integers p, c such
that p is prime ton, and 0 < p < n.

(iiy For a simple character D.-module F, we have

H(F) # 0 and dim H(F) < co<=>(1) and (2) hold and, we have n|(c — p).
(5.5.2)

(iily Let k = c/n, where ¢ and n are mutually prime integers. Then, the functor H
yields a one-to-one correspondence between simple character 9.(SL, x P)-
modules of the form zL, ¢, with n|(c — p), and finite dimensional irreducible

eH\ % (SL,)e-modules, respectively.

Proof. The implication (2) = (1) of part (i) is clear. We now prove that (1)
= (2).

The group GL, acts on U x V° with finitely many orbits, see [GG], Corollary
2.2. The open orbit Q is formed by the pairs (X,v) where X € U™, and v €
V \ Im(X — 1). The action of GL, on Qg is free (and transitive). Let O be a
unique GL,-orbit open in the support of F. The singular support of F contains
the conormal bundle 7¢ (SL, x V°). According to [GG], Theorem 4.3, if O lies
inUx V°, and T3 (SLy x V°) lies in i := M (C*) N T*(SL, x V°), then
O = Op.

We see that F must be the minimal extension of an irreducible local system
on Q. Since Qg is a GL,-torsor, its fundamental group is Z, and an irreducible
local system is one-dimensional with monodromy #; it is GL,-monodromic with
monodromy . We will denote such local system by L. It remains to prove that
¥ = 6. Note that the boundary of Qg contains a codimension 1 orbit @ formed by
the pairs (X, v) such that X € U*2, v € Im(X — 1) \ Im(X — 1)2. The monodromy
of Ly around O equals 9". Thus, if ¥" # 1, the singular support of the minimal
extension of Ly necessarily contains T(")‘)1 (SL, x V°). As we have just seen, the
latter is not contained in Ml;; a contradiction. Hence 9" = 1.

Now the monodromy of Ly along lines in V° is also equal to #” = 1. Hence,
Ly is a pullback to U™ x V° of a local system on U™ with monodromy . We
conclude that the minimal extension of this latter local system must be a classical
character sheaf on SL,; so ¢ must be a primitive root of unity 8. This completes
the proof of part (i) of the theorem.

We prove part (ii). It follows from [CEE], Theorem 9.19, that H(L, ) # 0
if the integer ¢ is prime to n, and p is the residue of ¢ modulo n. Now the
first statement is immediate from Corollary 4.6.6. Let M be a finite dimensional
eHy¢(SL,)e-module and let F := TH(M). Then, F is a character Z-module
by Proposition 4.6.2. Thus, F has finite length. Let F7,...,F be the collection
of simple subquotients of F, counted with multiplicities. The inclusion in (4.6.5)
combined with Corollary 4.6.6 implies that each of the Z-modules F; satisfies the
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equivalent conditions (1)—(3) of part (i) of the theorem, and hence has the form
Fi = ziLp, ¢, for some integers ¢; prime to n with residues ¢; modulo 7, and some
zi € Z(SLy). Therefore, as we have mentioned earlier, for any i = 1,...,r, one
has H(F;) = H(z Lp,.;) # 0.

On the other hand, the functor of Hamiltonian reduction is exact and we know
that H(TH(M)) = M, by Proposition 4.6.2. We deduce that 7; = 0 forall i except
one. Thus, F is a simple character Z-module and part (ii) follows. The statements
of part (iii) are now clear. ad
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A Temperley-Lieb Analogue
for the BMW Algebra

G.1. Lehrer and R.B. Zhang

To Toshiaki Shoji on his 60th birthday

Abstract The Temperley—Lieb algebra may be thought of as a quotient of the
Hecke algebra of type A, acting on tensor space as the commutant of the usual
action of quantum s, on (C(¢)?)®". We define and study a quotient of the Birman—
Wenzl-Murakami algebra, which plays an analogous role for the three-dimensional
representation of quantum sl,. In the course of the discussion, we prove some gen-
eral results about the radical of a cellular algebra, which may be of independent
interest.

Keywords Quantum group - Cellular algebra - Tensor - Temperley—Lieb

Mathematics Subject Classifications (2000): 17B37, 20G42

1 Introduction

Let g be a finite dimensional simple complex Lie algebra, /(g) its universal en-
veloping algebra, and U; = U,(g) its Drinfeld—Jimbo quantisation [D], the latter

being an algebra over the function field K := (C(q%), ¢ an indeterminate. As ex-
plained in [LZ, Sect. 6], the finite dimensional g-modules correspond bijectively
to the “type (1,1,...,1) modules” of U, with corresponding modules having the
same character (which is an element of the weight lattice of g).

Let V' be an irreducible finite dimensional g-module, and V its g-analogue (the
corresponding U,;-module). It is known that there is an action of the r-string braid
group B, on the tensor space Vq®’ which commutes with the action of U, and
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in [LZ] a sufficient condition was given in order that B, span Endy, Vq®’. This
condition, that V' be “strongly multiplicity free” (see [LZ, Sect. 3]), was shown to
be satisfied when V' is any irreducible module for sl,.

When V = V(1), the (natural) two-dimensional sl,-module, it is known that
the two braid generators satisfy a quadratic relation, and together with the quantum
analogue of the relation which expresses the vanishing of alternating tensors of rank
> 3 these relations give a presentation of the Temperley—Lieb algebra (see Sect.2
below and [GLO03]). In this work, we study the algebra that occurs when we start
with the three-dimensional s[;-module V(2). It follows from our earlier work that
this algebra is a quotient of the Birman—Wenzl-Murakami (BMW) algebra [BW],
and we give a presentation for a quotient of the latter, whose semisimple quotient
specialises generically to the endomorphism algebra of tensor space. One of the
major differences between our case and the classical Temperley—Lieb case is that
neither the BMW algebra we start with nor its Brauer specialisation at ¢ = 1 is
semisimple.

This work makes extensive use of the cellular structure of the BMW algebra
and its “classical” specialisation, the Brauer algebra [Br]. We use specialisation ar-
guments to relate the quantum and classical (¢ = 1) situations. Because of this,
and also because we have in mind applications of this work to cases where the
modules concerned may not be semisimple, we shall work in integral lattices for
the modules we encounter, and with integral forms of the endomorphism alge-
bras. Such constructions are closely related to the “Lusztig form” of the irreducible
Uy-modules [L2].

In Sect. 5 we prove some general results concerning the radical of a cellular al-
gebra. These characterise it quite explicitly and give a general criterion for an ideal
to contain the radical. These results may have some interest, independently of the
rest of this work.

2 Dimensions

Let g = sl, and write V(d) for the (d + 1)-dimensional irreducible representation
of g on homogeneous polynomials of degree d in two variables, say x and y. The
standard generators e, f, h of sl, act as x%, y%, x% - y%, respectively.

2.1 Dimension of the Endomorphism Algebra

We start by giving a (well-known) recursive formula for dimc EndgV(d)®" =
dimc ;) Endy, V(d)2". From the classical Clebsch-Gordan formula, we have for
n>m,

Vin)@Vim)y=Vin+m)eVin+m—-2)®---d V(n—m). 2.1
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Define the coefficients m}, (i) by

vi® = @ m)V). (2.2)
i=rn(mod 2)
and the dimension
d(n,r) := dimEndy(V(n)®"). (2.3)

Then d(n,r) = Zizm(mod 2) My, (i)?. Since all the modules V(n) are self dual,
it also follows from Schur’s lemma that (V(n)®", V(n)®"), = (V(n)®?", V(0)),,
where (, ) ¢ denotes multiplicity. Thus,

din.ry= > my(i)* =m3(0).

i=rn(mod 2)

Using (2.1), it is a straightforward combinatorial exercise to prove the following
recursive formula. Let x be an indeterminate and write [n]y = xn__—x_ln e Z[xtY
for the “x- analogue of n € Z. Then define the integers aj, (k) by [+ 1)L =
D a’(k)x , where the sum is over k such that —nr < k < nr and k = nr
(mod 2). Finally, define the integers b}, (k) (—nr < k < nr) by downward recursion
on k as follows.

Set b} (nr) = al(nr) = 1, and then Zz>k by (i) = a) (k). Equivalently,
br(k) = ay(k) — af (k + 1).

Proposition 2.1. We have, for alln,r and k,

nil (k) = bl (k).

2.2 The Casen =1

In this case, one verifies easily that

) — <k%) itk =r (mod2)

0 otherwise

It is then straightforward to compute that

ron [T ) 2k+ 1)
m (k) = (#)r Yk+2

In particular,

. 1 2r
d(1,r) = dimEnd,, V(1)®" = m3"(0) = 1 ( ; ) (2.4)
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2.3 The Casen =2

With the above notation, we have

r!

2 2k — (€ + r)\(E T —Ilr —k)!

k= S

a5(20) =

In this case, we have from Proposition 2.1 that m}(2€) = a5(2{) — a5(2¢ + 2).
This relation easily yields the following formula for d(2, r).

d(2,r) = dimEnd,, V(2)®" = m3"(0)

_f2r 2\ (2p\3p—2r +1 (2.5)
()50

Thus for r = 1,2, 3, 4,5, the respective dimensions are 1, 3, 15, 91 and 603.

3 Some Generators and Relations for Endy,, (V(n)f”)

In this section, we review the results of [LZ] which pertain to the structure of the
endomorphism algebras we wish to study.

3.1 The General Case

Recall that with g and U4, as above, given any U;-module V;, there is an operator
R e Endy, (V4 ® V), known as an “R-matrix” (see [LZ, Sect. 6.2]). Denote by
R; the element id$ ' ® R® idP" """ of Endy, V2" (i = 1,....r — ). Itis
well known that the R; satisfy the braid relations:

RiR; =R;R;if|i —j| =2 G.1)
RiRi+1R; = Ri+1RiRjy1forl <i <r—1. '

Moreover, if V,; is strongly multiplicity free (for the definition see [LZ,

Sect.7]), it follows from [LZ, Theorem 7.5] that the endomorphisms R; gener-

ate Endy, (Vq®’ ). Assume henceforth that V, is strongly multiplicity free. The
following facts may be found in [LZ, Sects. 3 and 7].

First, V; = L,,, the unique irreducible module for Z{; with highest weight A¢,
and V; ® V, is multiplicity free as U;-module. Write

V@Vy= P Ly
LeP(Ao)
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where P, is the relevant set of dominant weights of g, and L, is the irreducible
Uy- module with highest weight p. Let P(u) be the projection : V; ® Vy,—> L.
These projections clearly span Endy,, (V4 ® V), and we have (see [LZ, (6.10)])

R= )" e()q 2 X (©=200 ) p( 1y, (3.2)
/J‘E’P)m()

where C € U(g) is the classical quadratic Casimir element, y,(C) is the scalar
through which C acts on the (classical) irreducible U/ (g)-module with highest
weight A and e(u) is the sign occurring in the action of the interchange s on the
classical limit V @ V of V;, ® V; as g — 1.

3.2 Relations for the Case g = s,

It was proved in [LZ] that all irreducible modules for U, (sl) are strongly multi-
plicity free. In this subsection, we make explicit the relations above when g = sl,
and V; = V(n),. These statements are all well known. As above, we think of V' (n)
as the space C[x, y], of homogeneous polynomials of degree n. This has highest
weight n, with h = x% — y% acting on x" as highest weight vector. We have
seen that

n
V() ® V(n) = PV Q20). (33)
(=0
It is easy to compute the highest weight vectors in the summands of (3.3), which

leads to

3.1. The endomorphisms : v @ w = w Q v of V(n) ® V(n) acts on V(2£) as
(=1)**E. That is, in the notation of Sect. 3.1, (2£) = (—1)4+¢,

Next, if 6 = x% + y% is the Euler form, the Casimir C is given by C =
0+ %92. It follows that

3.2. The Casimir C acts on V(n) as multiplication by y,(C) = %n(n + 2).

Applying the statements in Sect. 3.1 here, we obtain

Proposition 3.3. Let V be the irreducible sl, module V(n), with V(n)q its quantum
analogue. Then V(n)g ® V(n)q = @y_o V (204, and if R is the R-matrix acting
onV(n)y ® V(n)g, then

n
R — Z(_l)n-|-@q%(e(2£-|-2)—n(}’l+2))P(zz)7 (34)
{=0

where P(20) is the projection to the component V (2£)4.
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Now let E;(n,r) = Enduq(V(n)g”), and let R; € E;(n,r) be the endomor-
phism defined above (i = 1,...,r—1). We have seen that the R; generate E;(n, 1),
and that they satisfy the relations (3.1). From the relation (3.4), we deduce that for
all i,

n
1—[ ( R — (—1y+t qé(e(ze+z)—n(n+z)>) —0. (3.5)
£=0

Writing T} := (—1)"q2"®+2 R, the above relation simplifies to

n

[1(7 - v) =o. (3.6)

£=0

Now the relations (3.1) and (3.5) do not provide a presentation for E,4(n, r), and
it is one of our objectives to determine further relations among the R;. These will
suffice to present E,4(n,r) as an associative algebra generated by the R; only in
some special cases.

3.3 Basic Facts About U, (sl,)

It will be convenient to establish notation for the discussion below by recalling the
following basic facts. The algebra U, := U, (sl») has generators e, f and k=1, with

relations kek™! = g%e, kfk™' = ¢72f,and ef — fe = I;:’;::. The weight
lattice P is identified with Z, and for A, u € P, (A, u) = %ML. In general, if M is
a Uy-module with weights A1,...,A4 (d = dim M), then the quantum dimension

of (i.e. quantum trace of the identity on) M is dim; M = Zle g~ ?P4) where 2p
is the sum of the positive roots, in this case 2. Hence, dimg V(n), = ¢" + ¢" 2 +
.-+ 4+ q™" = [n + 1]4. The comultiplication is given by A(e) = e ® k + 1 Q@ e,
Af)=fR1+k'® f,Ak) =k Qk.

3.4 The Case n = 1: The Temperley—Lieb Algebra

In this case, the relation (3.5) reads
(Ri +97) (R —q?) = 0.
Renormalising by setting T; = q%Ri (i=12,...,r —1), we obtain
(T; +q~)(Ti —q) = 0. 3.7)

Now it is well known that the associative C(g)-algebra with generators
Ti,...,T,—1 and relations (3.1) and (3.5) is the Hecke algebra H,(q) of type
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A,—1 with parameter ¢g. The algebra H,(q) has a C(q)-basis {T,, | w € Sym,.}, and

w.

we may therefore speak of the action of 7,,(= ¢ 2 R,,) (where £(w) is the usual
length function in Sym, ) on Vq®’ .

Evidently we have a surjection ¢ : H,(q)—> E4(1,7), and we shall determine
Ker ¢p. The next statement is just the quantum analogue of the fact that there are no
non-zero alternating tensors in ¥V ®3 if V is two-dimensional.

Lemma 3.4. Let V = V(1)4 be the two-dimensional irreducible Uy (sl,)-module.
In the notation above, let E(g) = Zwesym3 (—q)~*™MT, € Hs(q). Then E(¢) acts

as zero on V3,

Proof. Let v; € V have weight 1, and take v, = fv; as the complementary basis
element, which has weight —1. We have V ® V = Lo @ L;, where Ly is the trivial
Uy module, and L is the irreducible U, -module of dimension 3. By computing the
action of A(e) and A(f'), one sees easily that L is spanned by gvi ® v — v, Q vy,
and L has basis vi ® vi, v ® vo and v ® vi + q_lvl X va.

Now T = q%lé actson Lo as —g ! and on L as g. If P(0), P(1) are the projec-
tions of V ® V onto L, L1, respectively, this implies that P(0) = —# (T—q),

and P(1) = #(T + g~ 1). As above, write P;(j) for the projection of V®”
obtained by applying P(j) to the (i,i + 1) factorsof V&' (i =1,...,r—1; j =

0,1). Then P;(1) = —#(Ti +¢7!), and so on.

Next, observe that since (T; + ¢ ") E(e) = E(e)(T; + ¢~ ') = 0fori = 1,2,
we have P;(1)E(e) = E(e)P;(1) =0 fori = 1,2. Since P; (0) + P;(1) = idyes3,
it follows that

E(e)V® C Pi(0)V®3 N P, (0)V®3

=Lo®V NV ® L.

Now Lo®V and V ® L are two irreducible submodules of V' ®3. Hence, they either

coincide or have zero intersection. But Ly ® V' has basis {(gvi ® vo —v2 ®v1) ®v; |

i =1,2}.Hence,qvi @ vi @ v —v1 @ v ® v isin V ® Lo, butnotin Ly ® V.
It follows that E () V®3 = 0. O

This enables us to prove

Theorem 3.5. Let V be the two-dimensional irreducible representation of Uy (sly).
For each integer r > 2, let E4(1,7) = Enduq(slz)(VW). Then E4(1,r) is isomor-
phic to the Temperley—Lieb algebra TL,(q) (cf- [GLO4, p. 144]).

Proof. We have seen above that E,(1,r) is generated as K-algebra by the endo-
morphisms 71, ..., T,—1. By (3.7), they generate a quotient of the Hecke algebra
H,(q) and by Lemma 3.4, that quotient is actually a quotient of H,(q)/I, where
I is the ideal generated by the element E(¢) defined above. But up to the automor-
phism 7; — T/ = =T; +q — g~ !, this is precisely the idempotent E; of [GL04,

(4.9)]. It follows (see, e.g., [GL04, (4.17)]) that the quotient H,(g)/I is isomorphic
to TLr(q).
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But this latter algebra is well known (cf. [GL96] or [GLO3]) to have dimen-

sion ril (er), which by (2.4) above is the dimension of E,(1,r). The theorem

follows. O

It follows that in this case, the endomorphism algebra has a well understood
cellular structure (see [GLI6]).

4 The Case n = 2: Action of the BMW Algebra

In this section, we take V' to be V,;(2), the three-dimensional irreducible module
for Uy (slz). In accord with the notation of the last section, we write E4(2,7) =

Endy, (s1,) (V4 (2)®7).

4.1 The Setup and Some Relations

In this situation, V & V =~ Vo @ V1 & V>, where Vj is the trivial module, and V7, V5
are, respectively, the three- and five-dimensional irreducible modules. As above, we
therefore have operators R;, P;(j) (i =1,...,r—1; j =0,1,2) on V®", where
P;(j) is the projection V ® V — V;, applied to the (i,i + 1) factors of V&,
appropriately tensored with the identity endomorphism of V.

The R; here satisfy the braid relations (as they always do), and the cubic relation

(Ri —q H(Ri + ¢ (R —g¢*) =0. 4.1)

Now if L is any strongly multiplicity free {{;-module such that the trivial module
Lo is a summand of L ® L, and f € Endy, (L ® L), then writing P;(0) for the
projection L ® L — Ly, applied to the (i, i + 1) components of L®", we have

Pi (0) fi+1Pi (0) = tq,LoL () Pi (0), 4.2)

1
(dimg (L))?

where 7,4, p denotes the quantum trace of an endomorphism of the {{;-module M,
and f; is f applied to the (i,7 + 1) components on L®,
To apply (4.2) to the case when f = R, we shall use

~ 1
%> (R) = " + 1),

_ 4.
:q%n(n+2)qn+l —q (n+1)' 4.3)

q—q!

This may be proved in several different ways, including the use of the explicit ex-
pression given in Proposition 3.3 for R.



A Temperley—Lieb Analogue for the BMW Algebra 163

Applying (4.2) to the cases f = Rand f = P(0) in turn, we obtain for our case
L =7V,2),

P;i(0)R;+1 Pi(0) = ¢*[3], ' P; (0) fori = 1,...,r, (4.4)
and

Pi(0)Pi1(j) Pi(0) = [2j + 1]4[3],2 Pi(0) fori = 1,....rand j =0, 1,2.
4.5)
In (4.4) and (4.5), the applicable range of values for i is understood to be such
that Py(;)(j) and Ry ;) make sense for the relevant functions k(i) of 7.

4

Since R acts on Vy, V; and V3, respectively, as ¢, —q_2 and qz, we also have

(R + ¢ (Ri —q?)
(1 +¢*>)(1—¢°

P;i(0) = (4.6)

4.2 The BMW Algebra

We recall some basic facts concerning the BMW algebra, suitably adapted to our
context. Let K = (C(q%) as above, and let A be the ring C[y*!, ], where y, z are
indeterminates.

The BMW algebra BM W,.(y, z) over A is the associative 4-algebra with gener-
ators gftl, - ,g;t_ll and ey, ..., e,—1, subject to the following relations:

The braid relations for the g;:

gigj =gjgifli—j|>2

. 4.7)
8igi+18 = gi+18igi+1forl <i <r—1;
The Kauffman skein relations:
gi—gi ' =z(1—e)foralli; (4.8)
The de-looping relations:
giei = é€igi = yei,
eig,'i_llei = chlei:
eigtliei =y e (4.9)
The next four relations are easy consequences of the previous three.
eiejxr1€; = €;; (4.10)
(g —y)(g —2&i—1) =0; (4.11)
ze} =@+ y ' =y, (4.12)

—yze; = g7 —zgi — 1. (4.13)
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It is easy to show that BM W, (y,z) may be defined using the relations (4.7),
(4.9), (4.11) and (4.13) instead of (4.7), (4.8) and (4.9), i.e. that (4.8) is a conse-
quence of (4.11) and (4.13).

We shall require a particular specialisation of BM W,(y,z) to a subring
Ay of K, which is defined as follows. Let S be the multiplicative subset of
Clg,q™'] generated by [2],, [3]; and [3]; — 1. Let A, := Clg,q7']s =
Clg,q 4. 21,75 81478 (g% + ¢72)7!] be the localisation of C[g, g~ '] at S.

Now, let ¢ : C[y*!, z7]—>.A, be the homomorphism defined by y +> ¢~*, z >
g>—q 2. Then Y makes .4, into an .A-module, and the specialisation BM W;.(¢) :=
Aq @4 BMW,(y,72) is the Ag-algebra with generators which we denote, by abuse
of notation, gl.il, e; i =1,...,r —1)andrelations (4.14) below, with the relations
(4.15) being consequences of (4.14).

gigj =g;&ifli —jl =2
8igi+18i = gi+18igi+1forl <i <r—1
gi—& '=@*—q > —e)foralli
giei =egi =q ‘e
eigiler = qe

e,-gii_‘_lle,- = qi“e,-. 4.14)

eieirier = e
(G =)@ +a) =—q"*q" —q e
(gi—qa i —a)gi+q) =0
e = (> +1+qg ?e. (4.15)

We shall be concerned with the following two specialisations of BM W,.(g).

Definition 4.1. Let ¢, : A,—K = (C(q%) be the inclusion map, and let ¢; :
BMW,(q)—C be the C-algebra homomorphism defined by ¢ + 1. Define
the specialisations BM W,.(K) := K ®¢, BMW;(q), and BMW,(1) := C Qy,
BM W, (q).

The next statement is straightforward.

Lemma 4.2. (1) The algebra BM W,(q) may be regarded as an Ag-lattice in the
K-algebra BM W, (K).

(2) The specialisation BM W, (1) is isomorphic to the Brauer algebra B,(3)
over C.

(3) Let I be the two-sided ideal of BM W, (q) generated by ey, . ..,er—1. Thereis a
surjection BMW,(q) — Hy(q?) of Ag-algebras with kernel T, where H,(q?)
is the Hecke algebra discussed above (Sect. 3.4).

Proof. Note for the first two statements that by [X, Theorem 3.11 and its proof],
BMW,(y,z) has a basis of “r-tangles” {T;}, where d runs over the Brauer
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r-diagrams, which form a basis of B,(8) over any ring. The same thing applies
to BM W,(y,z); thus, BM W,(q) may be thought of as the subring of BM W, (K)
consisting of the A,-linear combinations of the 7,7, while B, (3) is realised as the
set of C-linear combinations of the diagrams d. O

Note that in view of the third relation in (4.15), the element [;—]’q of BMW,(q) is
an idempotent. Moreover, it follows from (4.13) or (4.15) that

e (8i—g)&itq7?)
Bly @ *-¢@*+q72)

(4.16)

Taking into account the cubic relation (4.11), or its specialisation in (4.15), we
also have the idempotents d; and ¢; in BM W, (K), where

_ _(&i—g)&i—a7
@2 +a*@?+q7
N e [ )
r .
(@>+472)(@> —q7%)
Lemma 4.3. If BM W,(q) is thought of as an Ag-submodule of BM W,(K) as in
Lemma 4.2 (1), then the idempotents e; [3]4_1, d; and c; all lie in BM W,.(q).
Proof. Tt is evident that ¢;[3],7' € BMW,(q). Since (¢72 4+ ¢>)(¢™% +¢™*) is

invertible in A, clearly d; € BM W,(q). But it is easily verified that ¢;[3],7! +
d; + ¢; = 1, whence the result. O

4.17)

The relevance of the above for the study of endomorphisms is evident from the
next result.

Theorem 4.4. With the above notation, there is a surjection ng from the algebra
BMW,(K) — E4(2,r) which takes e; to [3)4 P; (0) and g; to R;.

Proof. In view of the above discussion, it remains only to show that the endomor-
phisms 14(g;) = R; and n4 (e;) = [3]4 P; (0) satisfy the relations (4.7), (4.9), (4.11)
and (4.13) for the appropriate y and z. Now the braid relations (4.7) are always sat-
isfied by the R;; further, (4.11) with the R; replacing the g; is just (4.1). Now a
simple calculation shows that in our specialisation, 7! (z + y~! — y) = [3], := 6.
It follows that (4.13) may be written

1
§'ei =—(gi —q*)(gi +q7)
8yz

B —1
" Bleg*(@>—q72)
—(q—q "g* ~
@ -G —q72) (& —4*)(gi +47)
q8

T+ —¢5

(& —q*)(gi +972)

(& —g>)(gi +q7).
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Thus, (4.13) with 6P;(0) replacing e; is just (4.6). Finally, the first delooping
relation follows immediately from (4.11) and (4.13), while the other two follow
from (4.4). O

We wish to illuminate which relations are necessary in addition to those which
define BM W, (K), to obtain E4(2,r), i.e. we wish to study Ker(n,). Note that the
specialisation of Lemma 4.2 (2) is the classical limit as ¢ — 1 of BM W,.(gq), and
that this is just the Brauer algebra with parameter ;.1 = 3 in accord with [LZ,
Sect. 3]. We shall study Ker(7,) by first examining the classical case, and then use
specialisation arguments. The cellular structure of the algebras involved will play
an important role in what follows.

4.3 Tensor Notation and Quantum Action

In this subsection, we establish notation for basis elements of tensor powers, which
is convenient for computation of the actions we consider. Since the s[;-module V(2)
is the classical limit at g — 1 of V;(2), we do this for the quantum case, and later
obtain the classical one by putting ¢ = 1.

Maintaining the notation of Sect.3.3 and proceeding as in the proof of
Lemma 3.4, let v_; € V,(2) be a basis element of the —2 weight space, and let
e, f,k be the generators of U, referred to in Sect.3.3. Then vy := ev_; and v :=
evo have weights 0, 2, respectively, and {vo, v+1} is a basis of V,;(2). Moreover, it
is easily verified that fv; = (¢ + ¢ ')vo and fvo = (¢ + ¢~ ')v_;. The tensor
Note that v;, ;,....;, is a weight element of weight 2(i{ + --- 4 i) for the action of
Z/lq (5[2).

Now V,(2)®2 has a canonical decomposition V;(2)®? = L(0), & L(2); &
L(4)4, where L(i), is isomorphic to V (i), for all i. We shall give bases of the three
components, which consist of weight vectors.

Lemma 4.5. The three components of V;(2)®? have bases as follows.

(1) L(0)g:v—1,1—¢*vo,0 +¢*vi-1.

(2) L(2)g:vo,1 —q*v1,0; v=1,1 —vi,—1 + (1 —¢*)vo,0; v—1,0 — ¢*Vo,—1.

(3) L(#)g:v1,1: vo,1+9 2 v1,0; vo1,1+(1+¢ Hvo,0+g*v1,—1: v_1,0+¢ v —1:
V—1,-1.

The corresponding statement for the classical case is obtained by putting q¢ = 1
above.

The R-matrix R = Ry acts on the three components above via the scalars
g%, —q 72 and q?, respectively.

The proof is a routine calculation, which makes use of the fact that several of
the basis elements above are characterised by the fact that they are annihilated by e
and/or f.

It is useful to record the action of the endomorphism e; of V,(2)®? (see Theorem
4.4) on the basis elements v; ;.



A Temperley—Lieb Analogue for the BMW Algebra 167

Lemma 4.6. The endomorphism e1 of V4(2)®? acts as follows. Let wo =
—qZV(),() + q2V1,_1 +v_1,1 € L(0)g. Then

wo, if @, j)=(1,-1),
q2wo, if(i.j)=(-1.1),
—q2wo. if (i, j) = (0,0),
0, ifi +j #0.

evi,j =

Proof. Since e; acts as 0 on L(2), and L(4),, and as [3], on L(0),, this follows
from an easy computation with the bases in Lemma 4.5. O

The next result will be used in the next section.

Lemma 4.7. The U, (sl2)-homomorphismes : L(2)q ® L(2)q—V4(2) @ L(0)4 ®
V,4(2) which is obtained by restricting es to L(2)q ® L(2)4 C V4(2)®4, is an iso-
morphism.

Proof. Let u; be the weight vector of weight 2i of L(2), which is given in Lemma
4.5 (i = 0,%1). Then L(2); ® L(2)4 has basis {u; ; == w; Qu; | i,j = 0, %1}.
Similarly, V;(2) ® L(0)4 ® V,(2) has basis {x; ; :=v; @wo Qv | i, j =0, £1}.

Now from Lemma 4.6, e2v; j 4 p = Ounless j +a = 0. This fact may be used to
easily compute e,u; ; in terms of the x, 5. The resulting 9 x 9 matrix of the linear
map e, is then readily seen to have determinant =¢~*(¢% + ¢=2 — 1)(g* + 1 —
g2 4+ q*), which is non-zero, whence the result. O

Corollary 4.8. The statement in Lemma 4.7 remains true in the classical case
(g =D.

This is clear since the determinant in the proof of Lemma 4.7 does not vanish at
q=1.

5 The Radical of a Cellular Algebra

In the next section, we shall discuss some cellular algebras which are not semisim-
ple. This section is devoted to proving some general results about such algebras,
which we use below. In this section only, we take B = B(A, M, C, *) to be any
cellular algebra over a field IF, and prove some general results concerning its radical
R. These results may be of some interest independently of the rest of this work. We
assume that the reader has some acquaintance with the general theory of cellular
algebras (see [GL96, Sects. 1-3]); notation will be as is standard in cellular theory.
In particular, for any element A € A, the corresponding cell module will be de-
noted by W(A) and its radical with respect to the canonical invariant bilinear form
¢, by R(A). Since there is no essential loss of generality, we shall assume for ease
of exposition, that B is quasi-hereditary.
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Let A € A, and write W(A)* for the dual of W(1); this is naturally a right
B-module, and we have a vector space monomorphism (cf. [GL96, (2.2)(1)]) C 2.
W(X) ®r W(A)*—> B defined by

C*Cs ® Cr) = Clpfor S.T € M(X). (5.1)

Denote the image of C* by B({1}). This is a subspace of B, isomorphic as
(B, B)-bimodule to B(< X)/B(< 1) (see [GL96, loc. cit.]), and we have a vector
space isomorphism

B— P B({A}). (5.2)

AEA

Note that W(A) and W(A)* are equal as sets. We shall therefore differentiate
between them only when actions are relevant.

Now let 7 : B—> B := B/R be the natural map from B to its largest semisimple
quotient. Then B = P, ., B(}), where B(A) = M, (F) = Endp(L(A)). Thus
may be written w = @y, where w), : B—>Endy (L (1)) is the representation of B
on L(A). We collect some elementary observations in the next lemma.

Lemma 5.1. (1) The restriction i), : B({A})—>Endp (L (1)) is a surjective linear
map for each A € A.

(2) Let A be any semisimple F-algebra and let o : B—> A be a surjective homo-
morphism. Then o factors through 7w as shown.

s

B B=P BN

A (5.3)
(3) The restriction G5, of G to B(X) is either zero or an isomorphism.
(4) Denote by A° the set {A € A | G, isnon-zero}. Let J = Ker(c). Then
w2 (J) = 0ifand only if A € A°.
(5) The radical R is the set of elements of B which act as zero on each irreducible
module L(A).

Proof. The statement (1) follows from the cyclic nature of the cell modules ([GL96,
(2.6)(1)]). The only other statement deserving of comment is (4), which follows
immediately from the observation that A =~ B/J = B/J, where ] = J/R is a
two-sided ideal of the semisimple algebra B. The ideal J therefore acts trivially in
precisely those irreducible representations of B which “survive” in the quotient, and
non-trivially in the others. Note that (5) follows immediately from (4). ad

Corollary 5.2. Let n : B—>Endp (W) be a representation of B in the semisimple
B-module W, and write E = Im(n). Let N = Ker(n : B—>E). Then E =~
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B/N = D, cpo B()), where A is the set of A € A such that L()) is a direct
summand of W, regarded as an E-module. Moreover, AY is characterised as the set
of A € A such that N acts trivially on L(A).

To study the action of ideals on the L(A), we shall require the following results.
Lemma 5.3. Assume that B is quasi-hereditary; i.e. that for all A€ A, ¢ #0.

(1) In the notation of (5.1), if x, y and z are elements of W(A), then C*(x @ y)z =
$a(y. 2)x.

() Ifx ory isin R(A), then m3(C*(x ® y)) = 0.

(3) The radical R of B has a filtration (R(A) = R N B(< 1)) by two-sided ideals
such that there is an isomorphism of (B, B)-bimodules

RA)/R(< H)—W(A) @ RA)* + R(L) @ W(A)* € W(A) @ W(A)*.

Proof. (1) is just [GL96, (2.4)(iii)]. To see (2), note that if y € R(A), then from (1),
C*x ® y)z = ¢s(y.2)x = 0 forall z € W(A). If x € R(}), then again by (1),
CH(x ® y)z € R(X), whence C*(x ® y) acts as 0 on L(A) = W(X)/R(L).

Now suppose b € C*(W(L) ® R(X) + R(L) ® W(L)). Then by (2), 7;.(b) = 0.
We shall prove

3 elements by € B({A'}) (' < A) suchthath + » by € R.  (5.4)
AM<A

We do this recursively as follows. Suppose we have a subset ' € A and an
element ) | by € > cr B({y}) such that for any B € A which satisfies § > y
for some y € T, we have g (3, cr by) = 0. We show that if there is u € A such
that 77, (3, cr by) # 0, then we may increase I" to obtain another set with the same
properties. For this, take & € A such that ”M(Zyer by) # 0, and maximal with
respect to this property. Note that since g (b,) # 0 implies that y > 8, we have
u < y forsomeelementy € I'. By Lemma 5.1 (1), there is an element b, € B({u})
such that 7, (3, e by) = mu(=by). Let IV = T U{u}. If B > y’ forsome y’ € T,
we show that 7g (3, /e by’) = 0.

There are two cases. If y* € T, then 75 (3, cr by) = 0. If wg(by) # O, then
B < pwandsoy’ < < u, whence by hypothesis 7, (3_,cr by) = 0, a contradic-
tion. Hence g (b,,) = 0, which proves the assertion in this case.

The remaining possibility is that y’=. In this case, since 7, (3, e by’) = 0
by construction, we may suppose S > u. But then by the maximal nature of u,
g (Zyer by) = 0. Moreover, since B > pu, wg(b,) = 0. Hence, I and
Zy’el’” b, have the same property as I" and Zyel" b,. Note that I'” is obtained
from I by adding an element p such that u < y for some y € T'.

Now to prove the assertion (5.4), start with I' = {1} and b; = b. The argument
above shows that we may repeatedly add elements < A to I', with corresponding
b, € B({u}), eventually coming to a set I'yax such that > b, acts trivially
oneach L(B) (B € A).

This completes the proof of (5.4), and hence of (3). O

MEmax
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The arguments used in the proof of the above lemma may be applied to yield
the following result, in which we use the standard notation of [GL96] for cellular
theory.

Theorem 5.4. Let B = (A, M, C, *) be a cellular algebra over a field F, and as-
sume that B is quasi-hereditary, i.e. that the invariant form ¢, on each cell module
is non-zero. For A € A, denote by W(A) and R(}), respectively, the corresponding
cell module and its radical.

(1) Let A € A and take any elements x € W(A), z € R(A). Then there exist elements
r(x,z7) € C*(x ®z) + B(< M) andr(z,x) € C*(z® x) + B(< A), bothin R,
the radical of B.

(2) Let X be a subset of B such that forall A € A, x € W(A) andz € R(A), X
contains elements r(x,z) and r(z, x) as in (1). Then the linear subspace of B
spanned by X contains R.

(3) Suppose J is a two-sided ideal of B such that J* = J. Let A° :== {A € A |
JL(X) = 0}. Then J 2 R if and only if. for all > € A° R(1) € JW(A).

Proof. The argument given in the proof of Lemma 5.3 (3) proves the statement (1).
Foreach A € A, letw), = dimW(A4), ry, = dimR(X) and [} = dimL(X) =
dim (W(A)/R(X)) = w)y, — r). Then

dimg (R) = dimg (B) — » 1}

AEA
DR
AEA AEA
= Z ra(wa + ).

A€A

But it is evident from an easy induction in the poset A that the dimension of the
space spanned by the elements r(x, z) and r(z, x) is at least equal to

> @wara —r3)

AEA

=Y raQwi—ra)

AEA

= Z ra(wy +1;).

AEA

Comparing with dim(R), we obtain the statement (2).
We now turn to (3). We begin by showing

JDR <> R(A)C JW()forall A € A. (5.5)

First assume J 2 R and suppose z € R(A); then take x, y € W(A), such that
¢r(x,y) # 0. Since R, and therefore J, contains an element 7 (z, x) of the form
above, we have JW(1) 3 r(z,x)y = ¢a(x, y)z. Hence, R(A) € JW(A) for each
AeA.
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Conversely, suppose J W(1) 2 R(A) for each A € A. Since J* = J, to show
that J 2 R, it will suffice to show that for any A € A, and x € W(1),z € R(A),
there is an element r(z, x) € J, of the form above. Now by hypothesis, z € J W(1);
hence C*(z ® x) = C*(ay ® x) € aC*(y ® x) + B(< 1), for some a € J
and y € W(A). Hence, there is an element a; = C*(z ® x) + b € J where
b € B(< A).If a; € R, then there is an element A’ < A such that a; L(1") # 0,
since a; L(u) = Oforall u £ A.

By the cyclic nature of cell modules, if JL(u) # 0, then J W () = W(u). Thus
for any two elements p,q € W(u), since p € JW(u), the argument above shows
that C*(p ® g) + b’ € J for some b’ € B(< w). It follows that the argument in the
proof of Lemma 5.3 may be applied to show that a; may be recursively modified by
elements of J, to yield an element ag = r(z, x) € J NR as required.

The statement (5.5) now follows from (2). To deduce (3), observe that if A €
A\ A°, then since JL(A) # 0, there are elements @ € J and x € W(A) such
that ax € R(A). But then by Lemma 5.3 (1), W(A) = B-ax C J -x € JW(A),
whence JW (L) 2 R(A) always holds a fortiori for A € A \ A°. In view of (5.5),
this completes the proof of (3). O

Corollary 5.5. Let notation be as in Theorem 5.4. Assume that for all A € A such
that JL(A) = 0, R(A) is either zero or irreducible. Assume further that for any
A € A such that JL(A) = 0 and R(A) # 0, JW(X) # 0. Then J contains the
radical R of B.

Proof. 1t follows from Theorem 5.4 that it suffices to show that for any A such
that JL(A) = 0, JW(A) = R(A). But by hypothesis, if R(A) # 0 for some such A,
JW(A) is a non-zero submodule of R(A). By irreducibility, it follows that J W(A) =
R(}), whence the result.

6 The Classical Three-Dimensional Case

6.1 The Setup

Let V' = V(2), the classical three-dimensional irreducible representation of sl (C).
In this section, we shall construct a quotient of the Brauer algebra B, (3) which is
defined by adding a single relation to the defining relations of B, (3), and which
maps surjectively onto Endsy, (V®"). For small r, we are able to show that our
quotient is isomorphic to the endomorphism algebra. We shall make extensive use
of the cellular structure of B, (3), as outlined in [GL96, Sect. 4]. In analogy with the
Temperley—Lieb case above, where the case r = 3 (i.e. V(1)®3) was critical, we
start with the case r = 4,i.e. V(2)®*.

Recall that given a commutative ring A, the Brauer algebra B, (§) over A may
be defined as follows. It has generators {sy,...,S-—1; €1, ..., e,—1}, with relations

s? =1, e? = §e;, sie; = eis; = e¢; foralli, sis; = sjsi, sie; = ejs;, ejej =
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ejei if [i — j| > 2, and s;8i+18; = Sit+18i8i+1, €iejx16; = e; and s;ej11€; =
Si+1€i, €i+1€iSi+1 = e;+15; for all applicable i. We shall assume the reader is
familiar with the diagrammatic representation of a basis of B, (8), and how basis
elements are multiplied by concatenation of diagrams. In particular, the group ring
ASym, is the subalgebra of B, (§) spanned by the diagrams with r “through strings,”
and the algebra contains elements w € Sym, which are appropriate products of
the s;.

In this section, we take A = C and § = 3. The algebra B, (3) acts on V®" as
follows. We take the same basis {v; | i = 0, £1} as in Sect.4.3. Then s; acts by
interchanging the ith and (i + 1)st factors in the tensor v;, ® --- ® v;,. We define
wo € V ® V as the specialisation at ¢ = 1 of the element wy of Sect.4.3, i.e.
Wo = v_1,1 + vi,—1 — Vo,0- Then the action of e; is obtained by putting g = 1 in
Lemma 4.6, i.e.

wo, if (i,j)=(1,—-1)or(—1,1),
€1vi,j = —Wo, if (l’ ,]) = (0’0)’
0, ifi+j #O.

The element e; acts on the i,7 4+ 1 components similarly. In addition to the ele-
ments s; and e;, it will be useful to define the endomorphismse; ; := (1,7)(2,i+1)
e1(1,i)(2,i + 1), where we use the usual cycle notation for permutations in B ().
The endomorphism e; ; acts on the ith and jth components of V' ®" as e; and leaves
the other components unchanged.

6.2 Cellular Structure

The Brauer algebra B, (§) was proved in [GL96, Sect. 4] to have a cellular structure.
This facilitates discussion of its representation theory. We begin by reviewing briefly
the cells and cell modules for B, (§). Our notation here differs slightly from that in
loc. cit.

Given an integer r € Zsg, define 7(r) ;= {t € Z | 0 <t <r, andr —
t € 2Z}. Fort € Zxo, let P(t) denote the set of partitions of ¢. Define A(r) :=
[;e7 () P(t). This set is partially ordered by stipulating that A > A" if [A| > |1’
or [A] = |A’], and A > A’ in the dominance order on partitions of |A|. For any
partition A = (A; > A, > --- > 1), denote by |A| the sum ), A; of its parts.
Given A € A(r), the corresponding set M (1) (cf. [GL96, (1.1) and Sect. 4]) is the
set of pairs (S, t), where S is an involution with |A| fixed points in Sym, and 7 is a
standard tableau of shape A.

If (S, 7) and (S’, ©’) are two elements of M (L), the basis element of B, (8) is in
the notation of [GL96, (4.10)],

Clsosey = D, PuwerrWIS, 8", wl,

weSym,
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where w(z, T’) is the element of Sym,;, corresponding to 7, 7’ under the Robinson—
Schensted correspondence, and for u € Sym‘ A Cu = Zwesymw pu(w)w is the
corresponding Kazhdan-Lusztig basis element of ZSym,, . The cardinality | M (1)
is easily computed. Let k(1) = r—T\M’ and let d; be the dimension of the represen-
tation (Specht module) of the symmetric group Sym,;| corresponding to A. For any
integer ¢ > 0 denote by #!! the product of the odd positive integers 2i + 1 < ¢. Then

we have, for any A € A(r),

r

M) =
M) (w

)(21«(1))!!611)k =y, 6.1)

Now assume that the ground ring A is a field. We recall some facts from cellular
theory.

6.1. Maintain the notation above.

(1) Foreach A € A(r), there is a left B, (8)-module W(L), of dimension w), over A.

(2) The module W(A) has a bilinear form ¢ : W(A) x W(X) — A, which is
invariant under the B, (§)-action.

(3) Let R(A) be the radical of the form ¢,. Then L(A) := W(X)/R(A) is either
an irreducible B,(8)-module, or is zero. The non-zero L(A) are pairwise non-
isomorphic, and all irreducible B, (§)-modules arise in this way.

(4) All composition factors L(w) of W(A) satisfy u > A.

(5) By () is semisimple if and only if each form ¢, is non-degenerate. Equivalently,
the W), form a complete set of representatives of the isomorphism classes of
simple By (8)-modules.

We shall make use of the following facts.

Proposition 6.2. Take A = C and assume that § # 0.

(1) The algebra B,(8) is quasi-hereditary; that is, each form ¢, in the assertion
6.1(2) is non-zero.
(2) The algebra By (3) is semisimple if and only if r < 4.

Proof. The statement (1) is immediate from [GL96, Corollary 4.14], while (2) fol-
lows from [RS, Theorem 2.3]. O

6.3 The Caser =4

It is clear from dimension considerations that when r < 3, the surjection 7 :
B, (3)—>End,;, V(2)®" (and its quantum analogue) is an isomorphism. The case
r = 4 is therefore critical. In this subsection, we shall treat the classical case when
r=4.
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In terms of Sect. 6.1, we now take r = 4 and § = 3. Our purpose is to identify
the kernel of the surjection 7 : B4(3)—>End5[2(C)V®4. Define the element ® €
B4(3) by

1
b = FezF —F - ZF6261,4F, where
F=(1-=s1)(1—s3), (6.2)

where notation is as in Sect. 6.1.
The next statement summarises some of the properties of ®.

Proposition 6.3. Let F, ® € B4(3) be the elements defined in (6.2). Then

(1) ¢®=0fori =1,2,3.
(2) ®? = —40.
(3) @ acts as 0 on V®*, That is, ® € Ker(n).

Proof. First note that
exFe; =ex + ezeq 4. (6.3)

To see this, note that e; Fep = ex(1 — 51 — 53 + 5153)ex = e% —ea81ep —eaxs3er +
e38153¢2 = 3ey —2ep + €2e1,4.

To prove (1), note that it is trivial that e; F = 0 for i = 1,3, and hence that
e;® = 0 fori = 1, 3. But the relation e, ® = 0 now follows easily from (6.3) and
the fact that e%A = 3ey 4.

It follows from (1) that e, F® = 0, since F® = 4 (recall F2 = 4F). Hence
®? = —F® = —4® which proves (2).

For (3), note that F maps V®* onto L(2) ® L(2), and hence that ®(V®4) <
L(2) ® L(2). But by Corollary 4.8, e, acts injectively on L(2) ® L(2), whence it
follows from the fact that e, ® = 0, just proved, that ®(V®4) = 0. O

Theorem 6.4. The kernel of ) : B4(3)—>Ends, V(2)®* is generated by the ele-
ment ® above.

Proof. The set A(4) has eight elements, ordered as follows:
@ >3 1)>02H>2,1%)> 0% > (2) > (1% > (0).

The dimensions of the corresponding cell modules, which by the assertion 6.1 (5)
and Proposition 6.2 (2) are simple in this case, are given respectively, by

1,3,2,3,1,6,6,3.

Now since B4(3) is semisimple, it is isomorphic to a sum @§=1 M(j) of two-
sided ideals, which are isomorphic to matrix algebras of size given in the list above
(thus, e.g., dim M (1) = 1, while dim M(7) = 36). Moreover, the two-sided ideal
T of B4(3) which is generated by the e; is cellular, and is the sum of the matrix

algebras M(j) for j > 6.
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Note that B4(3)/Z =~ CSym,. Let P be the two-sided ideal of B4(3) generated
by ®. Then P +Z > F, and %F is an idempotent in CSym, which generates

a left ideal on which Sym, acts as Indigm“ (¢), where K is the subgroup of Sym,
generated by 51, 53 and € denotes the alternating representation. But it is easily ver-
ified that Indi(ym4 (&) is isomorphic to the sum of the irreducible representations of
Sym, which correspond to the partitions (22), (2, 1?) and (14), each one occurring
with multiplicity one. Here, we use the standard parametrisation in which the irre-
ducible complex representations of Sym,, correspond to partitions of #n, the trivial
representation corresponding to the partition (7).

It follows that the two-sided ideal of CSym, generated by F is the image of
69?:3 M (j) under the surjection B4(3)/Z—>CSym,. It follows that Z + P =
@D ;>3 M;, whence dim(Z + P) = dimZ + 14.

But using the dimension formula for dim Endyy, V®4 in Sect. 2, the kernel N of
n has dimension 14 in this case. Since P C N, it follows that

dim(Z + P) < dim(Z + N) < dimZ 4 dimP < dimZ + dim N = dimZ + 14,

with equality if and only if ZN N =0and P = N.
Since we have proved equality, the theorem follows. O

6.4 The Caser =5

This is the first case where B := B,(3) is not semisimple. We shall analyse this
case to show how our methods yield non-trivial information on the algebras, such
as the dimension of the radical. For this subsection only, we denote Bs(3) by B.

In this case, the cells are again totally ordered; we write them as follows.

G)> @, 1)>3.2>G15)>2%1)> 2,13 > (1%
>3)> 2, 1) > 1% > (1). (6.4)

If W(A) denotes the cell module corresponding to A, the dimensions of the W(1)
above are respectively given by:

1,4,5,6,5,4,1,10,20,10, 15.

Recall that L(A) is the irreducible head of W(A) for A € A(5); write [; :=
dim L(A). These integers are the dimensions of the simple B-modules.

We define the following two-sided ideals of B. Let R be the radical of Bs(3),
Z = B(=< (3)) the ideal generated by the e;, P the ideal generated by ®, and N the
kernel of ) : B—>E := End,, (V%°).
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We shall prove

Theorem 6.5. Let B = Bs5(3) as above, let R be its radical, and maintain the
above notation.

(1) The cell modules of B are all simple except for those corresponding to the par-
titions (2, 1) and (13), whose simple heads have dimension 15, 6 respectively.

(2) The composition factors of W(13) are L(13) and L(2,13).

(3) The composition factors of W(2,1) are L(2,1) and L(22,1).

(4) The radical of B has dimension 239.

(5) The kernel N of n : B—E is generated by ® modulo the radical. That is, in
the notation above, N = P + R.

Proof. 1t is easily verified that £ =~ M;(C) & M4(C) & M1o(C) & M;5(C) &
M5(C) ® Me(C), where M, (C) denotes the algebra of matrices of size n over C.
Further, 7 induces a surjection 7 : B := B/R = PBjeca M1, (C)— E. We shall
determine which of the simple components M;, (C) are in the kernel of 7.

Observe that since B/Z =~ CSymg, the cell modules W (1) (|A| = 5) are all
irreducible, and clearly R € Z N N.

Now the element F' = (1 — s1)(1 — s3) generates the two-sided ideal of CSym;
which corresponds to the irreducible representations of Symg which are constituents
of Indi(yms (g), where K is the subgroup generated by s1 and s3. An easy computa-
tion shows that these representations are precisely those which correspond to the
partitions A with |[A| = Sand A # (5),(4,1).Let Al = {A e A | |A| =5, 1 #
(5), (4, 1)}, and write A® := A \ A. It follows from the above that N acts non-
trivially on the simple modules W(1) for A € A! (since ® € N does), and hence
that Ker() 2 @j;ca1 M;, (C). Using the number and dimensions of the matrix
components of E, it follows, by comparing the sizes of the matrix algebras on both
sides, that W(1) is simple, one of the ten dimensional cell modules is simple, the
other has head of dimension 6, and W(2, 1) has head of dimension 15.

Now the Gram matrix associated with the bilinear form ¢;3y on W(13) is
given by

T3 1 11 1-1100 07
1 31 -1100-110
113101 0-101
1 =113 001 0-11
11003 1-11-10
101013 11 0—1
100111230 1-1
0-1-10 1 1 0 3 1 1
01 0-1-10 11 31
Lo 0o 1 1 0-1-111 3]

Since this has rank 6, W(13) is reducible. To understand the composition factors,
note that the cell corresponding to the partition 13 contains just the longest element

wo of Sym;. The Kazhdan-Lusztig basis element ¢,y = 3, c5ym, €(w)w, and from
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this one sees easily that the element ¢, o, ¢,y w of B acts trivially on w(13),
whence it follows that W(1%) has no submodule isomorphic to L(5) or L(4,1).
Similarly, since E(5) = Zwesyms e(w)w also acts trivially on W(1®) (note that
E(5)e; = 0foralli), W(12) has no submodule isomorphic to L(1°). It follows that
R(13) = L(2,13), proving (2).

Now consider W(2, 1). The corresponding cell of Sym, contains the elements
r1, 72,7172 and rpry, where the simple generators of Sym; are denoted by rq,r; to
avoid confusion with 51,5, € B. The corresponding Kazhdan-Lusztig basis ele-
ments are 1 — ry, 1 —rp, (1 —r1)(1 — rp) and (1 — r2)(1 — rq). In analogy with
the previous case, one now verifies easily that ZW€< 51.50,54) W and E(5) act trivially
on W(2, 1), whence the latter cell module has no simple submodule isomorphic to
L(5), L(4,1), L(3.2) or L(1°). It follows by dimension that R(2,1) = L(22,1),
completing the proof of (1), (2) and (3).

Clearly dimR = dim B — dim B = 202 + 10% — (152 + 62) = 239, which
proves (4).

To prove (5) observe that since F € (P + ), the argument concerning induced
representations above shows that B/(P + Z) = M(C) & M4(C). Hence

dim(P 4+ Z) < dim(N +7) <dim N + dimZ,

with equality if and only if NNZ = 0and P+R = N. But dimP +7 =
dim B — 17, and by the above argument, this is equal to dim N + dimZ, whence
P+R=N,ie. N =>4+ R. |

Remark 6.6. The results [DHW, (3.3) and (3.4)] may be applied to determine which
of the modules L(A) for A I 5 are composition factors of the W (u) for u = 3.
This would abbreviate the proof of Theorem 6.5 (2) and (3). We include our proof
because it is complete and elementary.

6.5 The General Classical Case

Our objective in this section is to check some cases of our main conjecture below,
and reduce it to a specific question about the action of ® on certain cell modules of
B;(3). To do this, we shall use the general results of Sect. 5 above about the radical
of a cellular algebra.

In view of the results of the last subsection, we make the

6.7. Conjecture. Let B = B,(3), E = Endq,(c)(V(2)®") and n : B—E the
natural surjection discussed above. The kernel N of n is generated by the element
® = Fe;F — F — L Feyer4F € B.

To make use of the theory in the last section, we shall develop more detail con-
cerning the cellular structure of B,. We maintain the notation above. In particular, R
denotes the radical of B, 7 is the two-sided ideal generated by the e; and P denotes
the ideal generated by .
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We start with the following elementary observation.

Lemma 6.8. Lett > 4 be an integer and consider the symmetric group Sym, gener-
ated by simple transpositions s1, . . ., Si—1. The two-sided ideal of CSym, generated
by F = (1 —s1)(1 — s3) is the sum of the minimal ideals corresponding to all par-
titions with at least four boxes in the first two columns.

This is an easy exercise, which may be proved by induction on ¢.

Theorem 6.9. Let 1 : B.(3)—>E := End,i,(c)(V(2)®") be the surjection dis-
cussed above, and let N = Ker(n). Define A° € A by A® = {(¢),(t —1,1),13 |
0<t<r; t=r (mod?2)}, and let Al = A \ A®. Let ® be the element of
B = B, defined above. Then

(1) For A € A, there is an element x) € L()) such that ®x; # 0.

(2) N acts trivially on L(A) if and only if A € A°

(3) E = Djepo B

(4) If P denotes the ideal of B generated by ®, we have P + R = N, where R is
the radical of B.

Proof. Take A € A'.Ift = |A| > 4, consider the subalgebra of B generated by
the elements {s;e;+1€;43...€40k—1 | 1 <i <t — 1}, where r = t + 2k. This is
isomorphic to CSym,, and ® acts on the corresponding cell modules as —F. The
statement (1) is now clear for this case, given Lemma 6.8.

Now suppose ¢ = |A| < 3. Now in analogy to the above argument, we consider
the “leftmost” part of the diagrams, completed with ese7 ... or eges ... on the right
according as ¢ is odd or even. The cases r = 4,5, which are known by Sects. 6.3
and 6.4 produce, when appropriately completed, elements x; € L(A) as required.
This proves (1).

To see (2), observe that (1) shows that N acts non-trivially on the simple modules
L(A) for A € A, and so the set of A such that N acts trivially in L(A) is contained
in A% But [A°| = r + 1, and it is easy to see that V®" has r + 1 distinct simple
components (as slp-module). It follows that N acts trivially in at least » + 1 of the
simple modules L(A), and (2) is immediate (cf. Corollary 5.2), as is (3).

Since ® € P + R, the latter is a two-sided ideal of B which acts non-trivially
on L(A) for A € Al. But ® € N, so that P + R acts trivially on L(1) for A € A°.
The statement (4) follows. ]

Combined with the results of Sect. 5, Theorem 6.9 leads to the following criterion
for the truth of Conjecture 6.7.

Corollary 6.10. The conjecture 6.7 is equivalent to the following statement. For
each A € A° (as above), the B,-submodule of W(X) generated by ®W (1) contains
R(}).

Proof. 1t follows from Theorem 6.9 (4) that the conjecture is equivalent to the state-
ment that P DO R. By Theorem 5.4 (3), this is equivalent to the stated criterion.
O
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Next, we show that the Conjecture is true for r = 5.

Proposition 6.11. If r = 5, P = (®) contains the radical R of B. Hence, by
Corollary 6.10 the conjecture is true for r = 5.

Proof. In view of Theorem 6.5, it suffices to show that PW(1) = R(A) for A =
(13) and A = (2, 1). But again by Theorem 6.5, we have the situation of Corollary
5.5 here, whence it suffices to show simply that ® acts non-trivially on the cell
modules W(13) and W(2,1). This will require two calculations, which we now
proceed to outline.

The case W(13). In this case M(1) = {((ij), )} where (ij) is a transposition
in Syms and t is the unique standard tableau of shape 1°. Thus, we may write a
basis for W(13) as {C;; | 1 <i < j < 5}. Recalling that the Kazhdan-Lusztig
basis element of CSym; corresponding to (7, 7) is E(3) := ZWESym3 e(w)w, the
following facts are easily verified using the diagrammatic representation of Bs.

51C45 = —Cys; 53C45 =C35; FCys5 = 2(Cys5 — C35);

€2C45 = 0; 2035 = —Ca3; €14Cr3 = 0.
Using these equations, one calculates in straightforward fashion that
PCys = 2(Caz — C13 — Cog4 + C1s — Cy5 + C35) # 0.

The case W(2,1). In this case M (1) = {((ij), )}, where (ij) is a transposition in
Syms and 7 is one of the two standard tableau of shape (2, 1). Explicitly,

L1312
1_2? 2_3-

Thus, we may write a basis for W(2,1) as {Cj;, |1 <i < j <5, k=12}.In
this case, we need to recall that the Kazhdan—Lusztig cell representation of CSymj,
which corresponds to (2, 1) may be thought of as having basis {c;, , ¢, } and action
by Sym; = (r1, r2) given by
rlctl = _C‘El; rlcrz = C‘Ez _Ctl; VZCrl = C‘El - C‘Ez; r2ct2 = _C‘Ez'
With these facts, one verifies easily the following facts
$1Cas5,0; = —Cusr; $3Cas7, = C3s,¢5 FCaszy =2(Cas,zy — C3s,¢,).

Further,

e2Cs57, = 0; 2035, = Cr3.7y — Ca3.15;
e2FCys7 = 2(Ca3,0, — Ca3,7;); €14Caz, =0fork =1,2.
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Using these equations, it is straightforward to calculate that

DCys,ry =2(Ca3,0, — Ci13,5, — Co4,1, + Cra,z,
—Ca3,7; + Ci3¢y + Coary — Crary — Casgy + Casg) #0. (6.5)

This completes the proof of the Proposition. O
A computer calculation has been done to verify the case r = 6.

Theorem 6.12. Let 1 be the surjective homomorphism from B, := B,(3) to E, :=
Endgr,(c)(V(2)®7), and let ® € B, be the element defined above. Then for r < 6,
® generates the kernel of 1.

Proof. We have proved the result for r < 5. The case r = 6 was checked by a
computer calculation, which verified that dim(®) is correct in that case. Since we
know that ® € Ker(n), the result follows. O

We are grateful to Derek Holt for doing this computation for us using the
Magma computational algebra package, with an implementation of noncommuta-
tive Grobner basis due to Allan Steel.

7 The Quantum Case

In this section, we develop the theme of Sect.4.2 and consider the BMW alge-
bra BM W;(q) over A, and its specialisation BM W,.(K). The results of the last
section on the Brauer algebra all generalise to the present case, and we deduce
some new ones through the technique of specialisation. One of the key observa-
tions is that BM W, (gq) has the C-algebra BM W, (1) = B,(3) (cf. Lemma 4.2) as
a specialisation.

7.1 Specialisation and Cell Modules

In analogy with the case of the Brauer algebra, of which it is a deformation,
BM W, (q) has a cellular structure [X, Theorem 3.11] and is also quasi hereditary
[X, Theorem 4.3]. For each partition A € A(r), there is therefore a cell module
W4 (A) of dimension w, for BM W;(¢q). Each cell module has a non-zero irre-
ducible head L, (1), and these irreducibles form a complete set of representatives of
the isomorphism classes of simple BM W,.(¢q)-modules. Furthermore, BM W, (g) is
semisimple if and only if all the cell modules are simple (see [X, Sect. 3]).

Recall that BM W, (q) is the A,-algebra defined by the presentation (4.14),
where A, is the localisation of C[g*'] at the multiplicative subset S generated by
[2]4, [3]4 and [3]; — 1. By Lemma 4.2, BM W, (q) may be thought of as an integral
form of BM W, (K).
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One may identify BM W, (q) with the A,-algebra generated by (r,r)-tangle
diagrams, which satisfy the usual relations (cf. e.g., [X, Definition 2.5]). For each
Brauer r-diagram T [GL96, Sect. 4], it is explained in [X, p.285] how to construct
an (r, r)-tangle diagram T, by lifting each intersection in 7" to an appropriate cross-
ing. The tangle diagrams obtained this way form a basis of BM W,.(¢), which we
shall denote by 7.

The cell modules W, (1) of BM W;(g) are parametrised by partitions A € A(r).
They may also be described diagramatically, in a similar way to the cell modules
of the Brauer algebra B, (3) (cf. Sect. 6.2). We proceed to give this description. Let
t € T(r);thatis,0 <t <randr —t € 27Z. For a partition A of ¢, we take M (1)
to be the set defined in Sect. 6.2 for the Brauer algebra, viz M (1) is the set of pairs
(S, t) where S is an involution in Sym, with |A| = ¢ fixed points, and 7 is a standard
tableau of shape A. In analogy with Sect. 6.2, if (S, ) and (S’, t) are two elements
of M (L), we obtain the (cellular) basis element CéS',r),(S’,ﬂ) (q) of BM W,(q) by

Clsos @ =Y. Puwrn(@[S. 5 wly. (7.1)
wESymy
where Cy = 3, csym, Prw(q) T,y is the Kazhdan—Lusztig basis element of the Hecke

algebra H;(g?), [S, S’, w], is the element of the basis 7, (i.e. dangle) corresponding
to the Brauer diagram [S, S’, w], and all other notation is as in Sect. 6.2. Note that
Pow(q) € Z[g*'] C Ag, sothat C)s ) g/ 1)(@) € BMW;(q).

Now for each element (S,7) € M(A), the arguments leading to [X, Corol-
lary 3.13] describe how to associate a (r, ¢t) dangle with (S, ) which we denote by
(S, 7)4. These form an A4,-basis of W, (A), with the action of BM W, (q) given by
concatenation, using the relations in [X, Definition 2.5] and the action of the Hecke
algebra H;(g?) on its cell modules (which have basis {r}). The next statement is a
general result about cellular algebras, adapted to our situation.

Proposition 7.1. Let ¢ : A;—> R be a homomorphism of commutative rings with
1, and denote by BM W,¢ the specialisation R @y BM W, (q). Then

(1) There is a natural bijection between the Ag-basis {(S,1)q} of Wy(X) and an
R-basis of the specialised cell module W (}.).

(2) Ifa € BMW,.(q), the matrix of 1 ® a € BM W,¢ with respect to the basis in
(1) is obtained by applying ¢ to the entries of the matrix of a.

(3) The Gram matrix of the canonical form on W®(X) is obtained from that of
W4 (X) by applying ¢ to the entries of the latter.

4) If WP (L) is simple, so is Wy(R).

(5) We have rank4,L4(A) > rankg L? (1), where Ly()) is the simple head of
W4 (A), ete.

(6) For any pair p > A € A(r), the multiplicity [Wy () : Ly(w)] < W) :
L ()],

Proof. The bijection of (1) arises from any A, -basis {8} of W, (1), by taking § >

1 ® B. Given this, the assertion (2) is clear, as is (3). If A(1) is the determinant of
the Gram matrix of W, (1) (i.e. the discriminant), the discriminant A? (1) of W% (1)
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is given by A?(1) = ¢#(A(L)). If W?(Q) is simple, then A?(1) # 0, whence
A4(X) # 0. This implies that if ¢, is the inclusion of A, in K, then W% (1)(=
Wi (1)) is simple as BM W,.(K) module. It follows that W, (A1) has no non-trivial
BM W, (q)-submodules, whence (4). Finally, note that rank 4, (L4(4)) equals the
rank of the Gram matrix of the form. Since this cannot increase on specialisation, (5)
follows. To see (6), note that any composition series of W, (A) specialises (under the
functor R ®¢4 —) to a chain of submodules of W (1). But by (3), the specialisation
of L, (i) has L? (1) as a subquotient, from which (6) follows. O

7.2 An Element of the Quantum Kernel

We next consider some elements of BM W, (q) which will play an important role in
the remainder of this work, and which will be used to define the Temperley—Lieb
analogue of the title. Let f; = —g; — (1 — g~ 2)e; + g2, and set

Fy = fifs. (7.2)

We also define ej4 = g;lglezgl_lg3 and ej234 = ezglgglgzgflgs.
The next two results are quantum analogues of Proposition 6.3.

Lemma 7.2. The following identities hold in BM Wy(q) (and hence in
BMW;(q)).

4

fi = ey, (1.3)

eifi=0, fP=(*+qDfi. =123, (7.4)
erFyen = dey —deynzs + aezeny, (7.5)

erFyesers = eserFyes = (¢ + q7%)%eze14, (7.6)
exFge1234 = e1n3aFye2 = —des + aeiaza + g *aesera, (1.7)

where
a=14(-¢2%7> a=1+(1-¢»* d=(q—q ") =q*@a—1) =g 2*@-1).

The first relation follows easily from the relations (4.15), and the others are
straightforward consequences. Note that f; = (g% + ¢~2)d;, where d; is the idem-
potent of Lemma 4.2. Alternatively, one may use the representation of elements
of the BMW algebra by tangle diagrams, and the multiplication by composition of
diagrams, to verify the above statements.

Define the following element of BM Wy(q):

CIJq = ané’qu — qu — CFq€2€14Fq + qu€1234Fq, (7.8)
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where
b=1+(1-¢*>+(1—-q2)7
14+ Q49U -q¢2*+ A +¢)(1—g>)*
(Bl = D? '

Proposition 7.3. The elements Fy, ®, have the following properties:
() F7 =(q*>+q72)?F,.

(2) ei®y = Oye; =0fori =1,2,3.

(3) 7 =—(¢>+q )0+ (1 -¢*+(1-g>)*P,.

4) ®, actsas0on Vq®4.

Proof. Part (1) immediately follows from the second relation in (7.4).
The fact that e; &, = e3P, = 0 follows from the first relation of (7.4) in Lemma
7.2. Now

ezq)q = 6162Fq€2Fq — b€2Fq — 062Fq€2€14Fq + dequ81234Fq.

Using the relations (7.5)—(7.7), we readily obtain e,®; = 0. It can be similarly
shown that ®;e; = 0 fori = 1,2, 3. Thus by part (2), we see that ®, F e, = 0,
and therefore that &2 = —b®, F; = —(¢*> + ¢~ %)*bD,.

The proof of part (4) proceeds in much the same way as in the classical case. Note
that &, (V,24) C L(2) ® L(2),. Thus by Lemma 4.7, &, (V,2*) = e, @4 (V,2*) as
Uy (slz)-modules. Since e, P, = 0 by part (2), the proof is complete. O

7.3 A Regular Form of Quantum sl,

In this subsection, we consider the quantised universal enveloping algebra of sl,
over the ring A, and its representations. By “regular form”, we shall understand
an A -lattice in a KC-representation of 14, (sl2). Denote by U 4,, the A, -algebra gen-
erated by e, f,k*! and h := %, subject to the usual relations, and call it the
regular form of Uy (sl). Recall (Definition 4.1) that we have homomorphisms ¢;
and ¢, from A, to C, K, respectively; the resulting specialisation C ®¢, U4, at ¢y
is isomorphic to the universal enveloping algebra of U (sl,) of sl, with

01 00 10 10
1®e|—>(00), 1®f»—>(10), 1®h»—>(0_1), 1®k|—>(01).

The A;-span Vqreg (2) of the vectors vo, v+ (see Sect.4.3) forms a /4 ,-module,
which is an Ag-lattice in V(2). Denote the rth tensor power of V;*(2) over A, by
Vqreg (2)®7; this has an Ag-basis consisting of the elements v;, ;,....;.. Then

K ®¢, Vqreg(z)@)r = Vq(2)®r, as Uy (s12)-module;

7.9)
C ®¢, Vqreg(2)®r ~ V(2)®", assly-module. (
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Remark 7.4. The vectors 1 ®v;, j,. .., form a basis for C ® 4, V;*(2)®". It follows
that 1 ® v € C ®¢, V; 2(2)®" is zero if and only if v € (g — 1) V;#(2)®".

Denote by Ez*(r) the Ag-algebra Endy,, (V4 ™*(2)®"). Recall (Theorem 4.4)
that we have the surjection 1g : BM W, (K)— E,(r) = K ®¢, E4*(r). The next
result shows that n, preserves the A, -structures.

Lemma 7.5. We have ng(BMW,(q)) C Eg*(r). In particular; if [3]4 " 'e;, d; and
c; are the idempotents of Lemma 4.3, then 1n4(g;), nq([g—]"q), nq(d;) and ny(c;) be-

long to Efleg(r)for alli.

Proof. The formulae in Lemma 4.6 show explicitly that 7 ( [g—]’q) € Eg%(r). A sim-

ilar computation shows that 74(d;) € E;*(r), as follows. Evidently it suffices to
treat the case i = 1. Write 14(d1)(vk,;) 1= xk;; clearly we only need to show
that xx; € V;5(2)®2 for k,I = 0,%1. But one verifies easily that the following
explicit formulae describe the action of d;. Write u_; = q_2v_1,0 —Vo,—1, Up =
—q %v_11 + (1 =g )voo + g 2vi—1 and uy = g >vo,1 — V1,0, and note that

u; € Vqreg(2)®2 fori = 0, +1. Then,xl,l =X-1,-1 = O, Xo0,1 = q—_quzul,xo,l =
2

) _ 1-q~ _ _ 1 _ 1
47X1,0, X0,0 = =5 zU0, X-1,1 X1,—-1 72142 0, X0,—1 7242 41
and x_1,0 = —¢%x0,—1.
This shows that n,(d;) € E;*(r), and since g (1) + nq(di) + ng(ci) = 1. it

follows that 14 (c;) € Eq*(r). But ng(gi) = q~*nq (i5f-) — 4> 14(di) + q*1g(c:),
whence the result. O

As ally(sly)-module, V4 (2)®" = K ®¢, Vg 2 (2)®" is the direct sum of isotypic
components I,4(2/), where every irreducible U, (sl )-submodule of /,(2/) has high-
est weight 2/. It follows from the U, (sl,) case of Theorem 8.5 in [LZ] that I,(2])
is an irreducible Uy (s12) ®xc BM W, (K)-submodule of V,(2)®".

Lemma 7.6. (1) I;%(2]) = I1,(2]) N V;%(2)®" is a BMW,(q) ®a, Ua,-
submodule of V; #(2)®".

(2) The specialisation 1(21) = C ®g, 15°(21) of 1,5(21) is isomorphic as a
U(sl)-module to the isotypic component of V(2)®" with highest weight 21.

(3) 1(21) is an irreducible B,(3) ® U(sly)-submodule of V(2)®".

Proof. By Lemma 7.5, 1;%(2l) is stable under the action of BM W;(g). Since
it is evidently a U 4,-module and the U4, action commutes with the action of
BMW,(q), part (1) follows.

In view of Remark 7.4, 1(2/) is a non-trivial subspace of C ®¢, V,*(2)®". By
part (1), 1(21) is isomorphic to some U(sly) ® B, (3) submodule of V(2)®" whose
slp-submodules all have highest weight 2/. The sl, case of Theorem 3.13 in [LZ]
states that the U/(sl,) isotypical component of V®" with highest weight 2/ is the
unique irreducible (sl;) ® B, (3) submodule with this sl, highest weight. This
implies both parts (2) and (3). ad
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As a BM W, (K)-module, 1,(2]) is the direct sum of dimy V,(2[) copies of
a single irreducible BM W;(q)-module, which we refer to as LgM W (2l). Simi-
larly, 1(21) is the direct sum of dimc V(2/) copies of an irreducible B; (3)-module
LB (21). Recall that both dimy V,(2/) and dim¢ V/(2/) are equal to 2/ + 1.

Lemma 7.7. With notation as above, the irreducible BM W,(q)-module
LgMW(2l) has the same dimension as that of the irreducible B,(3)-module

LB 21).

Proof. If | # I’, I(2]) and I(20") intersect trivially since they are isotypical compo-
nents with different highest weights. Thus, ) ; dim /,(2]) = 3" = )", dim I(2/).
But the specialisation argument of Proposition 7.1 (5) shows that dimy 1,(2/) >
dim¢ 1(27), whence

dimg 1,4(2/) = dim¢ 1(2]).

Thus

, dimg I,(21)  dimc I(2]) ..
dimy LBMW o1y = K122 _ = dime LB (21).
impe L™ 2D 20+ 1 20+ 1 ime L™(2D)

|

Denote by R(K) the radical of the BMW algebra BM W, (K) and let
BMW,.(K) = BMW,.(K)/R(K) be its largest semisimple quotient. Then as
explained in Sect. 5, BMW ,(K) = @, Bx(}) with Bic(1) = Endi(Li (1)),
where L (A) is the simple head of the cell module Wi:(A). As in Lemma 5.1, the
surjective algebra homomorphism n, : BM W, (K) — Endy, (5[2)(Vq®’) induces a
surjection 7, : BM W, (K) — Enduq(ﬁrz)(Vq@’r).

Similarly, let B, (3) denote the largest semi-simple quotient of the Brauer alge-
bra. Then B,(3) = @, B(A) with B(1) = Endc(L(1)), where L(1) is the
simple head of the cell module W(1). Let 77 : B,(3) — End,r, (V ®") be the surjec-
tion induced by the map 7 : B,(3) — Ends, (V®").

Recall that in analogy with (5.2), we have

BMW,(q) = P Ba,({A}). where Ba,((AN)= Y A,Cér. (7.10)
AEA S,TeM())

Taking appropriate tensor products with /C and C, respectively, and writing B¢ ({A})
for what was denoted B({A}) in Sects. 5 and 6, we obtain

BMW,(K) =D Bx({A}). where Be({A}) = Y KCirp. and
AEA S, TeM())

BMW,(C) =@ Bc({A}). where Bc(fAh) = > CCgrp. (.11
AEA S, TeM(})
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Proposition 7.8. Maintain the above notation. Then 1), (Eq (X)) # 0 if and only if
7(B(L)) # 0. For such A, we have dimy Eq (A) = dim¢ B(A).

Proof. Let I;5(A) := Ba,({A})(V;#(2)®"), where B 4, ({1}) is defined by equa-
tion (7.10). Set I; (1) := K ®g, I5°(A) and I(L) := C ®¢, I5*(A). Then

1) = Bc({AN(C ®y, V= (2)®").

Note that 7,(1) is al, (sl2)-isotypic component of V,(2)®", and I(A) is isomorphic
to an sly-isotypic component of V(2)®”. The U, (sl2)-highest weight of I,(}) is
equal to the sl-highest weight of 7(1).

If ﬁq(Eq (A)) = 0, then I,(A) = 0. In this case, /(A) = 0 and this is equivalent
to ﬁ(?(k)) =0.If Ty (Eq (A)) # 0, then I4(A) # 0, and it follows from Remark

7.4 that I() # 0. Therefore, (B(1)) # 0.
With the first statement of the Proposition established, the second follows imme-
diately from Lemma 7.7. O

Recall that A? denotes the set of all partitions with three or fewer boxes in the first
two columns, and A! = A(r)\Ao. We have the following analogue of Theorem 6.9.

Theorem 7.9. Let Ny be the kernel of the surjective map ny : BMW,.(K) —
Endy, (s1,) (Vg (2)®7). Denote by Px the two-sided ideal of BM W, (K) generated
by @4, and by R the radical of BM W,.(K).

(1) Endyy, s1) (Vg ()®") = Do Bg (D).

(2) If & € AL, then ®y(Ly (1)) # 0.

(3) N acts trivially on Ly(M) if and only if > € A°.
4) Px + Rk = Nk.

Proof. Part (1) is an easy corollary of Proposition 7.8 in view of Theorem 6.9 (3).
For any A € A', B,(3)®W(1) = W(A) by Theorem 6.9 (1) and the cyclic
property of W(A). Since B,(3)®W(A) = C ®¢, BMW,(K)®;W4,(A) and
W(A) = C ®¢, Wa,(R), it follows that BM W, (K)®; W4, (L) = W4, (L) since
K ®4, Wa,(A) and W(A) have the same dimensions. This implies part (2).
The proof of parts (3) and (4) is essentially the same as that of Theorem 6.9 (2),
(4), and will be omitted. ad

Remark 7.10. (1) Although Theorem 7.9 has been stated over /C, it is clear that the
statements (1)—(4) hold integrally, i.e. if we replace K by A, and all K vector
spaces by the corresponding free A;-modules.

(2) Note that (2) and (3) of Theorem 7.9 imply that ®,(L4(1)) = 0 if and only
if L € AC. This is because ®, € N, implies (by (3)) that &, acts trivially on
Ly(A) for A € A%, while (3) shows that @, (L, (1)) # 0for A € A\ A°.

The final result of this section is that to determine whether ®, generates N, it
suffices to check the classical case.
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Proposition 7.11. With notation as in Theorem 7.9, if (®) = P contains R, the
radical of By (3), then (®4) ppw, () = Px contains the radical Rx of BM W, (K).

Proof. We have already noted that by [X, Theorem 3.11], BM W, (K) is cellu-
lar, with the canonical anti-involution being defined by g¥ = g; and e = e;.
It follows that <I>Z = @,, and hence that Px is a self-dual two-sided ideal of
BM W,(K). Hence, we may apply Theorem 5.4 to deduce that Px 2O R if and
only if Px Wi (1) = Ric(A) for each A € A?, where A is as in Theorem 7.9.

Now we are given that P 2 R, whence PW(A) = R(A), where W(A) = Wc(R),
etc. Write Py := (Dy) prw, (g)-

Let A € A° and consider the A,-submodule P, Wy, (X) of R4, (). For any
element r € Ry, (), since 1 ®¢, r € 1 ®p, PyW.a,(A), there exist elements
ro € PgWa,(A) andw = (¢ — 1)r1 € (g — 1)W4,(A) such that r = ro + w. But
PyWa,(A) € Ry, (A) by Theorem 7.9 (3), whence w € R4, (1), and so evidently
r1 € Ry, (A), since ry has zero inner product with Wy, (4).

It follows that multiplication by ¢ — 1 is an invertible endomorphism of the
quotient R;(A)/PyWa,(A), whence the latter is an A;-torsion module. Hence

K ®g¢, (Rg(A)/PygWa, (X)) = 0,ie. Ric(A) = PcWi(d). O
Corollary 7.12. (1) With the above notation, if ® generates N then ®, generates
Ng.

(2) If r < 6, then @, generates Ni as an ideal of BM W,.(K).

The first statement is evident from Proposition 7.11, while the second follows
from the first, together with Theorem 6.12.

We end this section by noting that our results imply the quantum analogues of
the results of Sect. 6.

Corollary 7.13. (1) The algebra BM W4(K) is semi-simple.

(2) The cell modules of BM W5(KC) are all simple except for those corresponding
to the partitions (2,1) and (13), whose simple heads have dimensions 15,6,
respectively.

(3) The cell modules Wic(13) and Wi (2, 1) have two composition factors each.

(4) The radical of BM W5(K) has dimension 239.

Proof. All statements are easy consequences of Proposition 7.1. For example, it
follows from loc. cit. (5) and (6) that if W% (1) has just two composition factors,
then either W, (1) is irreducible, or it also has two composition factors, whose
dimensions are the same as those of W¢(1). This implies the statements (3)—(5)
above. |

8 A BMW-Analogue of the Temperley—Lieb Algebra

Although implicit above, we complete this work with an explicit definition of our
analogue of the Temperley—Lieb algebra, together with some of its properties, as
well as some questions about it.
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Definition 8.1. Let A, be the ring C[¢*!, [3],7', (¢ +¢7 1), (¢>+¢72)7!]. The
Ag-algebra P, (gq) has generators {giil, ei | i =1,...,r — 1} and relations given
by (4.14) together with ®; = 0, where ®, is the word in the generators defined in
(7.8). We reproduce the relations here for convenience.

gig; =g&ifli—jl=2
gigi+18 = &i+18&i&i+1forl <i <r—1
gi—g '=(q*>—q%)1 —e)foralli
giei =eigi =q e
eigii—llei = q™e;

+1 +4
€igiy16 =4 ¢

CDq = anequ — qu — CFq€2€]4Fq + qu€1234Fq =0,
where

fi=—gi—(—q e + ¢
Fy = fifs,
e14 = gs_lglezgl_lg3’
€1234 = e2g1g3_1g2g1_1g3,
a=1+(0-qg2%a=1+1-¢>>%
d=(@q-q")=¢(a-1)=qg2a-1,
b=1+(1-¢*%+(1-q2>
1+ CHgHU gD+ (1 + ¢ (A —g7D)*
(13l — 1)? '

8.1 Properties of P.(q)

Let ¢ : Ay — K(= (C(q%)) be the inclusion map, and let ¢; : A;—>C be
defined by ¢1(q) = 1. Write P, (K) := K ®¢, Pr(q), and P, (C) := C ®¢, Pr(q).
Then there are surjective homomorphisms

Ng : Pr(K)—Endy, (s1,) V4 (2)®", and

8.1)
n: P(C)—>End,,c)V(2)®', (

where V/(2) is the two-dimensional irreducible sl, (C)-module and V,(2) is its quan-
tum analogue.
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Moreover, it follows from Theorem 7.9 (4) and that Ker(n,) is the radical of
Pr(K), i.e. that Endy, (s1,) Vg (2)®" is the largest semi-simple quotient of P, (K). A
similar statement applies to P, (C).

8.2 Some Open Problems

We finish with some problems relating to Py (g).

(1) Determine whether P,(q) is generically semi-simple, in particular whether
P, (K) is semi-simple. By Proposition 7.11, this is true provided that P, (C) is
semi-simple. The latter algebra has been shown (Proposition 6.11) to be semi-
simple for r < 5 and the case r = 6 has been verified by computer.

(2) A question equivalent to (1) is to determine whether P, (K) has dimension given
by the formula (2.5). More explicitly, we know that

r—1
2 2\ (2 2 +1
dime 200 = () + 3 ()7 poartl (8.2)
r o 2pJ\ p p+1

with equality if and only if the ideal of BM W,.(K) which is generated by ®,
contains the radical R(K) of BM W, (K).
We therefore ask whether equality holds in (8.2).

(3) Is P,(q) free as Ay-module?

(4) Determine whether P, (g) has a natural cellular structure.

(5) Generalise the program of this work to higher dimensional representations of
quantum sl;.

Finally, we note that an affirmative answer to Conjecture 6.7 implies an affirma-
tive answer to both (1) and (2) above.
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Graded Lie Algebras and Intersection
Cohomology

G. Lusztig

To Toshiaki Shoji on the occasion of his 60th birthday

Abstract Let ¢ be a homomorphism of the multiplicative group into a connected
reductive algebraic group over C. Let G* be the centralizer of the image ¢. Let LG
be the Lie algebra of G and let L, G (n integer) be the summands in the direct sum
decomposition of LG determined by ¢. Assume that 7 is not zero. For any G*-orbit
O in L, G and any irreducible G‘-equivariant local system £ on O we consider the
restriction of some cohomology sheaf of the intersection cohomology complex of
the closure of O with coefficients in £ to another orbit O’ contained in the closure
of O. For any irreducible G*-equivariant local system £’ on O’ we would like to
compute the multiplicity of £’ in that restriction. We present an algorithm which
helps in computing that multiplicity.

Keywords Perverse sheaf - Graded Lie algebra - Canonical basis

Mathematics Subject Classifications (2000): 20G99

1 Introduction

Let (G, t) be a pair consisting of a reductive connected algebraic group G over C and
a homomorphism of algebraic groups ¢ : C* — G. The centralizer G* of ((C*) in
G acts naturally (with finitely many orbits) on the n-eigenspace L, G of Ad(t(C*))
on the Lie algebra of G. (Here n € Z — {0}.) If O is a G*-orbit on L,G and L
is a G'-equivariant irreducible local system on O, then the intersection cohomol-
ogy complex K = IC(O, L) is defined and we are interested in the problem of
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computing, for any G*-orbit @’ contained in O and any G*-equivariant irreducible
local system £’ on (0, the multiplicity m;.. »- of £ in the local system obtained by
restricting to O’ the i th cohomology sheaf of K.

The main purpose of this paper is to give an algorithm to produce combinatori-
ally a square matrix whose entries are polynomials with coefficients given by the
multiplicities m;. ., »/. Note that we do not have a purely combinatorial proof of the
fact that the algorithm does not break down. We can only prove that using geometry.
But this will not prevent a computer from carrying out the algorithm.

The method of this paper relies heavily on [L5] where many of the needed geo-
metric results are proved. Note that in [L5], another purely algebraic description of
the multiplicities above was obtained, which, however, did not provide an algorithm
for computing them.

While the existence of the algorithm above has an intrinsic interest, it also implies
(by results in [CG], [L2, 10.7]) a solution of a problem in representation theory,
namely that of computing the multiplicities with which simple modules of an affine
Hecke algebra appear in a composition series of certain “standard modules.”

At the same time, as a biproduct of the algorithm, we find a way to compute
the dimensions of weight spaces in certain standard modules over an affine Hecke
algebra, (see 5.6).

In Sect. 2, we describe the algorithm. In Sect. 4, we show (based on the geometric
preliminaries in Sect. 3) that the algorithm in Sect. I is correct and it indeed leads
to the desired matrix of multiplicities. In Sect. 5, we define among other things a
partial order on the set of isomorphism classes of irreducible G*‘-equivariant local
systems on the various orbits in L, G. In 5.7, we give a formulation of our results
in terms of a canonical basis and two PBW-bases which generalizes the theory of
canonical bases [L4] in the plus part of a quantized enveloping algebra of type A4,.

Notation. The cardinal of a finite set S is denoted by |S|.

Let A = Z[v,v"!] where v is an indeterminate.

Let k be an algebraically closed field of characteristic p > 0. All algebraic vari-
eties are assumed to be over k.

We fix a prime number [/ invertible in k. Let Q; be an algebraic closure of the
field of /-adic numbers. We will say “local system” instead of “Qy-local system.” If
F is an irreducible local system (or its isomorphism class) over a subvariety ¥ of
an algebraic variety X, weset Sr =Y.

For a connected affine algebraic group H, let Uy be the unipotent radical of H,
H = H/Up, LH the Lie algebra of H, and Z g the centre of H.

2 An Algorithm

2.1 Throughout this paper we assume that we are given a connected reductive alge-
braic group G and a homomorphism of algebraic groups ¢ : k* — G. We assume
that either p = 0 or p is sufficiently large (as in the last paragraph of [L5, 2.1 (a)]).
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Weset G' = {g € G; gt(t) = 1(t)g Vt € k*}, aconnected reductive subgroup of
G.Wehave LG = @, ., LnG, where

nez
L,G ={x € LG;Ad(t(t))x =t"x V¥t ek*}.

More generally, for any closed connected subgroup H of G that is normalized
by ¢(k*), we set H* = H N G'; we have LH = EBnez L,H where L,H =
LH N L,G. Forn € Z, the adjoint action of G on LG restricts to an action of G*
onlL,G.

2.2 In the remainder of this paper, we fix a subset A of Z consisting of two non-zero
integers whose sum is 0. We assume that either p = 0 or A C (—p, p).

We say that (G, 1) is rigid if for some/any n € A there exists a homomorphism
of algebraic groups y : SLy(k) — G such that y () %) = 1(r*) mod Zg
for any ¢ € k™. In this case, let C§; be the nilpotent G-orbit in LG such that the
corresponding unipotent class in G contains y(«) for any unipotent element u# €
SLa(k) — {1}.

Let P be the variety of parabolic subgroups of G. Let P* ={P € P;1(k*) C P}.
If P € P, then ¢ gives rise to a homomorphism

k* — P,t +> (image of t(¢) under P — P),
denoted again by ¢. Hence, L, P, P' are well defined in terms of this ¢; we have
L,P=L,P/L,Up.

2.3 Let 75" (resp. 7 C';’r) be the set of isomorphism classes of G-equivariant irre-
ducible local systems on some nilpotent orbit in LG which are cuspidal (resp.
primitive) in the sense of [L1, 2.2] (resp. [L5, 2.7]).

We have 75" C 72" The classification of local systems in 72 can be deduced
from the known classification of local systems in 75". For example, if G is simple

of type Eg, then 7, Cl;’r consists of two objects: one is in 75" and one is Q; over the
G-orbit {0}. Let

Je ={(P,E); P € P €€ TE’, (P, ) is rigid, Clﬁ = S¢}.
Now G* acts on Jg by g : (P,&) — (gPg ', Ad(g):€). Let J ; be the set of
orbits of this action. Let K¢ be the Q(v)-vector space with basis (Is)seg,, -

For a connected affine algebraic group G, let Xg be the variety of Borel sub-
groups of G and let rk(G) be the dimension of a maximal torus of G. We set

eg =Y dimH* (Xg.Q)v*>. 9g = (1-v*)*Peg € Zp?].
J

If FeT, Gpr and G is the connected centralizer in G of some element in Sz, we set

rp=v imXoe, e A
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2.4 Let Q € P'. Associating with the Q*-orbit of (P’,€) € Jg, the G*-orbit of
(P,&) € Jg (where P is the inverse image of P’ under Q — Q0 and P’ P are
identified in the obvious way) defines a map ag :J 0~ J - We define a Q(v)-

linear map fQG :Kg — Kg by Ls' > Iag(S’) for an}TS’ € lg‘

2.5 We define amap u : Jg — 75 by (P,€) + F where F is as follows. We
choose a Levi M of P and identify M with P in the obvious way. Then £ becomes
a local system £pr on a nilpotent M -orbit D in LM . Let C be the nilpotent G-orbit
in LG that contains D, and let F be the unique G-equivariant local system on C
such that F|p = Epy. (See [L5, 2.7].) Then F € 7% is clearly independent of the
choice of M.

For F € T§' let J& = p~'(F). Then JZ is G'-stable; let 77, be the set of G-
orbits on JZ . We have a partition 7, = | | J g and a direct sum decomposition

Kg =EBK§,
_7.'

where F runs over 75" and KZ is the subspace of K¢ spanned by {Is:S € JZ}.

For F € Tgr, let Y7 be the set of all (P, E),(P',&")) € Jg X jg* such that
P, P’ have a common Levi. Now G* acts diagonally on Y 7; let Y7 be the set of
orbits. Define 7 : Y¥ — Z by

L,Upr + L, U LoUpr + LoU
Q> 1(Q) = dim 2 E T I TP i D0YE T LoVp
L,Up N L,Up LoUpr N LoUp

where ((P,£), (P’,£")) is any element of the G‘-orbit  and n € A. (The fact that
this definition is independent of the choice of 7 in A is seen as in [L5, 16.3].)

2.6 For (P,&) € JGf, we choose a Levi M of P that contains ¢(k*); let P be
the unique parabolic subgroup with Levi M such that P N P = M. We have
(P.&) e ij for a unique £. Although P is not uniquely defined by P, its G*-orbit
is uniquely defined by the G*-orbit of (P, £) (since M is uniquely defined by P up
to the conjugation action of Up). Thus, (P,£) (f’,t‘:’) induces a well defined
involution S — S of Jg .

Similarly, for ((P, &), (P’,£")) € Y7, we choose a common Levi M of P and
P’ that contains ¢ (k*) and let P be the unique parabolic subgroup with Levi M such
that P N P = M. We have (P, &), (P’,£")) € Y7 for a unique €. Again the G'-
orbit of (P, &), (P’,£’)) is uniquely defined by the G*-orbit of ((P,E), (P',£"))
(since M is uniquely defined by P, P’ up to the conjugation action of U, + p,). Thus,

((P.E), (P& — ((P,),(P', &) induces a well defined involution Q >
of Lf. As in the proof of [L5, 16.4 (c)], we have

Q) +1(Q) =cr (a)
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where

cr =dimL,G —dim LyG —dim L, P + dim Ly P

for any (P,€) € ij . (If (P, &) is another pair in ij , then there exists an isomor-
phism P = P’ which is compatible with ¢ so that ¢+ depends only on JF).

2.7 Let F € TGpr. In (a) and (b) below, we give a “combinatorial” interpretation of
the sets J’ g and Y7 We may assume that Sz N L,,G # @; otherwise both our sets
are empty.

Let M be the centralizer in G of some maximal torus of the connected centralizer
in G* of some element in Sz N L, G. Then ((k*) C M and M is independent of
the choices (up to G*‘-conjugacy) since, by [LS5, 14.5], Sz N L,G is a single G*-
orbit. Let X = {P € P;M isaLeviof P}.If P € X, then (P,£) € JZ fora
unique &, see [L5, 11.6 (c)]. We have an imbedding X — Jr, P — (P, £) and an
imbedding X — jg*, P+ (P,E%). Let Ng M be the normalizer of M in G. Itis
known that the conjugation action of Ng M/ M on X is simply transitive. Note that
(NgM)'/M" is naturally a subgroup of Ng M/ M . We show:

(a) The map j; : (set of (Ng M)*/ M*-orbits on X) — lg induced by the imbed-
ding X — jG}- is bijective;

(b) The map js : (set of (Ng M)'/ M‘-orbits on X x X) — Y7 (orbits for diago-
nal action) induced by the imbedding X x X — Y7 is bijective.

Let (P,€) € JGF. We can find a Levi M’ of P that contains ¢(k*). Using [L5, 11.4],
we see that there exists g € G* such that gM’g™! = M. Then gPg~! € X. We see
that j; is surjective.

Now let P, P’ € X be such that P’ = gPg~! for some g € G'. Then M
and M’ = g~! Mg are Levi subgroups of P that contain ¢(k*). There is a unique
u € Up such that uMu~' = M’. For any t € k*, we set ' = 1(t)ut(t)"! € Up;
we have

M =M ()™ =d @OMu@) ' = ' M

By the uniqueness of u, we have ' = u. Thus u € Up. Let g’ = gu. Then g’ € G*,
P =g'Pg \,M = g~'Mg'. Thus, g € (NgM)'. We see that j is injective.
This proves (a).

Let (P.€),(P',&")) € Y7. We can find a common Levi M’ of P, P’ that con-
tains ¢(k*). As in the proof of (a), we can find g € G* such that gM'g™! = M.
Then (gPg~',gP’'g™ ") € X x X. We see that j, is surjective.

Now let P, Py, P/, P| in X be such that P’ = gPg~!, P = gP1g~! for some
g € G'. Then M and M’ = g~ ! Mg are Levi subgroups of P N P; that contain
t(k*). There is a unique u € Upnp, such that uMu™! = M’. As in the proof of
(a), we see using the uniqueness of u that u € Up, p . Let g’ = gu. Then g’ € G,
P =g'Pg ' Pl =g'Pig’ ', M = g"'Mg'. Thus, g’ € (NgM)". We see that
Jj2 is injective. This proves (b).
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2.8 Define a symn}etric Q(v)-bilinear form () : Kg x Kg — Q(v) by setting (for
SeJL.SeJl

(IS . 15/) = 0if F’ 7é .7:*,

gen
(IS :IS/) = ﬁ_G E (_V)‘L'(Q) lff/ — ]_-*,
Z(l)i Qey”
71 (R)=8,72(Q)=S5’

here 7y : Zf — lf, T Zf — lg/ are the obvious projections and P € P is
such that (P, &) € S for some E.

Let™: Q(v) — Q(v) be the Q-algebra involution such that v = v~ for all
m € Z. Define a Q-linear involution 8 : Kg — K¢ by

B(pls) = pls

forall p € Q(v),S € J;. Define a Q(v)-linear involution o : Kg — Kg by
o(Is) = Iz (see 2.6) for all S € lg From 1.6 (a), we see that for § € K7,
£ € KZ', we have

(BE) : BE)) = ()T (a(§) : §). (a)
Let
Rg =1{€ € Kg; (£ : Kg) = 0}.
From (a) we see that B(Rg) C Rg. Clearly, if Q € P, then for § € Ko we have

I8 (BE) = BUS &) (b)

Moreover,
1§ (Ro) € Re. ©)

See 4.5 for a proof.

2.9 Letn € A.Let P € P* be such that (P, ¢) is rigid. We can find a Levi subgroup
M of P such that ((k*) C M. Let s be the unique element in [LM, LM] such
that [s,x] = mx forany m € Z, x € L,,M. We have LG = D, ¢(n/2z L"G
where LG = {x € LG;[s,x] = rx}and LG = @re(n/z)z,zez L7G where
LG = L"G N L;G. We say that P (as above) is n-good if

r

LUp = ®re(n/2)z,teZ;2t/n<2r/n LtG

(This implies that

LM = @re(n/Z)Z,teZ;Zt/n=2r/n L;G’ LP = @re(n/Z)Z,teZ;Zt/nsZr/n L;‘G)
Note that the condition that P is n-good is independent of the choice of M.
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Let 3, be the set of all P € P* such that (P, ¢) is rigid and P is n-good. Let
B, = {P € Pu; P # G}. Now G* acts on ‘P, P, by conjugation. Let %nQ;
be the sets of orbits of these actions. These are finite sets since G* acts with finitely
many orbits on P*. We have G € 3, if and only if (G, ) is rigid. Hence, g = @n
if (G, ) is notrigid, B = ?; U{G}if (G,¢) is rigid.

2.10 Letn € A.Forn € %n, we set
dy =dimLoG —dimLoP +dimL, P,

where P € n. Forn,n’ € g, we say that n’ < nif dyy < dy. We say that ' < n if
either n = 1’ or ’ < n. Now < is a partial order on ‘B’ .

2.11 Our goal is to define subsets Z,] of K¢ (forn € Aandn € ‘13 ). The definition
of these subsets is inductive and is based on a number of lemmas which will be
verified in Sect. 4 (where we assume, as we may, that k is an algebraic closure of a
finite field). If G is a torus, then 1 must be {G} and Z,] consists of the unique basis
element of K. We now assume that G is not a torus, and that the subsets Z,| are
already defined when G is replaced by any P with P € 3),.

Our definition is based on the following scheme:

(i) We first define Z,! in the case where iy € P by

P
zn = 15 (Z\P),

where P € nand f§ is as in 2.4. (Note that 2z« Kp is defined by the
inductive assumption.) We set

=Uz,;7.

’
neg,

(i) Using (i), we define elements an for any § € Z, by a procedure similar to the
definition of the “new” basis of a Hecke algebra. (See 2.13.)
(iii) Using (i) and (ii) for n and —n, we define Z,] for n € ﬁn — Q; (See 2.18.)

Lemma 2.12 Letn € A.

(@) Ifn €Y and P € n, the map 2 5 Z1 civen by £ f5 (§) is bijective.
(b) The union U”E% Z1 is disjoint.

(¢) In the setup of (a), let &' € Z, (relative to P instead of G). Then flg (&) isan

A-linear combination of elements in various Z,’Z, (with n € % n < n) plus
an element of Rg.

(d) In the setup of (a) let & € Z{P} Then B(&y) — &o is an A-linear combination
of elements in Z], (relative to P) plus an element of R p.

(e) The matrix with entries (£ : £') € Q(v) indexed by Z| x Z! is non-singular.

See 4.6, 4.7 for a proof.



198 G. Lusztig

2.13 Letn € A. We show that for any £ € Z,, we have

BE) = > agg & mod Re. (a)

£1€2)

where ag¢, € A are uniquely determined and satisfy the following conditions
(where 1,y are givenby £ € Z. & € Z'):

agg, # 0implies ny < nor § = &;;

ag g = 1 if%’ = fl.
We have § = ff (&0), where & € Z,{lB (notation of 1.11 (i)). We express B(£o0) —&o
as in 1.12(d). Applying fﬁ and using 1.12(c), 1.8(d) and 1.8 (c), we deduce that

(a) holds except perhaps for the uniqueness statement. To show the uniqueness, we
note that the a¢ ¢, are determined from the system of linear equations

(BE) &)=Y (1 :E)aeg,

£1€2),

(with & € Z)), whose matrix of coefficients is invertible by 1.12 (e).
Using the equality 82 = 1 : K¢ — K¢ and the inclusion 8(Rg) C R¢ (see
2.8), we see that for any &, &; in Z, we have

> Grgage =S
§r€Z;

Using a standard argument, we see that there is a unique family of elements cg g, €
Z[v] (defined for &, &, € Z) such that for any £,&; € Z) with§ € Z,], & € 2",
we have

Ceg = Z Ce g 08,85
&€z

ce g, 7 0implies ny < noré = &;;

ceg, 70,8 # & implies cg g, € VA]Y];

Cegl = 1if§ = El-
For & € 2/, we set an = Z&lez;, cg g &1. Then ﬁ(W,,S) = W,,S mod Rg.
2.14 Until the end of 2.16, we assume that (G, ¢) is rigid. For any F € 7} such
that Sz = C(;, we set Sy = wY(F) which, by [L5, 11.9], is a single G*-orbit Jg
(n asin 2.5). Let

C'={71s, F el .Sr=C§} C Kg:

here rr € Ais as in 2.3.

2.15 Letn € A. For any x € Kg, we define Y,,(x) € K¢ by the conditions

(Yu(x): Z,) =0, x=Ya(x)+ Y vek
gezy
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with y, € Q(v). The coefficients y¢ are determined from the system of linear
equations

Y E )y =(x:8)
tezy

with &’ € Z], whose matrix of coefficients is invertible by 1.12 (e). Let
Jon = {60 € ZL Ya(WE) ¢ Ra}

and let C, be the image of the map J_, — Kg, & +— Y,,(W_SS). This can be
regarded as a surjective map h, : J_, — Cy.

Lemma 2.16 h,, is bijective.
See 4.10 for a proof.

Lemma 2.17 Forn € A, the union 2], U C, U C’ is disjoint.
See 4.11 for a proof.

2.18 If (G, ) is not rigid, then ﬁn = %; and the definition of the subsets 2,/
(n € B, ) is complete. If (G,1) isrigid andn € A, we set Z,EG} =C, Ul .By2.17,
this union is disjoint. The definition of the subsets Z, ( € ?n) is complete.

We set Z, = Z if (G, 1) is not rigid and 2, = Z! U Z6" if (G, 1) is rigid. By
2.17, the last union is disjoint.

2.19 Forn € A and § € Z,, we define an element Wns as follows. When & € Z],
this is already defined in 2.13. When (G, ¢) is rigid, we set W = w'n © it e ¢,
and Wf = gif£ e C.

We now define a matrix (cg¢/) with entries in Q(v) indexed by Z, x Z, by the
following requirements:

When &, & € Z, then ¢g ¢ are as in 2.13.

When € € 2, & ¢ 2, thencg g = 0.

When & ¢ Z,. & ¢ Z,, thencg g = 8¢ ¢r.

When & ¢ Z,, then cg ¢ for £ € Z are determined by the system of linear
equations (an D E) = Ypes 1 ENcge (with 7 € Z)) whose matrix of
coefficients has invertible determinant.

Note that for any £ € Z,, we have

We= " cent. (a)
E/EZH

Lemma 2.18 Letn € A. Let S € J ;. There exist esg € A (for § € Z,) and
r € Rg suchthatls = Y ¢cz esgb + 7.

See 4.14 for a proof.
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3 Geometric Preliminaries

3.1 In this section, we assume that Kk is an algebraic closure of the finite field F,
with |F,| = p. Forq € {p, p?,...}, let F, be the subfield of k with |F;| = q.
If X is an algebraic variety, we denote by D(X) the bounded derived category of
(constructible) Q;-sheaves on X. For K € D(X), let H! K be the ith cohomology
sheaf of K. Forn € Z, let Q;(n /2) be as in the Introduction to [L8]. We write
K[[n/2]] instead of K[n] ® Q;(n/2). We fix a square root /P of pin Q.Ifg =
p(e € N), we set /g = (/p)¢. We shall assume that Frobenius relative to Fy
acts on Q;(n/2) as multiplication by Vg™
For a connected affine algebraic group G, we have

gl1)ya = ILG(FQ) T IG(Fy)

for any F-rational structure on G such that G is F;-split; here ¢ is as in 2.3.

Define w : k — k by x > x? — x. Let U be a local system of rank 1 on k
such that & @ Qy is a direct summand of @, Q;. Let E, E’ be two k-vector spaces
of the same dimension < oo and leto : E x E’ — Kk be a perfect bilinear pairing.
Lets : ExXxE — E,s' : Ex E — E’ be the projections. Recall that the
Fourier-Deligne transform is the functor D(E) — D(E’) givenby A > s{(s* (4)®
o*U)[[dim E/2]].

We fix a perfect symmetric bilinear pairing (,) : LG x LG — k, which is
invariant under the adjoint action of G.

In this section, we fix n € A. For any G*-orbit O on L, G, let O be the closure
of O in L, G. The natural G*-action on L, G has only finitely many orbits [L5, 3.5].

Let L, G be the unique open G*-orbiton L, G.

3.2 Let V be an algebraic variety with a given family { of simple perverse sheaves
with the following property: any complex in f comes from a mixed complex on V
relative to a rational structure on V over some Fy. Let Df (V') be the subcategory of
D(V) whose objects are complexes K such that for any j, any composition factor
of PH/(K) is in f. Let Kf (V) be the free .A-module with basis Bf(V) given by the
isomorphism classes of simple perverse sheaves in f. Let K be an object of Df (V)
with a given mixed structure relative to a rational structure of V' over some Fy.
We set

gr(K) =YY" (=1)/(mult. of Ain? H/ (K)p)(—v) ™" 4 € KI(V),
A j,heZ

where A runs over a set of representatives for the isomorphism classes in f and the
subscript 4 denotes the subquotient of pure weight / of a mixed perverse sheaf. (This
agrees with the definition in [L7, 36.8] after the change of variable v - (—v)~1)
Note that gr (K [[m/2]]) = v"gr(K) form € Z.

Now let V1 be another algebraic variety with a given family f; of simple perverse
sheaves like § for V. Then D't (V7) is defined. Assume that we are given a functor
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© : D(V) — D(V;) which restricts to a functor DF (V) — D1 (V}). Assume also
that ® is a composition of functors of the form ai,a* induced by various maps
a between algebraic varieties. In particular, ® preserves the triangulated structures
and makes sense also on the mixed level. Define an A-linear map gr(®) : K'(V) —
Kt (V1) by the following requirement: if A € § is regarded as a pure complex of
weight O (relative to a rational structure of V' over some Fy), then gr(©)(4) =
gr(®(A)) where ®(A) is regarded as a mixed complex on V; (with mixed structure
defined by that of A). Note that gr(®)(A4) does not depend on the choice of mixed
structure. If ®' : D(Vy) — D(V>) is another functor like ©, then so is ®’® and we
have

gr(©'0) = gr(0)gr(O). (a)

3.3 For an algebraic variety V' with a fixed rational structure over some Fy and a
mixed complex K on V, we define a function yx : V(F;) — Q; by

xx(x) = Z(—l)j(trace of Frobenius on H{; (K)).
J

34 Let jLnG be the collection consisting of all irreducible G*‘-equivariant local
systems on various G*-orbitsin L, G. Let I, g be the set of all isomorphism classes
of irreducible G'-equivariant local systems on various G*-orbits in L,G. For L €
Jr,6.k € J1, 6, we write L € k instead of “k is the isomorphism class of £.”

For L € k (as above), we say that £ or k is cuspidal (resp. semzcuspzdal) if (G,1)

isrigid, S, = L,,G and there exists F € 75" (resp. F € Tpr) such that LnG C Sr,
L= Fls,.-

On the other hand, if 7 € ’Téu and Sx N L,G # @, then (G, ) is rigid and
f|z G is irreducible, cuspidal in J7, . (See [LS5, 4.4].)

We write K(L,G), B(L,G) instead of K/(L,G), BF(L,G) (see 3.2) where
f is the family of simple G‘-equivariant perverse sheaves on L,G. The notation
K(L,G), B(L,G) agrees with that in [L5, 3.9].

Fork € J1,G,wesetk® = IC(Sy, £)[[dim S, /2]] (extended by 0 on L, G —S,)
where £ € k. We have B(L,G) = {k°*;x € J1,,G}. We set

B(L,G) = {k;k € TL,6}-

We define a Z-linear involution 8 : K(L,G) — K(L,G) by B(V™"k®) = v "k*®
formeZ,k €J,6

We choose a rational structure for G over some F,; with Frobenius map F :
G — G such that ((t9) = F(u(¢)) for any t € k*, such that any G‘-orbit in
L,G or L_,G is defined over Fy and such that any irreducible G*-equivariant local
system over such an orbit admits a mixed structure. Then G* is defined over Fy.
We assume as we may that G' is Fy-split, and any connected component of P* is
defined over Fy.
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Letk € Jp,¢ andlet £ € k. Leti : S — L,G be the inclusion. We choose a
mixed structure for £ which is pure of weight 0. Then i1 £[[dim S /2]] is naturally a
mixed complex on L, G and

K = gr(i1L[[dim S, /2]]) € K(LG)

is defined as in 3.2. It is independent of the choice of rational/mixed structures.
Using the definitions and the purity statement in [L5, 18.2], we see that

K* = Z flc,/c’ﬁ/s (a)

K'€31,G

where we have (in Z[v]):

few = Z(mult.of «’ in the local system H"/IC(S‘K, £)|SK,)vdim Sic—dim s =i’
l'/
if S C Sk,
few =0if S & S,

In particular,

fK,K =1,
Sewr = 0if Sy = Se, k' # k,
Siew € VEPifk" # k.

We see that the B(L,G) is an A-basis of (L, G).

3.5 Induction Let P € P*'. Then K(L, P) is defined as in 3.4 (in terms of P,
instead of G,t). Now P’ and its subgroup Up act freely on G* x L, P by y :
(g.x) — (gy~',Ad(y)x); we form the quotients E/ = G* xyt, LnP, E’ =
G'xp. L,P.Letw : L, P — L, P be the canonical map. We have a diagram:

b
L.P < E 2 E" 5 L,G,

where a(g, x) = n(x), b(g,x) = (g,x), c(g,x) = Ad(g)x.

Note that a is smooth with connected fibres of dimension s = dim LoP +
dim L, Up, b is a principal P‘-bundle and c is proper.

Let A be a simple P‘-equivariant perverse sheaf on L, P. There is a well defined
simple perverse sheaf A on E” such that

a*A[[s/2]] = b* A[[dim P*/2]].
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Moreover, if we regard A as a pure complex of weight zero (relative to a rational
structure over some Fy), then A is naturally pure of weight zero and oA is nat-
urally a mixed complex whose perverse cohomology sheaves are G‘-equivariant.
Hence gr(c1A) € K(L,G) is well defined; it is independent of the choice of mixed
structure for A. Now A > gr(c1A) defines an A-linear map

ind§ : K(L,P) — K(L,G).

3.6 Now assume that A = IC(L, P, £)[[dim L, P /2]] where L € jL,,g is cuspi-
dal. Let

inG = {(gP",2) € G'/P' x LnG:Ad(g")z € 7~ (Lu P)}.

We have a diagram

LnP < {(g.2) € G' x LnG:Ad(g )z € 7 (LnP)} - [nG -5 L,G
with _
a(g.2) = n(Ad(g™")2),b(g,2) = (gP'.2),¢(gP",2) = 2.
Let £ be the local system on LnG defined by @*£ = b*L. Using [L5, 4.4 (b)], we
see as in [L5, 6.6] that c1A = ¢\ L[[dim LoUp/2 + dim L, P/2]]. If L is regarded

as a pure local system of weight zero (relative to a rational structure over some Fy),
then L, A, A are naturally mixed of weight zero and in /C(L, G) we have

dimLoUp  dim LnP:|:|) _ VdimLoUP+dimL"Pgr(C!/£).

gr(ciA) = gr (5;[1 H: 7 + 7

3.7 Wenow fix P, P’ ¢ P'.Let L € ﬁLng (resp. L' € jL,,g) be cuspidal. Let

A= IC(LyP. L)[[dim Ly, P/2]] € D(L, P),
A' = IC(L,P', L)[[dim L, P'/2]] € D(L, P).

Let L,G,L,¢, ¢, be as in 3.5, 3.6, and let L;G,L;/,E/,c/,n’ be the analogous
entities defined in terms of P’, L’.

Let R = {h € G“;hPh™! and P’ have a common Levi}. For 1 € R, we set
O = hPh~!; we have isomorphisms

d
P 0 < (0N P)/Ugnp > P!
(d is induced by Ad(h), e and f are induced by the inclusions Q N P’ C Q,
Q NP C P'). Then fe7'd : P — P’ is an isomorphism compatible with
the homomorphisms ¢ : k* — P, : k* — P’ It induces a Lie algebra iso-

morphism L P = L P’ compatible with the gradings, hence an isomorphism

L,P —> L, P’. This carries £ to a local system "L on L, P’. We set
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LoUpr + Ad(h)(LnUp) dim LoUp: + Ad(h)(LoUp)
L,Up N Ad(h)(LnUp) LoUpr N Ad(h)(LoUp)

t(h) = dim

Let R’ be the set of all 4 € R such that # £ =~ £’*. Note that R and R’ are unions
of (P'*, P')-double cosets in G*, and that 7 (%) depends only on the (P’*, P*)-double
coset 2 that contains /; we shall write also tg instead of (k).

3.8 In the setup of 3.7, we choose a rational structure for G over some F; with
Frobenius map F : G — G as in 3.4. We assume as we may that F(P) =
F(P'y= P andthat F*L >~ L, F*L ~ (.

For various varieties X connected with G which inherit an Fj-rational structure
from G, we shall write X ' instead of X (Fy).

We may assume that L, £ have mixed structures such that all values of y. :

(Ln_)F — Qo (L P )F — Q; are roots of 1. Then £, L', A, A’ are pure of
weight 0. Note that £, £/, & L, C’E' A A A, c'A’ hence also &£ ® ¢y 'L, A ®

et ¢/ A’ are naturally mixed complexes. We have

— —dim LoUp—dim L, P . I —dim LoU p/—dim L, P’ X
Xeyd = (\/@ 0 " Xé i Xc!’A’ = (\/@ o=p " Xg{gh

Lemma 3.9 We have

gen
> Xeydgejr(X) = (iZéQ(—VYQ)
P Q

xe(L,G)F

()

v=—l/ﬁ

Here Q runs over the P't, P'-double cosets in G' such that Q@ C R’ and eq are

roots of 1. Note that g% € Z]2).
Zp

Let N be the left hand side of (a). We have

N=WD" Y tateqe®=D7 Y time ).

xe(L,G)F x'eXF
where
w = —dim LoUp —dim L, P — dim LoUps — dim L,, P’,
X =L,G x1,6 LG = {(gP'.g'P".2) € G'/P' x G'/P" x L,,G;
Ad(g™ "z e N (Lo P). Ad(g' )z € 7' (Ln P}

We have a partition X = | | Xg into locally closed subvarieties indexed by the
various (P'*, P')-double cosets 2 in G*, where

= {(gP'. g’ P" 7)€ G'/P' xG"/P" x L,G;
g lg € Q. Adg )z € n N (LnP). Ad(g'Y)z € 7N (LnP'))



Graded Lie Algebras and Intersection Cohomology 205

(There are only finitely many such € since P’*, P' are parabolic subgroups of
G'.) From our assumptions, we see that each Q2 is defined over F,. We have
N =)o Nq, where

No = (V9™ > xs@PLxp(g P o).
(gP‘,g/P”,z)eXg

We fix an € as above. Now G acts on (L,G)F by § : (gP'.2) ~
(ggP',Ad(g)z), and from the definitions we see that y; is constant on the or-
bits of this action. A similar property holds for y ;. It follows that the function

X§ — Q. (gP'.g'P"2) > yp(gP D) xp(g' P".2)

is constant on the orbits of the G*f -action on X 5 given by
g:(gP'.g'P".2) > (ggP'.gg'P"'. Ad(2)2).

Since a : X — (G'/P'Y)F, (gP', g’ P"",2) v g'P'* is compatible with the
obvious actions of Gf and since the G -action on (G*/ P’*)¥ is transitive, we see
that for y € (G*/P'")F, the sum

> xe(gP . D (g P 2)
(gPt.g’ P 5)ea (y)

is independent of the choice of y. It follows that No = (/9)® [(G'/P")F|N{,
where

Ng = > Xe (P Do (' (2)).
(8P'9e(LnG)F;
cen’ 1 (Ly P).geq
(We have used that y s, (P",z) = xr/ (7' (z)) which follows from the definitions.)
We set

Yo ={(gP'.2) € G'/P' x L, P";Ad(g" )z € 7' (L, P). g € Q}.

Defineo : Yo — L, P'byo(gP', z)=n'(z). Then Ns/z:z:g @ P/)FNs/z/(f)Xﬁ/(g),
(Ll
where
Ng(§) = > 1:(gP'.2).

(gPta)ea—1(OF
Let Kg = o (£| Yo, )- This is naturally a mixed complex over L, P’, and we have

NG(E) = xkq(€) for & € (L, P))F. If we assume that zPh~! N P’ contains no
Levi of hPh™! for some/any h € , then we have Kg = 0 (see [L5, 8.4(b)]);

hence yx, = 0 and N§(§) = O for any § € (L,P')F. It follows that Ny = 0,
hence No = 0.
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On the other hand, if we assume that #Ph~! N P’ contains no Levi of P’ for
some/any h € 2, then we have again No = 0. (This follows from the previous
paragraph applied to P, P/, Q7! instead of P/, P, Q.)

Assume that €2 is not as in the previous two paragraphs. Thus, setting Q =
hPh™! for some h € QF, the intersection Q N P’ contains a Levi of Q and also
a Levi of P’; it follows that Q, P’ have a common Levi. We have F(Q) = Q and
Q € P'. We have isomorphisms

P-L o< ©nP) U L P

(d is induced by Ad(h), and e and f are induced by the inclusions Q N P’ C Q,
QNP C P Then fe"!d : P — P’ is an isomorphism compatible with
the homomorphismst k* — P,i : k* — P’ It induces a Lie algebra iso-
morphlsm LP = L P’ compatible with the gradings, hence an isomorphism
L P = L P’. This carries £ to a mixed local system *£ on L P’. By [L5,

8.4 (a)] and its proof [L5, 8.8], in which Tate twists must be also taken in account,
we see that KQ|Z = h£[[—8g]] where

nt

8q = dim LoUp — dim(LoUp' N LoUg) + dim(L,Up' N L,Up)
and Kq| o = 0. We see that
LyP/~Ly P’

nt —Lpl

Ng = ¢ Z X E =4 Y g, (b

te(L,P)F ge(Ln P

If" L 2 £'*, then” L& L’ has no direct summand 2 Q;; hence by an argument as

in [L6, 23.5] we have H/ (L, P’ "L®L') = 0forany j; it follows that the last sum
is 0 so that NS’2 = 0. (To use [L6, 23.5] we need to know that the transitive action of

Pz 2,, on L, P’ has isotropy groups with unipotent identity components; in fact,
in our case the isotropy groups are finite as we can see from [L3, 4.4, 2.5 (a)].) It
follows that Ng = 0.

We now assume that #£ =~ £'*. Then £ ® £’ has a unique direct summand
isomorphic to Q;, and Frobenius acts on the stalk of this direct summand at any

point in L, P'F as multiplication by a root of unity € (/). By an argument in [L6,
24.14], we see that

Z Yoo (§) = e P ZY 7

SeLni

Hence, No = e(h) (/)™ 22| (G'/P')F || P/*F ) Z4F | that is,

—e(h)(f)w+289 2d1mL0UP/|GLF||ZOF l. (©)
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We set

so =dim LoUp = dim LoUp, s(’) =dim LoUp-,

s, =dim L, Up —dunLnUQ, ' =dim L,Up-,

tO = dim(LoUp: N L()UQ), n = dim(L,Up: N LnUQ),

ro = dim(LoUp + LoUQ), rp, = dim(L,Up: + LnUQ).
We have ro + 1) = so + 53, I'n + 1, = Sp + 5),.

Since Q*, P’* are parabolic subgroups of G* with a common Levi, we have so =
so- Letz = dimZ} = dim Z9,. Let g¢ = dim G". Since the action of P'/Z} on

L, P has an open orbit with ﬁmte stabilizers, we have dim L, P = dim P' — z.
Moreover, dim P* = dim G' —2dimUp = g —2s¢. Thus, dim L, P = g —z—25o.
Similarly, dim L, P’ = g—z—2s9. We havedim L, P = dim L, P +dim L,Up =
g —2—280 + 8. Similarly, dim L, P’ = g —z—2s¢ + s,,. We see that the exponent
of \/q in (c) is
w + 286 —2dim L, Up/

=—50— (g —2—250 +sn) — S0 — (g —z2— 250 + 5,,) — 2t + 21,

=2(so —ty) — (sn + 5, — 21;) —2¢ + 2z

= (ro—ty) = (ra — ;) —2g + 22

=—19 —2¢ + 2z
Thus, we have
G lq~*

Ng = €(h)(«/_ e |ZOF| "

The lemma follows.

3.10 Let f, be the family {Q;} of simple perverse sheaves on a point. Write
KC(point) instead of K2 (point). We identify /C(point) = A in an obvious way. De-
fine an A-bilinear pairing

() K(L,G)x K(L,G) — A

by the requirement that if K, K’ are simple G‘-equivariant perverse sheaves on
L, G, we have
(K : K') = gr(pi*(K R K') € A, (@)

where K, K’ are regarded as pure complexes of weight zero (relative to a rational
structure over some fy),i : L,G — L,G x L,G is the diagonaland p : L,G —
point is the obvious map (so that pyi*(K X K’) is a mixed complex). Note that
(K : K’) does not depend on the choices, hence it is well defined.

311 Let P, P' € P'.LetV = (G'xp. Ly P)x(G* xpr Ly P'), V1 = LG x L, G,

V2 = point. Let f be the family of simple perverse sheaves on V' of the form AR A
where A is defined in terms of a simple P‘-equivariant perverse sheaf A on L, P
asin 3.5 and A’ is defined in a similar way in terms of A’, a simple P'*-equivariant
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perverse sheaf on L, P’. Let f; be the family of simple G* x G'-equivariant perverse
sheaves on V;. Let f, be as in 3.10. Let ® = (c,¢')1 : D(V) — D(V1) where
¢c:G' xpo L,P - L,Gisasin35and ¢’ : G* xpn L,P' — L,G is the
analogous map. Let @' = p1i* : D(V1) — D(V>) with p, i asin 3.10. Then 2.2 (a)
is applicable. Thus, we have gr (p1i*(c, ¢')1) = gr(pi*)gr((c.c')). If A, A, A, A’
are as above, then

(ind (4) : ind§,(4") = gr(pi*)gr((c,)NAR D),

hence
(ind$ (4) : ind$,(4")) = gr(pi*(c,M)(AR A). (a)

We apply this to 4, A’, A , A’ asin 3.8. We choose an F-rational structure on G and
mixed structures on A, A’ as in 3.8. From (a) we see that

(indZ (A) : indG,(4)) = Y dja(=1)! (-»)7",

Jj,heZ

where d ;, = dim H! (L,G,ciA® c!’ff’)h and the subscript /2 denotes the subquo-
tient of pure weight /4 of a mixed vector space. Let {A; p.x;k € [1.d; ]} be the

eigenvalues of the Frobenius map on H/ (L,G,c14 ® c!'/f’ )1 By the Grothendieck
trace formula for the sth power of the Frobenius map (s € Z~() we have

YooY V= Y Keydgeidr ()

J-heZke(l,d; p] x€L,G(Fys)

(in the right hand side y is taken relative to Fys). Using Lemma 3.9 and its proof
(with g replaced by ¢*), we deduce

Yoo WA= DD a =D D e (VT

Jjh€Zkell,d; 5] QeR’ \i€[1,u] i’e[1,u] Q

Here we write

ﬂGL/ﬁZ(I), = Z y2ai _ Z V2bi/

i€[1,u] i’e[1,u']

with ay,as,...,a,,b1,bs,...,by in N. We can find some integer m > 1 such that
es = 1forany € R'. Then for any s € mZq, we have

DD Maxt X DL (Wt

J.heZ ke[l,d; p] QeR’ i’e[1,u]
J even
_ K} —25a; —STQ
=D 2 Mkt ) D (e
JheZ ke(l,d; p] QeR’i€[l,u]

j odd
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It follows that the multisets

U U v U 2=y,

JheZ ke(l,d; p] QeR i’e[1,u]
J even
U U wwv J U =y
JheZ ke(l,d; p] QeR’ i€[l,u]
J odd

coincide. Hence for any & € Z, these two multisets contain the same number of
elements ¢ of weight & (i.e., such that any complex absolute value of £ is (ﬁ)h).
Since A ; i has weight i, we see that for any & we have

S djg+ Q. ) € R x [1ul): ~2bys — 10 = h}]

je2z

D din+ (i) € R x [1,u];—2a; — 1 = h}].
je2z+1

It follows that

Yo dn T T Y e

J,h€Z;j even QeR i’€[1,u]
= > dnT Y Y -y,
J,h€Z;j odd QeR’i€[l,u]
Equivalently,
ﬂG
Y dia=1) ()" = Y=,
Jj,heZ ZP QeR’
that is,
fel
(indF(4) : indf, (4)) = 52 37 (=)@ (b)
ZP QeR/

3.12 The perfect pairing (,) : LG x LG — Kk (see 3.1) restricts to a perfect pairing
L,G x L_,G — Kk denoted again by {, ). Note that (Ad(g)x, Ad(g)x") = (x,x’)
forx € L,G,x’ € L_,G, g € G*. The Fourier-Deligne transform D(L,G) —
D(L—_,G) (defined as in 3.1 in terms of (,)) takes a simple G‘-equivariant per-
verse sheaf A on L, G to a simple G*-equivariant perverse sheaf CD,? (A) (or ©,(A))
on L_,G. Moreover A — &, (A) defines a bijection B(L, G) = B(L_,G),
and this extends uniquely to an isomorphism ®, : (L, G) = K(L-,G) of A-
modules. From [L5, 3.14 (a)], we see that this is the inverse of the isomorphism
d_, : K(L-,G) = K(L,G) defined like ®,, in terms of —n instead of n. Let

k—k, Jr,¢6 =>JIL_,G
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be the bijection, such that for any ¥ € J1, we have
D, (k%) = &°. (@)

The inverse of this bijection is denoted again by k +— «.

For any simple G‘-equivariant perverse sheaf A on L, G, the restriction of the
G‘-action on LG,, to Zg (a subgroup of G') is the trivial action of Zg. Then Zg
acts naturally by automorphisms on A and this action is via scalar multiplication
by a character ¢4 : Zg — k™ (trivial on the identity component of Z¢). From the
definitions, we see that

C,(4) = CA. (b)

Now assume that (G, ) is rigid and that £ € jLnG is cuspidal (so that S, =

Z,,G). Let A = IC(LnG, £)[[dim L, G/2]]. According to [L5, 10.6 (e)], we have
®,(A) = IC(L_»,G, L)[[dim L_,G/2]] where L' € Jp_, ¢ is cuspidal (so that

S = L—»G). We can find F € 75", F' € 75" such that £ = ]—"lz o L =
F'lo . We show: !

) F=7. ©)
From (b), we see that the natural action of Zg on any stalk of £ and £’ is through
the same character of Zg. Now Zg also acts naturally on each stalk of F and F’
through some character of Z¢ (in the adjoint action of G on LG, Zg acts trivially).
Since £ = F | =F IL = , the character of Zg attached to F is the same

as the character of Z g attached to F'. But from the classification of cuspidal local
systems, it is known that an objectin 73" is completely determined by the associated
character of Zg. This proves (c).

3.13 Let P € P". Define an A-linear map IndLG K(L,P) - K(L,G) asin [LS5,
6.2]. We show:

Ind5G (&) = ind§ (¢) for any & € K(L, P). (a)

Let A be a simple P‘-equivariant perverse sheafon L, P.Let Aandc : E” — L,G
be as in 3.5. We regard A as a pure complex of weight zero (relative to a rational
structure over some Fy). Then A is naturally pure of weight zero and, by Deligne
[D], c14 is pure of weight zero. Using [BBD], we deduce that for any j, ? H/ (c;/[)
is pure of weight j. Hence, the definition of indg (A) becomes

ind§(4) = ) > “(mult. of Ay in ? H (c1A))v™/ Ay, (b)
Ay JEZ

where A; runs over the set of simple G'-equivariant perverse sheaves on L, G (up to
isomorphism). On the other hand, since 1A has weight zero, we have (by [BBD])
ad =~ @ — (c1A)[—/] in D(L,G); hence IndLG(A) is equal to the right

hand side of (b). We see that mdg (A) = Indég (A). This proves (a).
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From (a), we see that a number of results proved in [L5] for fﬁ:i’]:IG, imply corre-
sponding results for indg (see (c)—(f) below).

(¢) The elements indg (A) € K(L,G) with P € P* and A as in 3.6 span the Q(v)-
vector space Q(v) ® 4 K(L,G).
(We use [L5, 13.3,17.3].)

(d) Let P, P’ € P*. Assume that P C P’. Let Q be the image of P under P’ — P'.
Note that Q is a parabolic subgroup of P’ containing 1(k*) and Q = P. Then

indg K(LyP) — K(LnG) is equal to the composition

indg ind$,
K(L,P) — /C(Lnﬂl) — K(L,G).

(We use [L5, 6.4].)

(e) Let P €P'. For any £ € K(L,P), we have ind§(®2(£)) = dF (indG (¢)) €
K(L-,G) (here indg in the left hand side is defined in terms of —n instead
of n).
(We use [L5, 10.5].)

(f) Let P € P!, £ € K(LnP). We have ind% (B(§)) = B(ind$ (£)).

The proof is along the lines of the proof of the analogous equality [L7, 36.9 (c)],
which is based on the relative hard Lefschetz theorem [BBD].

3.14 Let Z((v)) be the ring of power series ;.7 a; v/ (aj € Z) such thata; = 0
for j <« 0. We have naturally A C Z((v)) and Z((v)) becomes an .4-algebra.

Let{,}: K(L,G)xK(L,G) — Z((v)) be the A-bilinear pairing defined in [L5,
3.11]. We show:

(: &) = V6 {E.§ }us— forany §.§ € K(LnG). (a)

If £ = ind$(A4).& = ind$,(A') with P, P', A, A’ as in 3.7, then (a) follows
by comparing 2.11(b) with the analogous formula for {Indf§(4), Ind2G,(A")}
in [L5, 15.3]. (We use also 2.13(a).) This implies (a) in general, in view
of 2.13 (¢).

Fork € J1,6,L € k, we define k* € J1,,g by L* € k*. Then k** is the Verdier
dual of k®. We show that for «, k" in J1,, g, we have

(k° : K'®) € 8y o + VZ]V). (b)

(k : k') € 8irpex + VE[V). ()

Using (a) and [L5, 3.11(d)], we see that to prove (b) it is enough to verify the
following statement.

If f € Aand 195}f € § + vZ[[v]] with § € Z, then f € § + VZ[v].
This is clear since 195} e 1 +vZ[p]].

Now (c) follows from (b) using the fact that the transition matrix from (k) to (k*)
is uni-triangular with off-diagonal entries in vZ[v] (see 2.4 (a)).



212 G. Lusztig

3.5 Let x € L,G. Let O be the G'-orbit of x in L,G. Let P = P(x) be the
parabolic subgroup associated with x in [L5, 5.2]. Recall that ¢«(k*) C P. We show:
(@) The adjoint action of Up on x + L, Up is transitive.

Let S be the orbit of x under this action. Since S is an orbit of an action of a
unipotent group on the affine space x + L, Up, itis closed in x + L, Up. Hence, it is
enough to show that dim §' = dim L, Up or that dim Up —dim(Up)x = dim L, Up,
where (Up ) is the stabilizer of x in Up. The last equality is proved in the course
of the proof of [LS5, 5.9]. This proves (a).

Letw : L,P — L, P be the canonical map. We have x € n~1(L, P), see [L5,
5.3 (b)]. We show:

(b) The adjoint action of P* on 7~ (L, P) is transitive.

Let y € 7~ (L, P). To show that y is in the P‘-orbit of x, we may replace y by
a P‘'-conjugate. Hence, we may assume that y € x + L,Up. In that case, we may
use (a). This proves (b).
b

LetL,P g g S L, G be as in 3.5 (defined in terms of the present
P).Let EY = G* xp. w1 (L, P), an open subset of E”. We show:

(c)c : E" — L,G restricts to an isomorphism E{ — O.
Using (b), we see that G* acts transitively on E{; hence, c(EY) is a single G'-
orbit. It contains x, hence it equals O. We see that E{ C ¢~!(O). By the proof of
[L5, 6.8(b)], ¢ restricts to an isomorphism ¢~ () 5 O0.In particular, ¢~ (0O)
is a single G'-orbit. Since E7 is a G'-orbit contained in ¢~!(0), we must have
E{ = ¢71(0) and (c) follows.

Now let £’ be an irreducible P‘-equivariant local system on L, P. Define k" €
Jp,p by L €k’ . Thenk' € K(L,P) is defined as in 3.4. Let L' be the local system

o
on E} whose inverse image under the obvious map G' Xy, Y (L,P) — EY
coincides with the inverse image of £’ under

G' Xy, 77_1(Ln£) - L,P,, (g, x) = m(x).

Let £ be the irreducible G‘-equivariant local system on O corresponding to £’ under
the isomorphism E{ — O induced by c. (See (c).) Define x € Jz,6 by £ € «.
Then k € (L, G) is defined as in 3.4. We show:

(d) & = indf ().
We choose an Fj-rational structure on G as in 3.4, so that x is Fj-rational; hence,
P is defined over F; and a mixed structure for £’ which is pure of weight 0. Let i’ :

o
L,P, - L,P,i : O — L,G,i: E{ — E" be the inclusions. Let (A, ),e[1,m]
be a set of representatives for the simple P‘-equivariant perverse sheaves on L, P.

Now A = i{L'[[dim L, P /2]] is naturally a mixed complex on L, P, and we have

€ =>" " (=1)/ (mult. of A, in ? H; (A))(—v) "4, € K(Ln P).
J.h re[1,m]
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We attach to each A, a simple perverse sheaf A, on E” by
a*Ar[ls/2]) = b* 4, [[dim P*/2]],

where s is as in 3.5. Let /I~= inl'[[dim EY/2]] € D(E"). From the definitions
we have a*A[[s/2]] = b*A[[dim P*/2]]. Since a, b are smooth morphisms with
connected fibres of dimension s, dim P', we deduce that

a*("H’ (A)w)lls/20] = b* (P H' (A))[[dim P'/2]]

and
mult. of A, in ? H;(A);, = mult. of A, in? H; (A)

for any r, j, h. Hence,

K = Z Z (—1)/ (mult. of A, in ?H; (A))(—v) " 4,.

Jsh re[l,m]

By the definition of ind$, we have (in (L, G)):

indf () =) Y (= (mult. of A in?H;(A)n) (=) "gr(cr(4)))
J.h re[l1,m]

= gr(aé),

where

=Y Y (=1)/(mult.of A, in ? H;(A)p)(—v) " 4, = gr(A) € KI(E")
Jj.h re[1,m]

and f is the family of simple perverse sheaves on E” of the form A, (r € [1,m]).
Thus,

ind$ (k') = gr(ci(gr(inL'[[dim E7 /2]]))).

Let f; be the family of simple G'-equivariant perverse sheaves on E{. Let fo be
the family of simple G‘-equivariant perverse sheaves on L, G. Applying 2.2 (a) to
® = iy : DI(E]) - DNE"), ® = ¢ : DN(E") — Do(L,G), we obtain
gr(ciiyy) = gr(cy)gr(ir). We see that

ind§ (') = gr(ciinL'[[dim O/2])).

(Recall that dim E] = dim O.) From the definitions, we have ci uwL' = i\L. Hence,
ind% (") = gr(iL[[dimO/2])) = .

This proves (d).
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3.16 We preserve the setup of 3.15. Let O, be a P'-orbit in L, P — L, P. Let
E} = G' xp 771(0,), a subset of E”. We show:

The image of Eyunder c:E" — LyGis contained in O — O. (a)

Let y € c(E”). We show that y € O. We have y = Ad(g)n for some g € G
and n € L, P. Replacing y by Ad(g~!)y, we may assume that y € L, P. By [L5,
5.9], L, P is contained in the closure of the P‘-orbit of x in L, P which is clearly
contained in O. Thus y € O. We see that ¢(E”) C O. In particular, c(E}) C O.
By the proof of 2.15(c), we have Ef = ¢~1(0). Since E{ N E} = @, we have
¢ Y (O)NEY = @; hence c(EY)NO = @. Thus, c(EY) C O —0O and (a) is proved.
Now let k” € T, p be such that S,» = O,. Then " € K(L,P) is defined as
in 3.4. From the definitions, we see that indg (") € Y, Ak where « runs over the
elements of J7 ,g such that S, is contained in the closure of ¢(E%). Using this and
(a), we see that
indZ() e Y Ak (b)

kS, CO—-0O

317 Let £, L" € :"JLng. Define k', k” € Jp,,6 by L' € «’, L € k”. Assume that
Ser N Ser = 0. We show:

(' k") =0. (a)
We choose an Fy-rational structure on G as in 3.4 and mixed structures on £', £
which makes them pure of weight 0. Let i’ : Sy — L,G,i” : Spr — L,G. Let
V=S8SgxSe, Vi =L,GxL,G,V, = point. Let f1, f» be asin 3.11. Let f be the
family of simple perverse sheaves on V consisting of L' X £L”. Let ® = (i’,i"); :
DWV) — D(Vy). Let ® = pi* : D(Vy) — D(V2) where p,i are as in 3.10.
Then 2.2 (a) is applicable. Thus, we have gr(pii*(i’,i")1) = gr(oi*)gr(G’,i")).
Hence

gr(pi®)gr (G, i"))(L B/ LY) = gr(pd™ @, i")) (L B L").

The right hand side is zero since i*(i’,i")(L" ® L") = 0 (by our assumption
SeNSer = @). Thus, gr(mi*)gr((@’,i”)) (LK L") = 0. Using this and 2.10 (a),
we see that (a) holds.

4 Computation of Multiplicities

4.1 For any n € A, let G*'\ L,,G be the (finite) set of G*-orbits on L, G. We define
a map
PBn — G\L,G (@)

as follows. Let P € B,. Let M, L; G be as in 2.9. We have Lg = LG’ for a well
defined connected reductive subgroup G’ of G. Now G’ acts on L G (by restriction
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of the adjoint action of G on LG), and there is a unique open G’-orbit Oy for this
action. Since G’ C G, there is a unique G*-orbit O on L, G that contains Op. Now
(a) associates O with P. Clearly (a) factors through a map

P, > G'\LxG. (b)

This is a bijection. Its inverse associates with the G*-orbit of x € L, G, the G*-orbit
of the parabolic subgroup associated with x in [L5, 5.2].
Another parametrization of G‘\L,G was given by Vinberg [V] (see also
Kawanaka [K]).
Forany n € P , let O, be the G*-orbit in L, G corresponding to 1 under (b).
Note that
dim O, = dy, (©)

where dy, is as in 2.10. This follows easily from [L5, 5.4 (a), 5.9].

4.2 In the remainder of this section, we assume that K is as in 3.1. From the bijection
3.1(b), we see that B(L,G) = |_|,cq; By, where

B;’ = {&;K (S] jLng, SK = O,,}.

4.3 We set QK (L,G) = Q(v) ® 4 K(L,G). Forn € A, we define a Q(v)-linear
map

tn =18 : K¢ - K(L,G)
by sending the basis element Is to indg (A) where (P,£) € S and

A=1C(LnP, 5|2 P)[[dim L,P/2]].

The pairing 2@V (L, G) x A (L, G) — Q(v) obtained from the pairing (:) in
3.10 by linear extension will be denoted again by (:). From 2.11 (b), we see that the
equality

(tn(§) 1 ta(€)) = (£ : ) (a)
holds when &, £’ run through a basis of K¢ ; hence, it holds for any &, £’ in K. Since
tn is surjective (see 2.13(c)) and the pairing (:) on QC(L, G) is non-degenerate
(see 2.14 (b)), we see that kert,, = R so that #,, induces an isomorphism

in:Ke/Rg — WK(L,G). (b)

4.4 Letn € A. Weextend 8 : K(L,G) — K(L,G) to a Q-linear endomorphism
of QWK (L, G) (denoted again by B) by p ® £ — p ® B(£). We show that

Bn(§)) = ta(B(£)) (@)

for any § € K. We may assume that § = Is for some S € J ;. Then we have
B(&) = &. It is enough to show that ,B(indg (A)) = indg (A) where P, A are as in
4.3. By 2.13(f), we have ,B(indg (4)) = indg (B(A)), and it remains to note that
B(A) = A.
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We extend ®, : K(L,G) — K(L-,G) to a Q(v)-linear isomorphism
QK (L,G) — AC(L_,G) (denoted again by ®,). We show that

®p (1n(8)) = t-n(§) (b)

forany § € K. We may assume that § = Is for some S € J ;. Itis then enough
to show that if (P, &) € S and

A= IC(Lnﬁ’glz P)[[dim L P/2]],
A= IC(L P&, dimL P/

then @g (indg (A4) = indg (A"). Using 2.13 (e), we see that it is enough to show
that indg (@ng(A)) = indg (A’). Hence, it is enough to show that @nﬂ(A) =
This follows from 2.12 (c) (applied to P instead of G).

4.5 Letn € A.Let Q € P'. Forany § € Ko, we have

1S (f§ ) = ind§ (12()), (@)

where fQG is as in 2.4 and indg is extended by Q(v)-linearity. We may assume that
§ = I forsome S’ € lQ; then the result follows from 2.13 (d).

We show that 1.8 (c) holds. Using 3.3 (b), we see that it is enough to show that
In (fQG (Rg)) = 0. Using (a), it is enough to show that indg (t,,g(Rg)) = 0. This

follows from tng(Rg) = 0 (see 4.3).

4.6 In Sect.2, we tried to associate withanyn € A andn € ‘13 asubset Z, of K.
We will go again through the definitions (with the help of results in Sect. 3) and we
will add the requirement that
(a)foranyn € %n, tn restricts to a bijection Z,' = B,
We may assume that G is not a torus and that the subsets Z,! are already defined
when G is replaced by any P with P € B,. (If G is a torus, then n must be {G}
and we define Z;! to be the subset consisting of the unique basis element of Kg.)
Assume first that n € A and n € %; (see 2.9). We define 2 as in 2.11. We

show that (a) holds for our 7. Let £ € Z,/. With notation in 1.11 (i), we have § =
fF (&) for some £ € Z,{,B, where P € 7. Using 3.5(a), 1 (S (§')) is equal
to ind$ (12(¢")) which by the induction hypothesis belongs to ind% (B}£). Thus,
th (fﬁ (&) € indg(B,,{B). By 2.15 (d) and its proof, indG maps B{B into B, and

in fact defines a bijection a : B{P} — B,! (we use the isomorphism in [L5, 5.8]).
Thus, we have ¢, (fPG (&) € B". We consider the diagram

ZP = z]

azl a3l

B¥ —— B,
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where a; defined by indg, a, is defined by tn£ and a3 is defined by t,? . This diagram
is commutative by 3.5 (a). By the induction hypothesis, a, is a bijection. We have
just seen that a is a bijection. It follows that aza is a bijection. Hence a; is injective.
By the definition of Z,!, ay is surjective. Thus, a; is a bijection. In particular, 1.12 (a)
holds. Since asza; is a bijection, we see that a3 is a bijection. Thus (a) holds in
our case.

4.7 Letn € A. Define Z) asin2.11.Let L;,G = {x € L,G; P(x) # G}. Let

In =14k €JIr,6:Sc C L,G}, I, ={k;k €I}

—n

Now t, defines a bijection Z, — I,.

We show that 1.12(b) holds. Let n,n’ be two distinct elements of @; . Then
21 27 are disjoint since their images B, B! under t, are disjoint. (A local sys-
tem in B, has a support different from that of a local system in B,/ " since 3.1 (b)is
a bijection.)

We show that 1.12(c) holds. Using 3.5 (a) and 3.6 (a), we see that this follows
from 2.16 (b). (We use also 3.1 (c).)

We show that 1.12 (d) holds. Using 3.4 (a) and 3.6 (a), we see that it is enough
to prove the following statement (for G instead of P). If (G,¢) is rigid and « €
JL,G — In, then B(k) —k € }_,,c; Ax’. This is immediate from the definitions.

We show that 1.12 (e) holds. Using 3.3 (a), we see that it is enough to show that
the matrix with entries (¢,(§) : 7,(§)) indexed by Z,, x Z] is non-singular. It is
also enough to show that the matrix with entries (k : «’) indexed by I,, X I, is
non-singular. This follows from 2.14 (c) since I,, is stable under k +> «*.

4.8 Let [1,] be the A-submodule of (L, G) with basis I,,. Now L,G — L}, G is
empty (resp. is L, G) if (G, ) is not rigid (resp. rigid). Hence L, G is a closed subset
of L,G. This, together with 2.4 (a) shows that {«*; k € I, } is an A-basis of [1,].

4.9 For & € Z|, we define an as in 2.13. We have 1, (§) = k where k € [,,. We
show:

(@) 2 (W) = K*.
Let y = tn(W,f). Applying 1, to the equality ,B(W,,S) = W,,E mod R in
2.13 and using 3.4(a), we see that B(y) = y. Applying #, to the equality
an = Zslez;, ceg &1 in 2.13, we obtain y = Zslez,g ceg,tn(§1). We see that
y = Yo few k' where k’ runs over the elements in Jz,, g and

f;,,c/ # 0 implies dim S,» < dim S, or § = £’;
fexr 0, k # &' implies fe o € VZ[V;
few = 1ific =«

These conditions together with () = y determine y uniquely. Since k* satisfies
the same conditions as y (see 3.4), we see that y = «°. This proves (a).
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4.10 Until the end of 4.11, we assume that (G, ¢) is rigid. For n € A, we define
J_nasin2.15.LetC = Q(v) ®4 [L,]. Let & € Z7,. Then t_, (&) = k, where
k € I_,. We have & € J_, if and only if #,(W*3) ¢ C, that is, if and only if
@, (tn(WE9)) ¢ @,(C) that is (using 3.4 (b)), if and only if 71—, (W3) ¢ &, (C)
that is (using 3.9 (a) with n replaced by —n), if and only if «* ¢ ®,(C). Now
{k$:k1 € In}is a Q(v)-basis of C. By 2.12(a), {k1°;k1 € I} is a Q(v)-basis of
@, (C). Hence the condition that k* € ®,(C) is equivalent to the condition that
k = k1 for some k € I,,. We see that & € J_,, if and only if ¥ ¢ I,,.

Assume now that & € J_,. Since k ¢ I,, we have S; = L,G. Define h,
as in 2.15. Let z = t,h,(&p). From the definitions, we have t,,(W_S —z€eC
and (z : C) = 0. As we have seen earlier, we have @, (z,,(W_fg)) k*. Hence

z,,(ng) = ®_,(k*) = k°. Thus, we have k* —z € C. Slnce S = L G, we have

k® =k mod C. It follows that k — z € C. Using S; = L,,G and 2.17 (a), we see
that (k : C) = 0. Since (z : C) = 0 we see that (¢ —z : C) = 0. Since () is
non-degenerate on C (see 4.7) and k — z € C, we see that k — z = 0. Thus

(a) tyhy is the map & — Kk where k € 1_y is given by t_,(§9) = k.

We show that 2.16 holds. It is enough to show that &, is injective. It is also enough
to show that ,h, is injective. Let & € J_,. Define k' € I, by t_,(§)) = «'.
Assume that ¢ = £’. Then & = £’ and k = «’. Since —, : 2/, — I_, is bijective,
it follows that &y = &;. Thus 2.16 is proved.

Let C, = h,(J—y,) (see 2.15). The previous proof shows that the map C,, —
t,(Cy,) (restriction of #,) is a bijection. We see that

tn(Cn) = {g/;/c’ € jLnG, Ser = LnG,k/ € ]_n}.

4.11 Define C' asin 2.14. If F € TX', S]-‘ = Cg and rr, Sy are as in 2.14, then
forn € A we have t,,(r}- Is,) = k = k°, where k € K(L,G) is ]-"| . (The

last two equahtles follow from [L5 11.13].) Replacing n by —n, we have 51m11ar1y
1n(r7'ls,) = k' = k'* where k’ € K(L_,G) is ]-'|L o Using 3.4 (b), we have

—n

®, (k%) = q)n(tn(r]_-'lISy:)) = t—n(r]_-'lISy:) =«'".

Thus, ¥’ = k sothat k& ¢ I_,.
We show that the map C' — 1,,(C’) (restriction of f) is a bijection. It is enough
to note that the map F — F |Z G is a bijection from Tg to the set of semicuspidal
n

objects in Jz,,g. This follows from the fact that if x € L, G, the centralizer of x in
G and the centralizer of x in G* have the same group of components.

We now show that 2.17 holds. First, we show that C, N'C' = @. It is enough to
show that if k € ¢,(C,) and & € 1,(C’), then k # k. From our assumption we have
kel k ¢ I_, (see above). Thus, K # &, as required.
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Next we show that Z,, N (C, U C’) = @. It is enough to show that if k € #,(Z])
and £ € 1,(C, U ('), then ¥ # K. From our assumption we have S, # L,G,

Sg = L,G. Thus, k # i, as required. This proves 2.17. We see also that the map
2 UC, UC — t,(Z] UC, UC') (restriction of t,) is a bijection.

4.12 If (G, 1) is not rigid, then the definition of the subsets Z,! (n € E) is complete.
If (G.0) is rigid, then B, — ' = {G}.Forn € A, weset Z,%) = ¢, UC". By 2.17,
this union is disjoint. The deﬁmtlon of the subsets Z,! (n € ‘B ) is complete. Define
Z, as in 2.18. Note that the map Z,, — 1,(Z,) (restriction of t,) is a bijection.

We show that #,(Z,) = B(L,G).Letk € J,6.If k € I,, thenk € 1,(Z)). If
k € Jr,6—Inandk € I_,, thenk € t,(Cp). Ifk € Jp,6—Ipandk € Jp_,6—1 4,
then by [L5, 12.3] we have k € #,(C’). We see that

(a) t, restricts to a bijection Z, = B(L,G).

4.13 Forn € A and £ € Z,, we define an element an as in 2.19. We show:
@) If tn(§) = k withk € 31, then tn(Wf) = k°.
When & € Z], this follows from 3.9 (a). Next assume that § € C,. Define & € J_,
by h,(§0) = §. Define ko € J1_,6 by t—,(§0) = k. Using the definition 3.4 (b)
and 3.9 (a) (for —n instead of n), we have
tn(WE) = ta(WE) = @ (1-n (WE3)) = P_pic§ = ko”.

By 3.10(a), we have k = 1,(§) = ko. Thus (a) holds in our case.

Finally, assume that £ € C'. In this case we have t,,(W,,”’E )=1,(8) =Kk = k°, see
4.11. This proves (a).

Let « € Jr,6. Let § € Z, be such that #,(§) = k. Let cgg be as in 2.19
(¢ € Z,). Applying t, to both sides of 1.19 (a) and using (a) we obtain

=D ez, sem @),

Comparing this with 2.4 (a), we see that for any «, " in J1,,¢ we have

Jewr = Ce gy (b)

where £, &’ € Z, are defined by t,& = «, t,&' = «k’. Note that (b) provides a method
to compute explicitly the matrix of multiplicities ( fi /).

4.14 We prove2.18. Let S € JP . Let (P.€) € S, L = Ele . Let ¢, L, Abeasin

3.6. We regard Lasa pure local system of weight 0. By [L5, 21.1 (b)] and its proof,
H!é L is pure of weight i and is 0 unless i € 2N. It follows that in K(L,G) we
have indg (4) = ZkejLnG és,ck, where és € A is equal to a power of v times
>~ (mult. of £ in H&L)v. (Here £/ € k.) From the definitions we have for any
Eez,

(@) ese = €5,
where ¥ = t,(£). Hence 2.18 holds.
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5 Further Results

5.1 In this section, we assume that k is as in 3.1.

To any n € A and any ¥ € J1,G, we shall associate a G*-orbit S, € iG, an
element r, € A — {0} and an element L, € K(L,G) such that L, = 1, (rK_IISK).
We may assume that these objects are already defined when G is replaced by P with
P ep,.

(i) Assume first that « is semicuspidal. There is a unique 7 € J¢ such that

SN L,I' = L,G and .7-'|z o € k. Let S = SF (see 2.18), re = rg

(see 2.3) and L, = k = k°. These elements satisfy the required condition
(see 4.11).
(i) Next we assume that k € I,. We have k € B, for a unique n € g; Let

P e Then P # G.Leta : B > B be the bijection in 4.6. Let
ky = a (k). Now Sk, ;> L, € K(LnP) are already defined from the
induction hypothesis. Let e = 7y, Ly = indg (Li,), Sc = ag(S,q). These
elements satisfy the required condition.

(iii) Next we assume that k ¢ I, and « is not semicuspidal. By 4.12, we have
k € I_,. Now S, ri, Ly € K(L-,G) are defined as in (ii). Let S, = S,
re = ri, Le = ®_,,(L;). These elements satisfy the required condition.

This completes the definition of Sy, ¢, L.

5.2 Forn € A, we shall define a partial order < on Jz,c. We may assume that <
is already defined when G is replaced by P with P € ).
(i) Assume that at least one of «, x” is semicuspidal. Then k¥ < «’ if and only if

K=k’

(ii) Assume that S, # S, and neither « nor ’ is semicuspidal. Then ¥ < «’ if and
only if Sy C Sir — Sy

(iii) Assume that S, = S, and k € I, (hence also «’ € I,). We have .k’ € B,
for a unique n € ‘]3; Let P € n;then P # G. Leta : B,{,B — B} be the
bijection in 4.6. Let k; = a~ (), k) = a~!(«’). We say that k < «’ if and
only if k1 < k| (which is known by the inductive assumption applied to P).

(iv) Assume that S, = S/, k ¢ I, (hence k' ¢ I,) and neither « nor «’ is semi-
cuspidal. By 4.12, we have k € I_,, k&’ € I_,. We say that ¥ < «’ if and only
if & < &’ which is known from (ii) (if S; # Si/) or (iii) (if Sy = S;/).

This completes the definition of <. We write ¥’ < k instead of ¥’ < «, k" # k.

5.3 Example In this subsection, we assume that G is the group of automorphisms
of a 4-dimensional k-vector space V preserving a fixed non-degenerate symplec-
tic form. We fix a direct sum decomposition V' = V_; & V; where V;, V_; are
Lagrangian subspaces. For any r € k* define ((f) € G by ((t)x = tx for
x € Vi, tt)x = t7'x for x € V_i. Let A = {2,-2}. Note that (G,1) is
rigid. We identify G* with GL(V1) by g — g|v,. The grading of LG defined
by ¢ has non-zero components in degrees —2,0,2 and L,G (resp. L_»,G) may
be identified as a representation of G* with S2V; (resp. S?V;*) where S? stands
for the second symmetric power. For n € A, the set Jz, g consists of five objects
KonsK2,n, K20, K3,n, K3, Where k; , represents the local system Q; on the G'-orbit
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of dimension i (i = 0,2,3) and k; , represents a non-trivial local system of rank
1 on the G'-orbit of dimension i (i = 2,3). The effect of the Fourier—Deligne
transform is as follows.

@, (K(;,n) = K;,—n’ @, (Kg,n) = k;,—n! an(K;,n) = K(;,—nv @, (E;,n) = KE,—n’

~@ ~@
CI)" (KZ,n) - K2,n'
The partial orderin 5.2 is ko n < k2,1 < K3,n < K3, K2, 1s isolated. We have

_,® e } . _ e B _ ~e )
LKO.n - KO,n’ L’C2,n - K2,n + KO,n’ LK3,n - K3,n’ LK3,n - K3,n + K3,n’

__ ~e
LE2.n - K2,n‘

5.4 We show that for any n € A and any k € J1,G, we have
(@) Ly €k + Zx’ejLn0;K’<K A K/'
We may assume that (a) is already known when G is replaced by P with P € 3),.
(i) Assume that k is semicuspidal. Then L, = « and (a) is clear.

(i1)) Assume that k € I,. Let P,a, k; be as in 4.1 (ii). By the induction hypothesis,
we have L, € kK, + D A . Applying ind$ and using 2.15(d), we

: KKk <K1
obtain
Le €k + Yyex Aalk]) + Xy ey AindG (k)
where

X ={kl;k) < Kl,S% =85 Y ={k:k] < /q,SK; # Se, )

Forkj € X, we have Sq() = S and a(k}) < k. Fork; € Y, we have S, C

Sk, — Sk;- By 2.16(b), for any &} € Y, indg (k%) is an A-linear combination

of elements k’ where S, C Se — Sk (hence k¥’ < k). Hence L, satisfies (a).
(iii) Assume that « ¢ I, and « is not semicuspidal. By 4.12, we have « € I_,. By

(ii), we have
L; € £+ ZK/;K/<I'( AE/
Using k, € k§ + ZK6<K0 Aky® for ko € I_,, we deduce Ly € k° +
> e <ic AK'®. Applying Y, , we obtain
Leex®+ Zk/;/c/<fc *AK—/.
Using k] € k; + Z,C/l <, Ak forky € I, we see that it is enough to show that for
any «’ such that ¥’ < k we have &’ < k. If S, = S;-, then this follows from 4.2 (iv).
If S¢ # Si, then Sy C Se — S¢ (we have S, = L, G), hence again k' < k (using
4.2 (ii)).
This completes the proof of (a).
From (a), we deduce
(b) The set {L,;x € J1,¢} is an A-basis of (L, G).

5.5 We show that:

(a) the map 31,6 — TGk S is injective.
Let k,k’ € Jp,c be such that S = Sys. Then #,(S¢) = t,(Sk’) hence re L, =
i L. Using now 4.4 (b), we deduce that k = k” as desired.
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5.6 Let§ € Z, and let k = t,(§). By [L3, 3.36], the numbers és ,|,—; (for var-
ious S, see 4.14) are the dimensions of the various “weight spaces” of a standard
module over an affine Hecke algebra. Using 3.14 (a) we see that the dimensions of
these weight spaces are given by the numbers es ¢|,=; (for various S), hence are
computable from the algorithm in Sect. 2.

5.7 In this subsection, we shall summarize some of the results of this paper in terms
of the vector space K¢ = K /Rg. (Any text marked as ... applies only in
the case where (G, () is rigid.) Note that the pairing (:) on K¢g induces a pairing
KG X KG — Q(v) denoted again by (:). Also f : K¢ — Kg induces an involution
Kg — Kg denoted again by B. Let = : Kg — Kg be the obvious map.

Since forn € A, B(L,G) is a Q(v)-basis of Q" C(L,, G), we see (using 3.12 (a)
and 3.3 (b)) that 7 restricts to a bijection of Z, onto a basis Z, of Kg. We say that
Z, is a PBW-basis of KG @ The last bijection restricts to bijections of Z,C,,C’
onto subsets Zn,Cn,C of Z,. & In the case where (G,t) is not rigid, we set
Z —Z,

Let M, be the Z[v]-submodule of K with basis Z,. For any u € Z, let W” =
n(W ), where § € Z, is given by 7(§) = u. From 3.13 (a) and 2.4 (a) we see that
(W', u € Z,} is a Z[v]-basis of M, and that for any u € Z, we have W! —u €
vM,,. Define a bijection u +— u of Z, onto Z_, as follows. Let £ e Z, be such
that w(§) = u; letk € J,,g be such that 7,(§) = Kk (see 3.12(a)). Let &’ € Z_, be
such that 7, £ = & (see 3.12). Then &t = m (). The inverse of the bijection u —
is denoted again by u > .

For u, &, k, £ as above, we have Wn" = n(WnS), t,,(W,,S) = k°, Wi‘n =
n(W_‘S,;), t_n(W_S;) = k*. By 2.12(a), we have @, (k*) = k°, hence 7, (W_‘S;,) =
D, (tn(Wf)) and this equals t_n(W,,E) (see 3.4(b)). Thus, t_n(W_E; - Wf) =
Since kert_,, = Rg, we see that W_é;, — an € Rg. Applying 7, we deduce

(@) Wit — Wu
Moreover, from the proof in 4.10, we see that

b)®ueC, = 1cZ_,. ®
From (a) we see that the basis (Wn”) of K¢ coincides with the basis (Wi’,,)- We call
this the canonical basis of K¢. It follows that M, = M_,. We shall write M
instead of M, = M_,. We have

(c)W”—uevM W L, — i€ vM.

Combining with (a), we see that

(d)u—ie vM forany u € Z,.
Let 7’ : M — M /vM be the obvious map. From (a), (c), we see that there exists
a Z-basis X of M /vM such that 7’ restricts to bijections (W) = (W*)) = X,
Z, = X, Z_, S X. e Moreover, X can be partitioned as X = Xo U X, U
X_, U X' so that 7/ restricts to bijections Cp —> Xp, Con —> X_p, C —> X/,
Z 5 XoUX_ 02, —> XoU X,. & We set

(e X =Z,UZ_, (if (G0 isnotrigid), X = Z,UZ _, UC (f (G, ) is rigid).



Graded Lie Algebras and Intersection Cohomology 223

We have
H X = 7'(X).
We show that
(g) X generates the Z[v]-module M.
If (G, ¢) is not rigid, this is clear. # Assume now that (G, ) is rigid. Let M’ be the
Z[v]-submodule of M generated by X. If u € Z , then by the arguments in 2 13,

we have W € Do ez, Z[v)u', hence W} € M'. Ifu € Cy, then W = W and

this is in M’ since i € Z_n (we use the previous sentence with u, n replaced by
u,—n). Ifu e C', then Wn” = u is again in M’. Since (Wn“)uegn is a Z[v]-basis of
M, we see that M = M’. @ This proves (g).

We show how the canonical basis and the PBW-bases are determined in terms
of the subsets Z ,, (which are defined by the inductive construction in 1.11 (i))

and (in the rigid case) by the set C which is defined as in 2.14.

We first define X as in (e). Note that M is defined in terms of X asin (g), and
then the basis X of M /vM is defined in terms of X asin (f).

Now the canonical basis can be reconstructed in terms of M and X: for any
x € X, there is a unique element X € M such that 7/(X) = x and B(x) =
The elements {x;x € X} form the canonical basis. Now let n € A. We show how
to reconstruct the PBW-basis Z,. If (G, ) is not rigid, then Z, = 2/ is already

known. # Assume now that (G, ¢) is rigid. Then the part Z UC of Z, is already
known. It remalns to characterize the subset Cp of Z,.Forn € A let X, be the set
ofallx e w (Z_n) such that x ¢ 7 (Zn). For any x € X,,, we can write uniquely
% = x’ 4+ x” where x” is in the subspace of K spanned by Z, and x’ is orthogonal
under (:) to that subspace. Then C,, consists of the elements x’ for various x € X,,. #

5.8 Letn € A. Assume that (G, ¢) is rigid. Let &, be the set of all k € Jz,,g such

that Sy # L,G and S; = L_,,G. Here k > « is as in 3.12. It would be interesting
to find a simple description of the set of local systems 2, (without using Fourier—
Deligne transform). In particular, we would like to know which G*-orbits in L, G
are of the form S, for some k € E,. (Our results answer this question only in terms
of an algorithm, not in closed form.) For example, if G = GL,(k), then E, has
only one object: the local system Q; on the 0-dimensional orbit. In the case studied
in 5.3, E, has two objects: the local system Ql on the 0 or 2-dimensional orbit.
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Crystal Base Elements of an Extremal Weight
Module Fixed by a Diagram Automorphism
II: Case of Affine Lie Algebras

Satoshi Naito and Daisuke Sagaki

Abstract We continue the study of the fixed point subset of a crystal under the
action of a Dynkin diagram automorphism, by restricting ourselves to the case of the
crystal base of an extremal weight module over a quantum affine algebra. In previous
works, we introduced and studied a canonical injection from the fixed point subset
of the crystal base above into the crystal base of a certain extremal weight module
for the associated orbit Lie algebra, in the setting of general Kac—Moody algebras.
The purpose of this paper is to prove that this (injective) map is also surjective, and
hence bijective under the assumption that the Dynkin diagram automorphism fixes
a distinguished vertex “0” of the (affine) Dynkin diagram.

Keywords Crystal bases - Extremal weight modules - Diagram automorphisms

Mathematics Subject Classifications (2000): Primary: 17B37, 17B10; Secondary:
81R50

1 Introduction

In previous works [NS1,NS3], we studied the relation between the crystal base ele-
ments of an extremal weight module fixed by a Dynkin diagram automorphism for
a general Kac—Moody algebra and the crystal base elements of an extremal weight
module for the associated orbit (Kac—Moody) Lie algebra. In this paper, we restrict
our attention to the case of affine Lie algebras and continue the study of this relation.

We briefly recall the notation and main results of [NS1,NS3]. Let g = g(A4) be
the Kac—Moody algebra over Q associated with a symmetrizable generalized Cartan

matrix (GCM) A = (a;;)i,jer with Cartan subalgebra b, simple coroots {/ ; }j o C
b, simple roots {c; }jel C b* and fundamental weights {A; }jel C b~
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A diagram automorphism w : I — I of the Dynkin diagram of A naturally induces
a Lie algebra automorphism w : g — g that preserves the triangular decomposition
of g, and hence induces the contragredient map w* : h* — h* of the restriction
|y of w to h. To the data (g(4),w), we can associate a certain symmetrizable
Kac-Moody algebra g with Cartan subalgebra E, called the orbit Lie algebra. It is

known that there exists a natural Q-linear isomorphism P : /h\* 5 (Hh")* = ()",
where b0 := {h eh|wh) = h} and (h*)° := {/\ eh* |w*(A) = )L}.

For an integral weight A € P C h*, we denote by V(1) the extremal weight
module of extremal weight A over the quantized universal enveloping algebra U, (g)
of g over Q(g), and by B(}) its crystal base. If A € P N (h*)?, then the crystal
base B(A) comes equipped with a natural action of the diagram automorphism w,
and the fixed point subset of B(1) under this action of w is denoted by B° ()L) In
[NS1], for A € P N (§*)°, we obtained a canonical injection R; : B°(A) < B(Q),
where B()L) denotes the crystal base of the extremal weight module of extremal
weight = (PH7I() € h* for the orbit Lie algebra g. Furthermore, in [NS3,
Theorem 4.2.1], we proved that if the crystal graph of E(j[) is connected, then the
(injective) map R above is surjective, and hence bijective. However, since this
restriction on the weight %e H* is rather strong, there are many cases to which this
result cannot be applied.

Now, let us explain the main result of this paper. Assume that g = g(A4) is an
affine Lie algebra, with canonical central element ¢ = Z er4; Yh;, and that @ :
I — I fixes a distinguished index 0 € /. Note that in this case, the orbit Lie algebra
‘g is an affine Lie algebra g(A) associated with a certain GCM A = (@ J) + where

Tisa complete list of representatives of the w-orbits in / (see Sect. 4 1 for the
explicit Dynkin diagram of A) In addition, as is easily seen, there is no loss of
generality in assuming that A € P N (h*)? is “level-zero dominant,” i.e. that A €
P N (5h*)0 is of the form A = Zl-e]o m;w;, withm; € Zsq fori € Iy :=1\{0},
where w; := A; —ag Ao, i € I, are the level-zero fundamental weights for g.
Then, by making use of some deep results in [BN], we can prove the following
(main) theorem.

Theorem. Let the notation and assumptions be as above. Then the (injective) map
Rj, : B%(A) < B(A) is also surjective, and hence bijective.

Remark. £ X = Yo, miw; € P N (§*)° then A = (P})"1(A) € b* is of
the form Zie% m; @ ;, where 70 =71 \ {0}, and @;, i € 70, are the level-

iely

zero fundamental weights for the orbit (affine) Lie algebra g. We know from [BN,
Theorem 4.16] that the crystal graph of E(;X\) is not connected if and only if there
exists some [ € 70 for which m; > 2, in which case we cannot apply [NS3,
Theorem 4.2.1] (cf. [NS3, Example 4.2.2]).

This paper is organized as follows. In Sect. 2, we recall some of the standard
facts on the crystal bases of extremal weight modules, and also some deep results
of [BN] needed in Sect.4. In Sect.3, we briefly review the relevant results from
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our previous works about the fixed point subset under a diagram automorphism
for various crystal bases, including the crystal base of an extremal weight module.
Also, we show a few technical lemmas, which will be used in the proof of our main
theorem. In Sect. 4, we first fix our notation for diagram automorphisms of affine Lie
algebras and associated orbit (affine) Lie algebras, and then state our main theorem
(Theorem above). The remainder of Sect. 4 is devoted to the proof of this theorem,
for which some deep results in [BN] are needed.

2 Crystal Bases of Extremal Weight Modules

In this section, we first recall some of the standard facts on the crystal bases of
extremal weight modules from [Kas3] and [Kas4]. Next, in Sect.2.6, we review
some deep results obtained in [BN] on the crystal bases of extremal weight modules
over quantum affine algebras, which are needed for the proof of our main theorem.

2.1 Kac-Moody Algebras and Quantized Universal
Enveloping Algebras

Let g := g(A) be the Kac—-Moody algebra over Q associated with a symmetrizable
generalized Cartan matrix (GCM) A = (a;;);,jes with Cartan subalgebra b, simple
coroots TV := {hj}jel C b, simple roots IT := {Olj}jel C b* := Homg(h, Q),
and Chevalley generators {E;, F; | j € I}, where gy, = QE; andg_o, = QF).
Denote by W := (rj | j € I) C GL(h*) the Weyl group of g, where r; € GL(h*) is
the simple reflection in ; € h*, and denote by (-, -) the standard invariant bilinear
form on bh*.

Take an integral weight lattice P C h* such that ; € P forall j € I, and
set P* := Homgz(P,Z) C §. Let ¢ be an indeterminate, and set ¢, := ¢'/?,
where D is the least positive integer such that D (a;, «;)/2 € Zso for all
j € I. Following [Kas4, Definition 2.1] (and also [BN, Sect.2.2]), we denote by
Us(g) = (E_,-, F;, g" | j el he D_lP*) the quantized universal enveloping
algebra of g over the field Q(g;) of rational functions in ¢. Recall the weight space
decomposition: Uy (g) = Dgeo Ug(9)p, where for B € O := D, ¢; Zay,

Uy(9)p = {x € Ug(9) | ¢"xq™" = ¢PPx forallh e D™' P*}.

Also, we have a Q(g,)-algebra antiautomorphism * : U, (g) — U, (g) defined by:

(g"* =q" forh € D71 P*,
@2.1.1)
E;‘:Ej,F;:Fj for j el.
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Let ﬁq(g) = @D,cp Us(g)a, denote the modified quantized universal
enveloping algebra of g, where a, € qu (g), for A € P is a formal element
of weight A (for details, see [Kas3, Sect.1.2]). We also have a Q(gs)-algebra
antiautomorphism * : U,4(g) — U4(g) defined by:

(ghH* =q" forh € D~ P*,
E*=E,;, Ff=F; foriel, (2.12)
ay=a-; forA € P.

2.2 Crystal Bases of U (@) and U,(g)

Let Uq+ (g) (resp., U, (g)) be the positive (resp., negative) part of Uy(g); that is,
the Q(g5)-subalgebra of U, (g) generated by {Ej | j € I} (resp., {Fj | j € I}).
We denote by B(£o0) the crystal base of U;F (g), equipped with the Kashiwara
operators e, f;, j € I, and denote by u+o the element of B(£o00) corresponding
to the identity element 1 € U, (g).

Recall from [Kas1, Proposition 5.2.4] that the crystal lattice £(4-00) of U, ; (9)
is stable under the antiautomorphism * : U, (g) — U,(g). Furthermore, we know
from [Kas2, Theorem 2.1.1] that the Q-linear automorphism (also denoted by )
on L(£00)/qL(£o0) induced by * : L(F£oo) — L(£oo) stabilizes the crystal
base B(100), that is, B(£o0)* = B(4o00). We call this bijection * : B(+oo) —
B(£00) the x-operation on B(300).

It is known fronL [Kas3, Theorem 2.1.2] that the modified quantized universal
enveloping algebra U 4 (g) (considered as a left U, (g)-module by left multiplication)
has the crystal base B(Uy4(g)) = |l ep B(Uy(g)ay), where B(Uy(g)ay) is the
crystal base of the left U, (g)-module U, (g)a, for A € P. We denote by e;, f;,
j € I, the Kashiwara operators on B(ffq (g9)). By [Kas3, Theorem 3.1.1], for each
A € P, there exists an isomorphism

25 : BUy(g)ay) = B(oo) ® T ® B(—o0) (2.2.1)

of crystals, where 7, := {t;t} is a crystal for U, (g) consisting of a single element
t, of weight A € P (see [Kas2, Example 1.2.4]). We define an isomorphism

E:B(U,(9) > |_| B(oo) ® Th ® B(—o0) (2.2.2)
AEP

of crystals by taking the direct sum of the isomorphisms E4, A € P, in (2.2.1).
As in the case of B(£00), we have a bijection * : B(U4(g)) — B(Ug4(g)) in-
duced by the Q(gs)-algebra antiautomorphism * : U,(g) — Ug4(g) (see [Kas3,
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Theorem 4.3.2]), which we call the *-operation on B’(f(\]/q7 (g)). Furthermore, we
define the x-operation

x: | | B(oo) ® Th ® B(—o0) > |_| B(oo) ® Tr ® B(—o0) (2.2.3)
AEP AEP

so that the following diagram commutes:

B(Uy(@) —— | |B(oo) ® T ® B(—o0)
AEP

*l l* (2.2.4)

B, (@) —— | |B(oo) ® Tr ® B(—00).
AeP

Proposition 2.2.1 ([Kas3, Corollary 4.3.3]). Let by€B(c0), breB(—00), and
A € P. Then, we have (b1 ® 1) ® b2)* = b} ® ty ® b5, where A" := —A
—wthy — wtby.

2.3 Extremal Elements of Crystals

Let B be a normal crystal for Uy (g) in the sense of [Kas3, Sect. 1.5]; recall that the
crystal base B(Ug4(g9)) = | |;cp B(oo) ® T ® B(—o0) is a normal crystal (see
the comment at the end of [Kas3, Sect.2.1]). We can define an action of the Weyl
group W on the crystal B as follows (for more details, see [Kas3, Sect. 7]). For each
j €1,define S; : B — Bby:

" if ni= (wth)(h;) >0,
Sib = /i (web)(hy) = for b € B. 2.3.1)

e;"b if n:= (wtb)(h;) <0,

Then we obtain a unique action S : W — Bij(B), w > S,,, of the Weyl group W
on the set B such that S,; = S; forall j € I, where for a set X, Bij(X) denotes
the group of all bijections from the set X to itself.

Definition 2.3.1. An element b € B is said to be extremal (or more precisely,
W -extremal) if for every w € W, either e¢;S,b = 0 or f;S,b = 0 holds for
each j € I.

Remark 2.3.2. (1) Let B be a normal crystal for U,(g). If b € B is an extremal
element, then S,,b is an extremal element of 3 whose weight is w(wtb) for
eachw e W.
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(2) Let By, B, be normal crystals for U, (g) and assume that @ : B S Byisan
isomorphism of crystals. Then the following diagram commutes for all w € W':

B —2— B,
sl ls (2.3.2)

81 L) Bz.

Also, an element b € ; is extremal if and only if @(b) € B, is extremal.

2.4 Extremal Weight Modules

Definition 2.4.1 (see [Kas3, Sect.8]). Let M be an integrable U,(g)-module. A
weight vector v € M of weight A € P is said to be extremal if there exists a family
{viw}wew of weight vectors in M satisfying the following conditions:

(1) If wis the identity element e of W, then v,, = v, = v;
(2) Ifn == (wA)(h;) > 0, then E;v, = 0and F{v, = vy,
(3) If n := (wA)(h;) <0, then F;v,, = 0 and Eﬁ_")vw = Vrju

Here, for j € I and k € Zxy, Ef-k) and F;k) denote the kth g-divided powers of
E; and F;, respectively.

For A € P, we set

I = b Q(q)G(b) C Uy(gaz,

beB(Uy(g)ar)\B(A)

where G(b) denotes the global basis element corresponding to b € B(U,(g)ay),
and
B() :={b € B(Uy(g)ay) | b* € B(U,(g)) is extremal}.

Theorem 2.4.2 ([Kas3, Theorem 8.2.2]). Let A € P be an integral weight.

(1) The subspace 1, is a Uy(g)-submodule of Uy (g)a;.

(2) The quotient Uy(g)-module V(X)) = Uy(g)ay/I, is an integrable U, (g)-
module, which is isomorphic to the Uy (g)-module generated by a single element
u), subject to the defining relation that the uy is an extremal weight vector of
weight A.

(3) The subset B(A) of B(Ug(g)ay) is precisely a crystal base of the integrable
Uy (g)-module V(A).

(4) Foreachw € W, there exists an isomorphism V(L) = V(wA) of Uy (g)-modules
between V(1) and V(wl).

(5) If we set S} := %0 S,, 0 % for eachw € W, then we have S} (B(1)) C B(wA)
for allw € W. Moreover, the map S, : B(A) — B(wl) is an isomorphism of
crystals from B(A) onto B(wA).
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Definition 2.4.3. The U,(g)-module V(1) in the theorem above is called the ex-
tremal weight module of extremal weight A.

Remark 2.4.4 (see [Kas3, Sects. 8.2 and 8.3]). If A is a dominant (resp., antidom-
inant) integral weight, then the extremal weight module V(1) is isomorphic, as a
U,(g)-module, to the integrable highest (resp., lowest) weight module of highest
(resp., lowest) weight A. Thus, the crystal base B(A) is isomorphic, as a crystal, to
the crystal base of the integrable highest (resp., lowest) weight module of highest
(resp., lowest) weight A.

2.5 Extremal Weight Modules Over Quantum Affine Algebras

In this and the next subsection, we assume that g = g(A) is an affine Lie algebra,
i.e. that the GCM A = (a;; )i, jer of g is of affine type ; the vertices of the Dynkin
diagram of A = (ai;)i, jes are numbered as in [Kac, Sect.4.8, Tables Aff 1-
Aff 3], with “0” being a distinguished element of the index set /. Recall from [Kac,
Sect. 6.2] that the Cartan subalgebra of g is given by: h = (@jel Qhj) & Qd,
where d € b is the scaling element, and that o; (d) = 8,0, A;j(d) = 0 for all
J € I.Note that the standard invariant bilinear form (-, -) on h* is normalized as in
[Kac, Sect. 6.2], so that A(c) = (&, &) forall A € b*, where § =}, a;a; € h*
andc =3 ;. ;ah; € b denote the null root and the canonical central element of
g, respectively. We take an integral weight lattice P as follows:

P=|PzA;|®Za's) ch*. (2.5.1)
jel

(2

on» 1 > 2,and ag = 1 otherwise.

Here we should note that ag = 2 if g is of type A
Then we have

P*=|zhj | ®zd ch.
jel

Let A € P be an integral weight. If A(c) > O (resp., A(c) < 0), then A is con-
jugate, under the Weyl group W of g, to a dominant (resp., antidominant) integral
weight A € P. Hence it follows from Theorem 2.4.2 (4), (5) and Remark 2.4.4 that
the extremal weight module V/(4) is isomorphic, as a U, (g)-module, to the inte-
grable highest (resp., lowest) weight module of highest (reps., lowest) weight A,
and that the crystal base B(A) is isomorphic, as a crystal, to the crystal base of the
integrable highest (resp., lowest) weight module of highest (reps., lowest) weight A.
Accordingly, we are reduced to studying the extremal weight module V(1) and its
crystal base B(A) in the case A(¢) = 0.
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Definition 2.5.1. An integral weight A € P is said to be level-zero if A(c) = 0.

We set Ip := I\ {0}, and foreach i € Iy, define a level-zero fundamental weight
w; € P for the affine Lie algebra g by:

wi = Ai —a;Ao; (2.5.2)

it is easy to check that w;(c) = 0.

Let A € P be a level-zero integral weight. We see from the definitions of an
extremal weight module and its crystal base that for k € Z,

V(A +k8) = V(A) ® Q(gs)vks  as Uy (g)-modules, (2.5.3)
B(A + kb)) = B(A) ® Txs as crystals, 2.54)

where Q(gs)vks is the one-dimensional U,(g)-module defined by: Ejvxs =
Fjvgs = Oforall j € I, and q"vis = q** Py for all h € D' P*. Therefore,
we may assume that A(d) = 0, and hence A € ) ;. Io Zw;. Furthermore, the
element A € ), 1, Zwi is conjugate, under the Weyl group W of g, to an element
in)_ il Z>ow;. Thus, in view of Theorem 2.4.2 (4) and (5), we may assume from

the beginning that A is contained in the set ) ;. 1o L=z0wi.

2.6 Some Results of Beck and Nakajima

In this subsection, we review some deep results in [BN], which are used in the proof
of our main theorem. In order to state these results, we need (much) more notation.

First, we consider the case in which g is not of type Agzn), n > 2;in this case,
our numbering of the vertices of the Dynkin diagram is the same as the one in
[BN] (see [BN, Sect.2.1]). Let wiv, i € Ip, be the element of @jelo Qu; C
b* such that (;, @;") = §;; for i, j € Iy, and set @; = d;w;” with d; =
max{l, (i, )/ 2}. For each i € Iy, define an endomorphism I, of the vector
space h* by the same formula as [Kac, (6.5.2)]:

Iz, Q) =2+ Ac) @i — (4, J—l—ﬁ(w,,w) § for A € b*.

It is known (see, for example, [FoSS, Sect.2] and also [W, Sect. 1.2]) that there
exist an element w; € W and a diagram automorphism t; : I — I of the Dynkin
diagram of g such that w;lt;vfi (aj) = aqgj forall j € I. Let Uq’ (g) denote the
Q(gs)-subalgebra of U, (g) generated by E;, Fj, t; := q@-@)"i/2_ j e I, and
define a Q(qs)-algebra automorphism 7. € Aut(U,(g)) by: (=3 =T" o1,

wi, 1

where, forw € W, T 1 1s the Q(gs)- algebra automorphlsm of U (9) defined in
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[L, Chap.39], and 7; € Aut(Ué(g)) is given by: 7; (E;) = Eq, (), @i (F;) = Fy ()
and 7; (¢;) = ty, () for j € I.Following [B, Sect.4.6] (see also [BN, Remark 3.6]),
we set

Erdis—a; = TE (T )"N(E;) fori € Ipandk € Zo.

which is an element of Uq+ (9) NUg(9)kd;5—a; bY [L, Proposition 40.1.3]. We define

Vikd; = Ekd;s-a; Ei — 47 Ei Exd;s-; € UgT(8) N Ug(@)ka;s

fori € Ipandk € Z~¢, where g; := q("‘i""i)/2 fori € I, and then define E; x4,5 €
Uq+ (9) N Uy(9)ka;s fori € Ip and k € Z=¢ by the following generating function
in a variable x:

o0 o0
(@ —q7") Y Eikasx" = log (1 +) (g - q,-_l)%,kd,-xk) :

k=1 k=1

Then we know (see, for example, [BN, p.351]) that
[Eika;s. Ejia;s] =0 foralli, j € Ipandk, [ € Zo. (2.6.1)

Furthermore, for each i € /o and k € Z >, we define the “integral” imaginary root
vectors P g, € U, q+ (g) by the following generating function in a variable x as in
[BN, (3.7

~ Eikd;s &
P'kd'xk = eX —" ¥ ,
Z LRd; p Z [k]i

k>0 k>0

where [k]; = (qlk - qi_k)/(qi - qi_l) fori € I and k € Zx>¢. Note that
[Pi,kd,-, Pj,ld_,-] = 0foralli, j € Ip and k, [ € Zso by (2.6.1). Also, it is
easily seen that the weight of Fi,kd,— is equal to kd; 6 foreachi € Ip and k € Z>y.
By convention, we set P; x4, := 0 € Uq+(g) fori € Ipand k € Z <.

For a partition p, i.e. for a weakly decreasing sequence p = (p; > pp > ---) of
nonnegative integers with finitely many nonzero parts (i.e. p = 0 for k sufficiently
large), we denote by £(p) its length, i.e. the number of nonzero parts of p, and set
lpl := > _k>1 Pk- Now, assume that A € P is of the form A = >, m;w@;, with
m; € Zso fori € Ip. We denote by N(A) the set of /o-tuples (p(i))ielo of partitions
p®, i € Iy, such that £(p®) < m; for all i € Iy; this set is denoted by N® (1) in
[BN, Definition 4.2]. Let ¢y = (p(i))ido € N(A). For each i € Iy, we write the
conjugate ‘o) of the partition p@) in the form /o = (tpgi) > ’pg) >...). Set

Seo = [ Spir where Sy 1= det(P, (0 sy g Sizkmst:  (2:6.2)

iely
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Here we take (an arbitrary) { € Zx; such that £ > 2(tpD) for all i € Iy; note
that the element S, € Uq+ (g) does not depend on the choice of such an £. Since
Fi,kd,» € U;(g) N Uq(9)kq;s foreachi € Ig and k € Zzo, it follows that S, is
an element of U;’ (g) whose weight is equal to |cg |8, where |¢g| := Zie]o 1p®\d;.
Also, we set

Seo i= Sy

cns (2.6.3)
where Vv : Uy(g) — Uy(g) denotes the Q(gs)-algebra automorphism of Uy, (g)
defined by:
(@MY =q" forh € D~ P*,
(2.6.4)
E}’:Fj, FJY:EI- forjel,

nd ~: Uy (g) — Uy (g) denotes the Q-algebra automorphism of U, (g) defined by:

G=q7 ', g"=q" forhe D"'P*

_ (2.6.5)
E,=E;,F,=F; forjel.

Since S¢, € U;r (9) N Ug(9))co15, it follows from the definitions of the maps Vv and
“that Sg; = S_CV0 is an element of U, (g) whose weight is equal to —|¢o|d.

Next, we consider the case in which g is of type Agn) ,n > 2, with I =
{0, 1,2, ..., n} as the index set. In this case, we should remark that our numbering
of the vertices of the Dynkin diagram is in an order reverse to the one in [BN] (see
[BN, Sect.2.1]). Namely, for each 1 < i < n, the vertex i of the Dynkin diagram
under our numbering is identical to the vertex n — i of the Dynkin diagram under
the numbering in [BN].

We set I,:=1\ {n} = {0,1,...,n—1}. Note that d; = max{l, (oz,-,a,-)/Z} =1
forall i € I,. Foreachi € I, and k € Zso, we define E; ;4,5 = E;xs €
U+(g) N Uy (g)ks in exactly the same way as above, with I replaced by I,, and
then define the integral imaginary root vectors Pl kd; = Pl reU +(g) N Uy(9)ks
by the following generating function in a variable x:

exp| Y [”‘8 xk | ifi #o,

iz ki

Z Fi,k xk =

k>0

E
> 2‘;;"%" ifi = 0.
kzo[ lo

By convention, we set F,' kd; = Fi,k =0 € Uq+(g) fori € I, and k € Zy.
Remark that for eachi € Ip = {1, 2, ..., n} and k € Z, the integral imaginary

root vector “P; ikd; = f ik~ in [BN, (3.7)] (in their notation) is identical to the
element Pn —i,kd,_; = Pn—i i above.
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Now, assume that A € P is of the form A = Z,-GIO m;w;, with m; € Zsg
fori € Io = {1, 2, ..., n}. We denote by N(X) the set of Io-tuples (0);ez, of
partitions p@), i € Iy, such that £(p®) < m; for all i € Io. Here we make the
following remark.

Remark 2.6.1. Set
no :=2Ao — Ay, nii=A —A, forl<i<n-—1. (2.6.6)

Then, for each i € Iy, the ith level-zero fundamental weight under the numbering
of the vertices of the Dynkin diagram in [BN] (see [BN, p.348]) is identical to the
nn—i above. But, we see from [KNT, Lemma 5.11] that there exists w e Wy =
(rj | j € Ip) C W such that w(w;) = nu—; foralli € Iy = {1, , n}.

IfA = Zle]om w; with m; € Zso fori € Iy, then wA = Zle]om, Nn—i =
e 1, Mn—i M- Thus, the set N(1) is identical to the set N (wA) in the notation of
[BN, Definition 4.2].

For each ¢o = (p);er, € N(1), we define S, € U, (g) by:

Seop 1= 1_[ Sp(i), where Sp(i) = det(Fn—i,tp;(i)—k—i-m)lfk’mfe’ (2.6.7)

iely
with £ € Z>; such that £ > Z(’p(i)) foralli € Iy, and then set

Seq == Sor. (2.6.8)

€0

where the automorphisms V : Ug(g) — Ug(g) and ™ : Ug(g) — Uy(g) are defined
by the same formulas as (2.6.4) and (2.6.5), respectively. Then, SCT) = SCV0 is an

element of U, (g) N Ug(g)—|cols> Where [eo] := D i/, loDd,—; = diel, 1p@.
We now summarize some results in [BN] in the following

Proposition 2.6.2. Assume that A € P is of the form A =) ,, m;w;, withm; €

Zso fori € Iy, and set

iely

Zml Nn—i if gis of type A;Zn), > 2,
A = qi€ly (2.6.9)

A otherwise.

(1) Letco € N(A). Then, the element Sg; € U, (g) is contained in the crystal lattice
L(c0) of U, (g). Moreover, the element S¢; mod g5 L£(00) of L£(00)/qsL(00) is
contained in the crystal base 5(c0) of U, (g).
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(2) If the elements ¢y, ¢, € N(A) are not equal, then Seo modgsL(o0) #
S mod g5 L(00), and hence b, # bc6' Here, for ¢g € N(1), we set
0

bey := B ((Segmod g L(00)) ® 1A ® U—o0) € B(Ug(g)an).  (2.6.10)

and similarly for ¢, € N(1).

(3) Let ¢y € N(A). Then, the element b, € B(Uy(g)an) is contained in the crystal
base B(A) of the extremal weight module V(A) and is an extremal element of
weight A — |co|d.

@) If b € B(A) is an extremal element and E 5 (b) = b1 ® tA ® uU_oo for some
by € B(o0) such that wt(b1) € Z <o, then b = b, for some ¢g € N(A).

(5) Each element of B(A) is connected to be,, for some ¢ € N(A).

Proof. The first assertion of part (1) follows immediately from [BN, Corollary 3.26]
and the comment after it; remark that the element S¢, is equal to “L(c, 0) with
¢ = (0, ¢g, 0)” in the notation therein (see [BN, (3.11)]). The second assertion
of part (1) follows from [BN, Proposition 3.27] and the equality “sgn(c,0) = 17
(in the notation therein) proved in [BN, Sect. 5]. Part (2) is obvious by [BN, Propo-
sition 3.23]. Parts (3)—(5) are precisely [BN, Proposition 4.3] along with the equality
sgn(c,0) = 1. O

Definition 2.6.3 (see the comment after [BN, (3.11)]). Let ¢ € N(A). The ex-
tremal element b, € B(A) is called the purely imaginary extremal (PIE for short)
element corresponding to ¢o.

Remark 2.6.4. Suppose that A € P is of the form A =}, ., m;w;, with m; €
Z > fori € Ip, and let A be as defined in (2.6.9). Recall from Remark 2.6.1 that
A is W-conjugate to A, and hence B(A) = B(A) as crystals by Theorem 2.4.2 (5).
Also, we know from [BN, Theorem 4.16] that the connected components of the
crystal base B(A), and hence those of B(A), are parametrized by the subset N(1)’
of N(1) consisting of all Jo-tuples (p@);c 1, of partitions p®, i € Iy, such that
£(pY) < m; forall i € Iy. Therefore, the crystal graph of B(1) is connected if and
only if m; € {O, 1} for all i (see also [Kas4, Proposition 5.4 (ii)]).

3 Fixed Point Subsets of Crystal Bases

In this section, we recall some basic material on diagram automorphisms and orbit
Lie algebras, and then briefly review the relevant results from our previous works
about the fixed point subset under a diagram automorphism for various crystal bases,
including the crystal base of an extremal weight module. Also, we show a few tech-
nical lemmas, which will be used in the proof of our main theorem. Throughout this
section, we assume that g = g(A) is a Kac-Moody algebra over Q associated with
a symmetrizable GCM A = (a;;);, jer, and use the notation of Sects. 2.1-2.4.
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3.1 Diagram Automorphisms and Orbit Lie Algebras

Let w : I — I be a bijection of the index set / of the GCM A = (a;;);,jer such
that a,(),w(j) = aij foralli, j € I, called a (Dynkin) diagram automorphism;
we denote its order by N. The diagram automorphism w naturally induces a Lie
algebra automorphism w € Aut(g) of order N such that w(h) = b, and w(E;) =
Eu(jy, o(Fj) = Fuy, w(hj) = hyjy forall j € I. We then define a Q-linear
automorphism o* : b* — bh* by: (w*(1))(h) = AMw 1 (h)) for A € h*, h € b,
and set

0:={hebh|wh) =h}, BN :={eh*|o* V) =21}. @G.LI
Also, we define a subgroup W of W by:
W= weW|o*w=wo"}. (3.1.2)

Note that (h*)? is stable under the action of wcw.

Remark 3.1.1. It is easy to verify that

0*(@)) = Ap(jy, O (@) = ree forall j € 1. (3.1.3)

Let P C h* be an w*-stable integral weight lattice such that «; € P for all
Jj € 1. We know the following lemma from [NS3, Lemma 1.2.1].

Lemma 3.1.2. (1) There exists a Q(qs)-algebra automorphism we Aut(Uy(g)) of
order N such that w(E ;) = Ey(j), o(Fj) = Fy(j), and w(gh) = q®® for all
j€landhe D71 P*

(2) There exists a Q(qs)-algebra automorphism » € Aut(ﬁq (9)) of order N such
that w(xay) = w(x)age+p) forall x € Uy(g) and A € P.

We set ¢;j = Z,ivéo_l a; ok (jy fori, j € I, where N;j := #ok(j) | k > 0}.
For our purposes, we may (and do) assume that the diagram automorphism w : [
— [ satisfies the following condition, called the linking condition:

cjj=1or2 foreachj € I. (3.1.4)

Remark 3.1.3 (see [FuSS, Sect.2.2]). If ¢;; = 1, then a; ,Nil2gy = —1 and
a; k) = 0foranyother 1 <k < N; — 1,k # N;/2, where N; is an even inte-
ger. Hence the Dynkin subdiagram corresponding to the w-orbit of this j is of type
Az X -+ x Ay (Nj/2times). If ¢;; = 2, thena; ,x(;y =0forall 1 < k<N; -1
Hence the Dynkin subdiagram corresponding to the w-orbit of this j is of type
Ay x -+ x Ay (N times).
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We choose a complete list T of representatives of the w-orbits in 7, and set
a;j := 2cij/cjj fori, j € I. We know from [FuRS, Lemma 2.1] that a matrix A =

(a; j)i 1% is a symmetrizable GCM. Let g := g(ﬁ) be the Kac—Moody algebra over

Q associated with A with Cartan subalgebra f)\, simple coroots nv = {iz\, }je7 - /b\,
and simple roots [1 = {6?,-}/.67 C b* := Homg(h, Q). We call § = g(A) the
orbit Lie algebra (associated with the diagram automorphism @ : I — [I). De-
note by W= (Fi1J e 7) C GL(/b\*) the Weyl group of the orbit Lie algebra
9, where 7 € GL(b*) is the simple reflection in & j € b*. Let U, (@) denote the
quantized universal enveloping algebra of the orbit Lie algebra ‘g over Q(gs), with
weight lattice P := (Pj3)~'(P N (h*)°), where gy is defined as in Sect. 2.1. Also,

letUy(g) = D5 Vs (/g\)&a\ denote the modified quantized universal enveloping
algebra of the orbit Lie algebra g, where 21\1\ is a formal element of weight % for
XeP.

From [FuRS, Sect.2], we know that there exist Q-linear isomorphisms P, :
h° > hand P* : b* = (h°)* = (h*)° such that

Po(hj)=h;. PX@;) =4, forall j €7,
(PER))(h) = A(Py,(h)) forall X € h* and h € §°,  (3.1.5)

where we set for j € 1,

N;—-1 N;—1
. 1 % _ 9 Y
hj = N_ Z hwk(]) [S [’)0, o= C_ Z Cok (5) [S ([’)*)0 (3.1.6)
7 k=0 1 k=0
Also, we define w; € W by:
Nj/2—1
l_[ (rwk(j)rwarNj/z(j)rwk(j)) if Cjj = 1,
k=0
wj = (.1.7)
N;—1
1_[ rwk(j) if Cjj = 2,
k=0

for each j € T (see Remark 3.1.3). It is easily seen that w; € W for all Jj € T.
Furthermore, we know from [FuRS, Sect. 3] that there exists a group isomorphism

© : W 5 W such that OM)|eyo = Prowo (P3)~ forall w € W, and
O ;) =w; forall j € 1.
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3.2 Fixed Point Subset of the Crystal Base B(U,(g)a,)

Let A € P N (h*)°. We see from [NS1, Lemma 2.4.2] that there exists a natural
action of w on the crystal base B(Ug(g)a,) of Uy(g)ay, induced by the restriction
ofw € Aut(Uq (9)) to Uy (g)ay, satisfying

woej =euyow and wo f; = fuyow foralljel,
3.2.1)
wt(w(b)) = o*(wth) forallb € B(Uy(g)ay),

where it is understood that w(0) = 0. We set
B°(Uy(g)ay) := {b € B(Uy(g)ay) | o(b) = b}, (3.2.2)

and define w-Kashiwara operatorse; and 7]-, j € T,0n B(Ug(g)ay) by:

Nj/2-1
[T Garayfpn, ngyrorg) i ey =1,
k=0
X = (3.2.3)
Jj
[T xr if ¢j; =2,

where x is either e or f.

Let us denote by B(U ,(§)) = Lk E(% (’g\)’df)t\) the crystal base of the mod-
ified quantized universal enveloping algebra U, (g) of the orbit Lie algebra g, and
bye;, 71‘, j € T, the Kashiwara operators on E(ﬁq (9)).

Propositi0n3 2.1 ([NS1, Proposition 2.4.4]). Let A € P N (h*)°, and set =
(PX)"Y(A). Then, the set Bo(Uq(g)aA) U {0} is stable under w-Kashiwara op-

erators ¢; and f for all j € 1. Moreover, there exists a canonical bijection
05 : B%(Uy(g)ay) 5 B(Uq(g)a/)h\) such that

(Py)~H(wi(b)) = w(Qa (b)) forall b € B°(Uy(g)ay), (3.2.4)
0,0C;=2¢;00; and Qso0f;=f;00Q, foralljel, (3.25)
where it is understood that Q5 (0) = 0.

Also, we have a natural action of @ on the crystal base B(400) of U;F (g), in-

duced by the restriction of w € Aut(U,(g)) to U;c (g), suchthatwoe; = eg(jy o
andwo f; = fu)owforall j € I, and wt(w(b)) = w*(wtb) forall b € B(Eo0)
(see [NS2, Sect. 3.4]); here it is understood that w(0) = 0. We set

B(+00) := {b € B(+00) | w(b) = b}. (3.2.6)
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Let U,F (@) (resp., U, (g)) denote the positive (resp., negative) part of Uy (@),
and E(:I:oo) the crystal base of U;E (@), equipped with Kashiwara operators
ej. fi.jel.

Proposition 3.2.2 ([NS2, Theorem 3.4.1]). The set B%(£00) U {0} is stable under
the w-Kashiwara operators €; and fj, j € I, which are defined by the same

formula as (3.2.3). Moreover, there exist canonical bijections P+oo : B°(£00) 5
B(£00) such that

(P21 (wt(h)) = Wt(Proo(b)) forall b € B®(£00), (3.2.7)
Pio0Tj =¢j 0 Piny and Pigoo fj = fj 0 Pro forall j €1, (3.2.8)

where it is understood that P1.,(0) = 0.

Remark 3.2.3. We see that @(#+o0) = U+oo, and hence u+oo € B°(£00). Let titoo
denote the element of 3(300) corresponding to 1 € U;F(’g\). Since uio (resp.,

Uioco) i a unique element of weight 0 € P (resp., 0 € P) in B(£o00) (resp., in
B(£00)), we deduce from (3.2.7) that P oo (t+00) = Utoo-

We also know from [NS3, Remark 2.4.3] that
Ex(B°(Uy(g)ar)) = B°(00) ® Tp, ® B®(—00) (3.2.9)

for A € P N (h*)°. Let /E\')T : g(Uq(ﬁ)Zz\»;) 5 B(oo) ® ?')T ® B(—00) denote the
corresponding isomorphism of crystals for the orbit Lie algebra g, where T 7=
{?'X} is a crystal for Uy (g) consisting of a single element’t\f/\\ of weight 2eP.

Proposition 3.2.4. Let A € PN(§*)°, and set ). := (PX)"Y(A). Then, the following
diagram commutes :

&)

A

B°(Ug(g)az) —— B°(00) ® T, ® B°(—00)

Qll lPoowA@P-oo (3.2.10)

5

B(Uy(8)a;) —— B(oo) ® T3 ® B(—c0).

where Q* : T, — ?'/'f is defined by : Q*(1)) :’t}.

3.3 Fixed Point Subset of the Crystal Base B(1)

If A € PN (h*)°, then we know from [NS1, Lemma 4.3.1] that the crystal base
B(A) C B(Uy(g)ay) of the extremal weight U, (g)-module V(1) of extremal weight
A is stable under the action of w on B(U,(g)ay). We set
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B°() :={b € BQA) | w(b) = b} C B’ (Uy(g)ay) forde PN (h*)°. (3.3.1)

Now, let B be a normal crystal for Uy (g). Denote by S:W > Bij (/B), W= §TJ’

the unique action of the Weyl group W on the set B such that §;~_ =5 ; for all
J

Jj € I, where §; for j € I is defined by the same formula as (2.3.1), with the

hat ~ on all symbols involved. An element b € B is said to be extremal (or more
prec1sely, W -extremal) if either @ )i SAb =0or f i SAb = 0 holds for each w € W

and j € 1.
Let * : B(Uq(g ) — B(Uq(g)) be the *- operat1on on the crystal base
B(U 4(@)) for the orbit Lie algebra g. For each %e P, we set

B() = {b € BWUy(8)ay) | b* € B(U4(§)) is extremal} < B(Uyg(§)a3).
(3.3.2)

which is precisely a crystal base of the extremal weight U, ('g)-module of extremal
weight A.

Now, combining [NS1, Theorem 4.3.2] and [NS3, Theorem 3.2.1] (see also
[NS3, Remark 4.1.2]), we obtain the following theorem.
Theorem 3.3.1. Let A € P N (b*)°, and set A = (PX)™Y(A). We define a
map R, to be the restriction Q3|goyy 10 Bo(X) c B°(Uy(g)ay) of the bijection
0, : B(Uy(g)ay) — g(Uq(’g\)ﬁ/X) of Proposition 3.2.1. Then, the map R, is an
injection from B°(1) into E(l\)

The main result ((NS3, Theorem 4.2.1]) of our previous paper [NS3] asserts that
the (injective) map R, : B%(1) < B(A) above is also surjective, and hence bijective
if the crystal graph of B(A) is connected. However, this restriction on the weight

A € b* is so strong that there are many cases to which the result above cannot be
applied (see Remark 2.6.4).

3.4 Technical Lemmas

In this subsection, we collect a few technical lemmas, which will be used to deal
with Case (e) of Sect. 4.1. We define an isomorphism

E:B(U4(9) > || B(oo) ® T3 ® B(—o0)
AeP
of crystals for Uy (), and the x-operation
% |_| B(c0) ®?1\®E(—oo) — |_| B(c0) ® ?1\®/l§(—oo)
AeP AeP
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in the same manner as in Sect.2.2. The next lemma follows immediately from
Proposition 2.2.1, the tensor product rule for crystals, and the definition of S ; for

j €7 (see also [Kas4, pp. 173-174]).
Lemma 3.4.1. Letz;l ®?1\®?)\2 € E(oo)@’/fi\cbg(—oo), and assume thatjt\(iz\_j) >
0 for some j € 1. Then, the equation

gj(bl ®/t\/):®b2) =’€\jplb1 ®?/r\j/,l\ ®/€\;p2b2 (3.4.1)
holds for some p1, p» € Z>o such that py + p2» = 1\(;1\_,'), where we set gﬂi =
*0:9\;;0 * forwe W, ande; = xoejoxforj€l.

For an element b of E(oo) ® f’,j ® E(—oo) or E(—oo), we set

9;(0) :=max{k = 0| kb £ 0}, and 77 .= 7%V},

Lemma 3.4.2. Leth = ,b\l ®’t\1\®52 € 3(00) ® ’?}@ E(—oo), and j € 1. Assume
that b is an extremal element such that (Wt(/b\))(i’l\ j) > 0. Then, the equation

§j (b, ®?f ® by) = ?le ®/l\1\ ® ?I}Iaxz’\z (3.4.2)
holds for some p € Z>y.

Proof. Since b is an extremal element of the normal crystal E(oo) QT +® g(—oo)
and (Wt(b\))(};j) > 0, it follows from the definitions of §j and }’\‘]‘.“”‘ that :S’\]E =

?’j‘-‘a’@. The assertion of the lemma now follows using a formula for “7;.“*”%” (in the

notation therein) on page 173 of [Kas4]. This proves the lemma. O
Letw € W, and let w = Tj,Tj,_s T j beareduced expression. We define a

subset @Aw(—oo) of lAg(—oo) by:

Bo(—o00) = {27277} -2 lioo | Sp, Sp—1, -+, 51 € Lo}
We know from [Kas2, Proposition 3.2.5] (see also [Kas4, Sect. 2.3]) that the subset
B;;(—oo) does not depend on the choice of a reduced expression of w. Furthermore,
we have the following lemma.

Lemma 3.4.3. (1) There holds (g;v\(—oo))* = E;;,l (—o0) in E(—oo).
(2) Letw € W, and let w = Tjpljp_y T j be a reduced expression. Then, we

have

fmax fmax fmaxb =Tl_o forall be BA(—oo) (3.4.3)
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Proof. We know part (1) from [Kas2, Proposition 3.3.1]. Part (2) follows from
[Kas2, Proposition 3.2.5 (iii) and Lemma 3.3.3] (see also [Kas4, Sect. 2.3, state-
ments (iv) and (2.9)]). ad

4 Surjectivity of the Map R, : Case of Affine Lie Algebras

4.1 Affine Lie Algebras, Diagram Automorphisms, and Orbit Lie
Algebras

In the remainder of this paper, we assume that g = g(A) is an affine Lie algebra
of type A;,l) (n > 2), D,(,l) (n > 4),or Eél). We further assume that the diagram
automorphism w : I — [ satisfies the (additional) condition that w(0) = 0, where
0 € [ is a distinguished index (specified as below). In this subsection, we give
all pairs (g, w) of an affine Lie algebra g and a nontrivial diagram automorphism
w : I — [ satisfying the condition above, and also give the associated orbit Lie
algebras g.

Case (a). The Cartan matrix A = (a;;);,jer of g is the affine Cartan matrix of type
Agln)_l (n > 2), and the diagram automorphism @ : I — [ is given by: w(0) = 0
and w(j) = 2n — j for j € I \ {0} (note that the order N of w is equal to 2).
Then the Cartan matrix A = (a; j)l.,je’l\ of the orbit Lie algebra g is the affine Cartan

matrix of type D,(lzllz

4 o=—C—-o— - O
0 1 2 n—1 n

Case (b). The Cartan matrix A = (a;;);,jer of g is the affine Cartan matrix of type
D,(,QI (n > 3), and the diagram automorphism w : I — [ is given by: w(j) = j
forj e I\{n,n+ 1},and w(n) =n + 1, o(n + 1) = n (note that the order N of
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w is equal to 2). Then the Cartan matrix A= (@; j)l. 1% of the orbit Lie algebra g is

the affine Cartan matrix of type Agi)_l :

0 n
A o T ~~~~~
1 2 3
\
0
\ \ \ \
14  o—o——o— o O
1 2 3 n—1 n

Case (c). The Cartan matrix A = (a;;);,jer of g is the affine Cartan matrix of type
Dil), and the diagram automorphism w : I — [ is given by: w(0) = 0, w(1) =1,
(2) = 3, w(3) = 4, and w(4) = 2 (note that the order N of w is equal to 3).
Then the Cartan matrix A = (a@;; )i,je/I\ of the orbit Lie algebra g is the affine Cartan

matrix of type Df):

)

Case (d). The Cartan matrix A = (a;;);, jes of g is the affine Cartan matrix of type
Eél), and the diagram automorphism w : I — [ is given by: w(0) = 0, w(1) =1,
(2) =2,0(3) =5, w(4) = 6,w(5) = 3, and w(6) = 4 (note that the order N of
w is equal to 2). Then the Cartan matrix 4 = (a; j)l. i of the orbit Lie algebrag is

the affine Cartan matrix of type E éz):
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%

Case (e). The Cartan matrix A = (a;;);,jer of g is the affine Cartan matrix of type
A;ln) (n = 1), and the diagram automorphism w : I — [ is given by: w(0) = 0 and
(j) =2n+1—j for j € I \{0} (note that the order of w is equal to 2). Then the
Cartan matrix 4 = (’a\l’j)i,je’l\ of the orbit Lie algebra g is the affine Cartan matrix of

type Agzn) (it should be mentioned again that the vertices of the Dynkin diagram of

type A 52,,) are numbered in an order reverse to the one in [BN]; see [BN, Sect. 2.1]):

If n > 2, then If n = 1, then

RS
D
&

2n—1 n—+2 n+1
Y Y Y Y Y Y Y
A: o=—06—o6— - O<—0 o<=—7>
0 1 2 n—1 n 0 1

Recall from Sect. 2.5 that the Cartan subalgebra b of the affine Lie algebra g
is given by: h = (@je[ th> @ Qd, where d is the scaling element, and that
aj(d) = 8j0, Aj(d) = 0for j € I.Here we remark that since w(0) = 0, the
automorphism @ : ) — b is given by: w(h;) = hy() for j € I, and w(d) = d.
Note that w(c¢) = ¢ and w*(§) = & (see Remark 3.1.1). Also, since w(d) = d, it
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follows that @*(A ;) = Ayy(y) forall j € I.In particular, the integral weight lattice
(see (2.5.1); note that ag = 1)

P=|EzA;|&Z5Ch*
jel

is w*-stable. R R
Similarly, the Cartan subalgebra b of the orbit Lie algebra g is given by: h =

(@jefi(@ﬁ j) @ QE, where d is the scaling element. Also, the simple roots @,

j € 7, and fundamental weights A j € /h\*, Jj € 7, for the orbit Lie algebra g satisfy
the following: & (d) = 8,0 and 7\\]- (d)=0for j € T.Let8 := Zje?ﬁj&j €bh*
and ¢ := Z;e’iajv' h; € b denote the null root and the canonical central element of
the orbit Lie algebra g, respectively. Note that @g = 1 in Cases (a)—(d), and @y = 2
in Case (e). Then the integral weight lattice P C h* is given by (see (2.5.1)):

P=|@PzA;|oz@'s) ch
jel

Since w(0) = 0, the Q-linear isomorphism P,, : h° = Bis given by: P, (7;]) =
hj for j € I,and P,(d) = d.Itis easy to verify that

Po(c) =7, and PX(8) = aos. “.1.1)
Also, since
N;—1
Pr(Aj)= > Ay foralljeT, (4.12)
k=0

we have P = (PX)™'(P N (h*)).

4.2 Main Result

The purpose of this paper is to prove that in Cases (a)—(e) of Sect. 4.1, the (injective)
map R, : B°(1) — /B(;X\) of Theorem 3.3.1 is also surjective, and hence bijective
forevery A € P N (h*)°. We see from (4.1.1) and the definition of P (see (3.1.5))
that A € P N (h*) satisfies A(c) > O (resp., A(c) < 0) if and only if 2=
(PF)~1(M) satisfies 1\(?) > 0 (resp., ;\\(/c\) < 0). Hence the argument in Sect. 2.5
shows that if 1 € P N (h*)? satisfies A(c) > 0 or A(c) < 0, then the crystal graph
of @(l)t) is connected. Thus, in these cases, [NS3, Theorem 4.2.1] shows that the
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(injective) map R; : B°(A) — /B(/A\) is surjective, and hence bijective. Therefore,
it remains to consider the case in which A € P N (h*)° is level-zero. Note that
if A € P N (h*)° is level-zero, then = (PH7I() € P is also level-zero, i.e.
2@ = 0.

We set T 0= =7 \ {0}, and foreachi € 1 0, define a level-zero fundamental weight
w; € P for the orbit Lie algebra g by: @; = A —a, Ao A simple calculation
yields the following equations:

o(@;) = Wy foralli € Iy, 4.2.1)
N;—1

PY@i) =Y wurq foralliel,. 4.2.2)
k=0

Let A € PN(h*)° be alevel-zero integral weight. Because the crystal bases B(1)
and B(A + k&) are “isomorphic” up to shift of weights by k§ for k € Z by (2.5.4),
we may (and do) assume that A(d) = 0, and hence A € (}_,¢;, Zwi) N (h*)°.
Then, since mg,;) = m; forall i € Ig by (4.2.1), it follows from (4 2.2) that

A= (PH™t(M) € P Zwl Take w € Wo = (Filje To) C W such that
WA € Y, Lso@i, and setw:= O~ 1(W) € (w; | j € To) C W.Because wA =
(Prowo(PX) M) (M) = Py (w)u) (see Sect. 3.1), we have wA € (Zielo Zzowi) N
(h*)° by (4.2.2). Here we recall from Theorem 2.4.2 (5) that S* = %0 S, o * (resp.,
SX = * o §~o ) gives an isomorphism of crystals from B(1) C B(Uq(g)ax)

onto B(wA) C B(Uy(g)a,s) (resp., from B(X) C B(Uy(§)@;) onto B@A) C

/B(Uq(a)%l\))' Since w € W, and w o x = * o w from the definitions, we can
easily deduce that w o S = S*, 1 OO = S* o w using (3.1.3). Therefore,

w w(w
under the isomorphism S : B(1) = B(wh), the fixed point subset B%(1) C B(X)
is mapped onto the fixed point subset B®(wA) C B(wA). Furthermore, we can show,
using [NS1, Proposition 2.4.4(4)] (see also the proof of [NS1, Theorem 3.3.3]), that
the following diagram commutes:

B — B®)

s*l lﬁi

BO(wA) —2s B@h).

Hence the map R,l B°(A) — E(jt\) is surjective if and only if the map R, :
Bo°(wl) — B(w)t) is surjective. Thus, we may assume from the beginning that A is
contained in the set (Y_; 7, Zzowi) N (h*)°.

Now we are ready to state the main result of this paper.
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Theorem 4.2.1. Assume that g = g(A) is an affine Lie algebra of type A,(11) (n >2),

D,gl) (n = 4), or E(l), and that the diagram automorphism w : I — 1 fixes the
index 0 € I specified as in Sect. 4.1. Let A € (Zie]o Zzowi) N (5%)°, and set

%= (P})"Y(A). Then, the (injective) map R, : B°(L) — E(jt\) of Theorem 3.3.1
is also surjective, and hence bijective.

4.3 PIE Elements Fixed by a Diagram Automorphism

We take (and fix) a level-zero integral weight A € P of the form A = Zie 1, Mi @i,
withm; € Z>o fori € Iy, such that w*(A) = A; note that m,;) = m; foralli € I
by (4.2.1). Also, note that d; = max{1, (o;, a;)/2} is equal to 1 forall i € Io, since
the Cartan matrix A = (a;;);,jer of g is symmetric.

Recall from Sect. 2.6 the set N(4) of all Io-tuples (p);p, of partitions p@,
i € Iy, such that K(p(i)) < m, foralli € Iy. We define an action of the diagram
automorphism @ on N(1) as follows. Let ¢g = (p®);c I, € N(4). Then we define
w(cy) = (X(i))ieIO, where y@ := p@®) for each i € I,. Since m; = M) for
alli € Iy, it follows that w(cy) € N(A). We set

N°(2) := {eo € N(A) | w(eo) = o). (4.3.1)

Note that ¢g = (p@); ¢ I, € N(A) is fixed by the diagram automorphism w if and
only if p@ = p@@) forall i € Iy. This, in particular, implies that in Case (e), the
number [co| = Y ;¢ 1p@)d; = diel, |p] is contained in 2Zs¢ = @¢Zso for
all ¢g € N°(1). For each k € Zx, we set

N°(A)k := {eo € N°(A) | |eo| = @ok}. (4.3.2)

Lemma 4.3.1. Let ¢o € N(A). Then the element S;; € U, (g) is mapped to
S= ) under o € Aut(Uy(g)). Moreover; the element S.; € U, (g) is fixed by

o(co

o € Aut(Uy(g)) if and only if ¢g € NO(R).

Proof. We see from the definition (see Sect.2.6) that the integral imaginary
root vector P;x (= Pjga;) is mapped to Puiyk (= Pui) kd, ) under
o € Aut(U(g)) for each i € Iy and k € Zs¢. Therefore, we deduce from
the definitions (2.6.2) and (2.6.7) that w(S¢,) = Saw(cy)- Also, it follows imme-
diately from (2.6.4) and (2.6.5) that w oV = Vow and w o~ = ~ o w. Hence
we deduce that a)(ScB) = S;(C ) which is the first assertion. The second assertion
follows from the first one and Proposition 2.6.2 (2). This proves the lemma. O

Because the action of the diagram automorphism w on 5(c0) is induced by w €
Aut(Uy,(g)), it follows from Lemma 4.3.1 and (3.2.9) that
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co € N°(b)
= (S, modgsL(00)) ® 1) ® U—oo € B%(00) ® T, ® BY(—00)
= by = B ((Segmod g L£(00) ® 13 @ uoo) € BY(Ug(g)az).

Therefore, we conclude from Proposition 2.6.2 (3) that
{bm | co € NO()L)} C BO(Uq(g)a,l) NBMA) = B°(1). 4.3.3)
Now, for each k € Z>¢, we set

b is extremal, and E (b)) = b; @ 1) ® U—_o

BO(A)PIE,k:Z b e BO(A)

for some by € B°(c0) such that wt(by) = —aoks |

Then it follows from Proposition 2.6.2(3) and (4.3.3) that the set {ch | co €
NO(X)x} is contained in B®(A)pig k. Therefore, in view of Proposition 2.6.2(2), we
obtain

#B°(Mpies > #N°(M)  forallk € Zs,. (4.3.4)

4.4 PIE Elements for Orbit Lie Algebras

As in Sect. 4.3, we assume that A € P is a level-zero integral weight of the form
A= Zielo m;w;, with m; € Zsg for i € Ip, such that w*(1) = A. We set

% = (P})"'(A), which is equal to Y, mi®i by (42.2).

Recall that in Case (e), the vertices of the Dynkin diagram of type Agj are num-
bered in an order reverse to the one in [BN] (see [BN, Sect. 2.1]). We define 7j; € P,
i €l,:=1\{n}, asin (2.6.6). Then, A = ZieTO m; @, is conjugate, under the
(finite) Weyl group Wo := (7, | j € To) C W, t0 A = >
Remark 2.6.1).

ieTo miNn—i (see
Let N(A) denote the set of 7o-tuples (76("))1.&\O of partitions p@, i € T, such
thatE(’ﬁ(i)) <m; foralli € 70. Also, for each k € Zxg, we set

NQx := {€ e NQV) | [G] = k),

where [Co| := Zie70 |ﬁ(i)|3i, with

max{1, (@;, @;)/2} in Cases (a)—(d),

~

fori € Iyg. (4.4.1)

)
i

max{1, @—i, @n—i)/2} =1 inCase (e),
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Remark 4.4.1. Recall that N; € Z is defined to be the number #{w* (i) | k > 0}
fori € I. We can check that d; = Niay" foralli € T in Cases (a)~(e).

Foreach k € Zx¢, we set

- ~ o~ b is extremal, and /E\‘A(Z) = 27\1 R~ Qoo
B(wpiex == (b € B(w) g g

for some /b\l € E(oo) such that wt(’b\l) = —k§
4.4.2)

where [t = X in Cases (a)—(e),and & = 2 or = A in Case ().

Lemma 4.4.2. Let . = (PH'() = Zie?o m;@w; be the level-zero integral
weight above for the orbit Lie algebra’g. Then, the inequality #E(}.\)P[E’k < #N(X)k
holds for every k € Z>y.

Proof. Let us fix k € Zsx( arbitrarily. In Cases (a)-(d), we see from Proposi-
tion 2.6.2 (2)—(4) that the equality #E(k)pIE,k = #ﬁ(k)k holds. Hence it remains

to consider Case (e). Let w € W o be the unique shortest element such that WA = A,
andletw =7;,7; SEEE -7, be areduced expression. Then it follows (for example,
from [Kac, Lemma 3.11b)]) that

(?jq/r\jq—l' r“()t))( joy1) >0 forg=0,1,...,p—1 (4.4.3)

Claim. If b e E(’X)pIE,k, then the element :S\';;gi(,l;) is contained in g(x)pﬂg,k.
Namely, we have /S\’V;/Si(g(x)ma,k) - g(/A\)PIE’k.

Proof of the claim. We see from (4.4.2) that the weight of an element of B()t)pIE & 18
% — k8. Because S,\ gives an isomorphism of crystals from B()L) onto B(W)L)

B(A), SA(b) is an extremal element of B(A) whose weight is x—ks by Re-
mark 2.3.2 (2). Also, it follows from Remark 2.3.2 (1) that TS'\;V\@‘\ (Z) is an extremal
element of B(A) whose weight is W(jt\ — kg) = A — k8.

Now, using lemmas in Sect. 3.4, we compute the element EX(S;V\Si (b)). Write

:’5\1\(3) as 51 ®’t\1\ ® U_oo for some 31 € E(oo) such that Wt(El) — k8. Then
we have

E2(555%(b) = E(555%(h)) = SE(S%(b)) by Remark 2.3.2(2)

=5-5 ivﬁ (b) by Remark 2.3.2(2), along with (2.2.4)
= 5-52E(b) = 5582 (b1 873 ® ico)-
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Noting (4.4.3), we obtain, by repeated application of Lemma 3.4.1,

S2(b1 @15 ®Too) = 85,85 5% (01 @75 @ To)
w A Jp—1
Ty . A*SpA*Sp 1 “‘/\*Slf\
=b] ®t ® (e e e l-co)
for some s,, Sp—1, ..., S1 € Zxo and 27\’1 € E(oo). Furthermore, again noting

(4.4.3), we obtain, by repeated application of Lemma 3.4.2,

~ ,\* o~ AA ~ _/\ ) A' 7 . ,\*sp/\*sp 1 AKS ]~
SWS,V;(bl Q1 ® U—00)=Sj, S jp_i S )i (b ®t ®( i €ip— € ”—°°))
N o> max 7max max/\*sp’\*sp L, 2%
_b ®t (f Jp 1 f Jp ]p 1 ejl M—OO)
~ sp/\ Sp—1, o*S1~ _ (35p5Sp—1 /\Sl/\ *
for some b € B(oo) Here, smceej € ejl M—oo—(ejpejp_l €U °°)’

it is contained in (BTJ( oo)) , and hence in B/v;,l(—oo) by Lemma 3.4.3(1). It
follows from Lemma 3.4.3 (2) that

“Zmax 7max Zmax kS p~kSp_1 AKS |
Jjp fjp*l f/l Jp “Jip—1 J1 U—oo = u_oo’
€B~ | (—00)
-
since w1 = TjTjy++-Tj, is a reduced expression of w1, Therefore, from
the above, we conclude that EX(S»SX(b)) = b] ® 137 ® Ui—co. Also, since
w

wi(E2(5~5%(2))) = wi(S~S%(p)) = A — k8, it follows that wi(b}) = —
This proves the claim. 1

Now, we continue the proof of the lemma. We see again from Proposi-
tion 2.6.2(2)~(4) that the equality #B(A)pex = #N(1)x holds. Since S~ is
bijective (in particular, injective), it follows from the claim above that the inequévlity
#E(’A\)pmk < #E(K)Fm’k = #N@)k holds. Thus we have proved the lemma. O

4.5 Relation Between N°(1) and N()

As in Sects. 4.3 and 4.4, we assume that A € P is a level-zero integral weight of the
form A = Zielo m;w;, with m; € Zs¢ fori € I, such that w*(1) = A, and set

A=) ) =X, g, midi
Lemma 4.5.1. Let k € Zxq. Then, there exists a bijection Wy : N®(1)x 5 ﬁ(jt\)k
In particular, the equation #N° (1) = #ﬁ(/\)k holds.

Proof. Let (p("))l:elo € N°(1)x. Recall from the definition (4.3.2) that L(pD) < m;
and p@®) = p@ foralli € Iy, and |(0)icry| = Diel, |p®| = @ok. Now we
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define Wy ((0);er,) by: Wi ((0D)ier,) = (p(i))ie/l\o; this definition makes sense
since p@@) = p@ forall i € Iy. Since £(p®) < m; forall i € Iy, it follows that
Ve ((pPD)iery) = (P(i))l.e/[\o is contained in N(A). Furthermore, we have

(0 D)ier)l = 100), 5,1 = D 1pV1d; by the definitions

ielgy

= Z 1pP|N;ay" by Remark 4.4.1
iG/I\()
N;—1

=ag' Z Z |P(wk(i))| since p©@) = p@ forevery i € Iy
iG?b k=0

=a," Y [pP| =k since (p0)ier, € N (M),

iely

which implies that Wy ((p); ¢ Ip) € ﬁ(i\)k. Thus, we have obtained a map Wy :
N, — ﬁ(:f)k. The injectivity of the map Wy is clear. Hence it remains to
show the surjectivity of Wy. Let (/,6("))1.6/1\(J € N(A)x. Define an Io-tuple (0©);er,
by: p@ @ = 5O for i e T, and 0 < k < N; — 1. Since L@ Dy =
€PD) < mi = myig) foralli € Toand 0 < k < N; — 1, it follows that
(P(i))ielo € N(A). It is obvious that (p@);¢ I, is fixed by the diagram automor-

phism o, i.e. (p(i ))ie I, € NO (2&). Also, a computation similar to the one above
yields that | (0);er,| = @o|(07), ~ | = dok, i.e. (09)ier, € N°(A)x. The sur-

ielg

jectivity of the map Wy now follows since Wy ((0“);er,) = (/,o\(i))l.efl\0 by definition.
This proves the lemma. O

4.6 Proof of the Main Result

Let the notation and assumptions be as in Sect. 4.2. In order to give a proof of The-
orem 4.2.1, we need the following lemma.

Lemma 4.6.1. Let k € Z>. Then, we have R), (BO(X)pIE,k) = E(,l\)pn.;,k.

Proof. Let b € B°(A)p k. We see from [NS1, Theorem 3.3.3] that R, (b) is a
W -extremal element of E()L). Write E3(b) as by ® 1) ® u—0o € B(0) ® T} ®
B°(—oc0) for some by € B°(c0) such that wt(b;) = —a@ok§. Then we see that

Ex(Ri(b)) = Ex(Q1(h)) = (Poo ® Q* ® P_oo)(E(b)) by Proposition 3.2.4
= Puo(by) ®/t\1~ ®U-oo by Remark 3.2.3.
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Also, since wt(b1) = —agk$, we have

Wi(Poo(b1)) = (PE)"(wi(b1)) by 3.2.7)
=—k§ by (4.12).

Thus we obtain Ry (b) € g(i\)pﬂg,k, which implies that

Ry(B°Wpiese) € Bk (4.6.1)

Here we note that #R; (3° MpE k) = #B°(X)pig x since R; is an injection. There-
fore, we have

#R, (B (Dpie k) = #B°(A)pie i
> #N°(L)r by (4.3.4)
= #N@)k by Lemma 4.5.1
> #B(A)ppx by Lemma 4.4.2. 4.6.2)

Hence, by comparing the cardinalities, we conclude from the inclusion (4.6.1) that

R.(B°Mpie k) = BMpre -
This proves the lemma. O

Finally, we are in a position to complete the proof of Theorem 4.2.1. Take be
B(A) arbitrarily, and define b € B°(U,(g)a) to be the inverse image Q' (b) of b
under the bijection Q : B%(U,(g)ay) = E(Uq(ﬁ)&}) of Proposition 3.2.1 (recall
that E(,X) is a subcrystal of E(Uq(ﬁ)ﬁ;\\)). To prove that the map R : BY(1) —
E(ﬁ) is surjective, it suffices to show that this b € B°(Uy(g)a,) is contained in
B°(1); indeed, if b € B°(L), then it follows from the definition of the map R;
that Ry (b) = RA(QEI(b)) = QA(QII(b)) = b. Also, since B°(1) = B(A) N
B%U,(g)as), and b € B°(U,(g)ay) by definition, it is obvious that b € B(}) if
and only if b € B(A).

Claim. There exist a monomial X1 in the Kashiwara aperators ej, fj for j € T
and an element bl € B(A)ME x for some k € Z>q such that b= X, b1

Proof of the claim. In Cases (a)—(d), the assertion follows from Proposition 2.6.2 (3)
and (5). Hence it remains to consider Case (e). As in Sect. 4.4, let A = (P)~1(}) be

of the form A = Zie’f m;@;,and A = 2167 m; Tu—i . We take the unique short-

est element W € W such that WA = A. Since SA(E) € E(K) by Theorem 2.4.2 (5),

it follows from Proposition 2.6.2 (3) and (5) that there exist a monomial X 2 in the
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Kashiwara operators ¢, }‘\ jforj € T and an element 32 € E(;\\)PIE’]{ for some
k € Z>¢ such that §i(b) = fz b,. Also, we have

(§;§%)—1§§(B) =525, §§(Z) =552, %(B),

where the second equality follows from Remark 2.3.2(2) since §i_ - E(f\\) —
E(X) is an isomorphism of crystals for U, (g) (see Theorem 2.4.2(5)). Thus we
obtain o o R
(S;S%)—lsg(b) =S5 8%, S2(b) = S5 ().
Similarly, we have
(8;8257' (X2b2) = 8%, 55, (X2h2)
=5~ (?2%71 (b2)) by Theorem 2.4.2(5) and Remark 2.3.2(2).

Therefore, we deduce that :S\/v;_l(i)\) = ’5\‘:;_1()? 23\1_1(27\2)), and hence b =
X 2§i_ . (?9\2). Furthermore, again by Theorem 2.4.2(5) and Remark 2.3.2(2), we
see that

§%_1 (b2) = ,S\’:j_lfg\;;fg\;v\—l (b2) = @;gs\,_,:g\;—n (b2) = §’V;(§’V;§{\)71@\2)-

Hence, if we set ?9\1 = (33:5‘\,"1)_1(52), then we get b = )?2:8’\;;(/51). Since
:S}(Z)\l) =X 3/b\1 for some monomial X 3 in the Kashiwara operators ?j, ? j for

Jj € 7 by the definition of g;;, it suffices to show that Zl € E(X)FIEJ(. Recall from
the proof of Lemma 4.4.2 that

§;§%(E(1\)PIE,k) C E(K)PIE,k and #E@)PIE,I{ = #E(X)PIE,k = #ﬁa\)k-

Also, we see from (4.6.1) and (4.6.2) that #B(A)pisx = #N(1). Consequently, we
deduce that :S’\;:S'\i (E(A)pm,k) = E(K)pIE’k, since :S‘};ﬁi is bijective (in particular,

injective). Since /b\z € E(K)p[E,k, this implies that ,b\l € E(jt\)png,k, as desired. Thus
we have proved the claim. 1

Now, we continue the proof of Theorem 4.2.1. Write the monomial X 1 in the
claim above as X = X}, %, --- X, for some | € Zs, where X is either 2 or £
foreach j € T. We know from Lemma 4.6.1 that there exists b1 € BO(A)pgk such
that Ry (by) = Z)\l; note that b = Q;l(@\l) by the definition of Rj. Therefore, it
follows from Proposition 3.2.1 that

b= Q;l(Z) - Q;l@lgh...yﬁl) =X, %), X QZI(Bl)
=X} Xjp X br. (4.6.3)
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Because by € BY°(A)prx C B(A), and B(A) is a suberystal of B(U,(g)ay),
we conclude from (4.6.3) that b € B(A), as desired. This finishes the proof of
Theorem 4.2.1.

Acknowledgments We wish to express our thanks to Professor George Lusztig for pointing out
that a result equivalent to Proposition 3.2.2 was obtained in [L, Theorem 14.4.9] under the restric-
tion on the diagram automorphism o that no w-orbit in the Dynkin diagram contains two vertices
joined by an edge.
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t-Analogs of g-Characters of Quantum Affine
Algebras of Type E¢, E7, Eg

Hiraku Nakajima

Abstract We compute ¢-analogs of g-characters of all /-fundamental representations
of the quantum affine algebras of type £ él), E;l), Eél) by a supercomputer. (Here
[- stands for the loop.) In particular, we prove the fermionic formula for Kirillov—
Reshetikhin modules conjectured by Hatayama et al. [Remarks on fermionic
formula (1999)] for these classes of representations. We also give explicitly the
monomial realization of the crystal of the corresponding fundamental representa-
tions of the quantum enveloping algebras associated with finite dimensional Lie
algebras of types E¢, E7, Eg. These are computations of Betti numbers of graded
quiver varieties, quiver varieties and determination of all irreducible components of
the lagrangian subvarieties of quiver varieties of types Eg, E7, Eg, respectively.

Keywords Quantum affine algebras - Fundamental representations - g-character -
Supercomputer

Mathematics Subject Classifications (2000): Primary 17B37; Secondary 14D21,
14130, 16G20

1 Introduction

Let g be a simple Lie algebra of type ADE over C with the index set / of simple
roots, Lg = g ® C[z,z7'] be its loop algebra, and U, (Lg) be its quantum universal
enveloping algebra, or the quantum loop algebra for short. It is a subquotient of the
quantum affine algebra U, (g), i.e., without central extension and degree operator. It
contains the quantum enveloping algebra U, (g) associated with g as a subalgebra.
In this chapter, we understand g as a nonzero complex number, which we assume
not to be a root of unity, for simplicity. And the algebra U, (Lg) should be under-
stood as the specialization of an integral form of the quantum loop algebra. In [17],
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the specialization was denoted by U, (Lg), but we use U, (Lg) for a brevity in this
chapter. (See [17] for the definition of the specialization.)

By Drinfeld [3] and Chari-Pressley [2], simple U,(Lg)-modules are pa-
rametrized by [I-tuples of polynomials P = (P;(u))ie; with normalization
P; (0) = 1. They are called Drinfeld polynomials. Let us denote by L(P) the simple
module with Drinfeld polynomial P. When P is given by P; () = (1—au)%~ fora
given N € I, we call corresponding module an N th /-fundamental representation.
(It has been called a level 0 fundamental module or simply fundamental representa-
tion in some literature.) We can assume a = 1 without the loss of generality as the
general module is a pullback of the module with @ = 1 by an algebra automorphism
of Uy (Lg).

Let x4,:(L(P)) be the t-analog of g-character of a simple module L (P) defined
by the author [14, 17]. It is defined via the geometry of graded quiver varieties. It
values in certain Laurent polynomial ring with infinitely many variables with integer
coefficients. It is a 7-analog of the g-character y,(L(P)) introduced earlier [5, 12],
which was a refinement of the ordinary character of the restriction of L(P) to a
Uy (g)-module. In [14,17] we “computed” x4 (L(P)) for arbitrary given L(P), in
the sense that we gave a purely combinatorial algorithm to write down all monomi-
als and coefficients in y4(L(P)), where the final expression involves only +, X,
integers and variables.

In order to clarify in what sense our result is new compared with earlier results,
we define what the word compute mean precisely. When we write the word compute
in the quotation marks, it means that we give a combinatorial algorithm to compute
something in the above sense. It does not necessarily mean that we actually com-
pute it. We can write a computer program in principle, but the question whether
we can actually compute it or not depends on the size of computer memory. (For
example, it is clear that the rank n of g cannot be larger than the size of the mem-
ory.) On the other hand, when we write the word compute without the quotation
mark, we mean to compute something in a strict sense, i.e., we express something

so that it contains only finitely many =+, X, integers and variables. For example, if
. (2100) ..
we write x = Z?:l a; for some explicit a;, we “compute” x, but we do not com-

pute x unless we actually compute the sum. On the other hand, we do not require
that the final expression can be read by the human, as such a concept cannot make
precise.

The algorithm is separated into three steps:

(1) “Computation” of y, , for /-fundamental representations.

(2) “Computation” of x4, for standard modules, i.e., tensor products of
[-fundamental representations.

(3) “Computation” of the 7-analog of the composition factors of simple modules in
standard modules.
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The third step is analogous to the definition of Kazhdan—Lusztig basis. If M (P)
denote the standard module, we have

gt L(P) = fgu(L(P)). Jqu(L(P)) = xgs(M(P)+Y_ apo(t) g (M(Q))
Q:0<P

(1.1)
for some apo(t) € 171 Z[t~1], where “<” is a certain explicitly defined ordering.
Thus apg(?) is analogous to Kazhdan-Lusztig polynomials. The above character-
ization allows us to “compute” apg(t), once yq,:(M(P)) is “computed.” (And
it is known that the actual computation of Kazhdan-Lusztig polynomials is very
hard.)

In the second step, we express xq.:(M(P)) as a twisted multiplication of y, ;
of /-fundamental representations. It is almost the same as usual multiplication on
the polynomials, but a product of two monomials 2, m’ is twisted as 240" )y !
Therefore, this step is very simple. It is clear that y, ; (M (P)) can be “computed” if
Xq,+ of [-fundamental representations are “computed”.

This chapter concerns the first step. Our “computation” in [14, 17] was f-analog
of the “computation” by Frenkel-Mukhin [4]. It is based on the observation that (a)
Xq.¢ satisfies a certain analog of the Weyl group invariance of the ordinary charac-
ters, and (b) the /-fundamental representation satisfies a certain property analogous
to that of minuscule representations of g. Recall that a simple finite dimensional
representation of g is called minuscule if all weights are conjugates of the highest
weight under the Weyl group each occurring with multiplicity 1.

When g is of classical type, i.e., of type A, D, the author gave a tableaux sum ex-
pression of y, ; of /-fundamental representations [16]. It means that we give another
“computation” of 4 ;, which are more familiar to us than the above one. It does not
mean we compute x4 in our strict sense. In fact, the comparison of two methods
does not make sense unless we define what we mean by “familiar.” In practice, it
just means that we have a faster algorithm for the actual computer calculation.

In this chapter we report the actual computer computation of y,, of I-
fundamental representations when g is of type Eél), Egl), Eél). Our algorithm
is implemented in the computer language C. The source code is available at
http://www.math.kyoto-u.ac.jp/ "nakajima/Qchar/. The author’s
personal computer (Dell Dimension 9100) can give the answer up to the sixth
[-fundamental representation of Eg, where our numbering of 7 is the following:

7-6-5-4-3-2— 1

|
8

We need about 120 Mbtyes of the memory for this calculation. For the fourth and
fifth /-fundamental representations, the computation was done on a supercomputer
FUJITSU HPC 2500 at Kyoto University. The calculation required about 2.6 Gbytes
(for fourth) and 120 Gbytes (for fifth) of memory, and it took 6 and 350 h for the cal-
culation, respectively. The final answers (stored in a compressed format as explained
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below) are 3.2 and 180 Gbytes, respectively. In fact, the calculation of the fourth one
was done several years ago and was mentioned in some of the author’s papers. How-
ever, we needed to wait for the Kyoto University to renovate the supercomputer so
that we can use 120 Gbytes of memory in a single program, and then wait for the
author to get an enough budget to use the supercomputer.

As far as the author knows, the computation (in our strict sense) for the fifth one
was not known before. Frenkel-Mukhin, Hernandez—Schedler told the author that
they wrote computer programs calculating x4 =1 and x4, respectively. But both
had a problem of computer memory.

In conclusion, we can now delete the quotation mark for computation in the first
step of the algorithm for type E above.

As an application, we can compute #-analog of the ordinary characters of the re-
strictions of /-fundamental representations to U, (g)-modules. The /-fundamental
modules are examples of the so-called Kirillov—Reshetikhin modules. Kirillov—
Reshetikhin gave conjectural formula for the ordinary character of the restriction of
a Kirillov—Reshetikhin module [10]. Its graded version (i.e., z-analog) together with
an interpretation in terms of the conjectural crystal base was given by Hatayama,
Kuniba, Okado, Takagi and Yamada [6]. Then Lusztig conjectured that their con-
jectural grading is the same as the cohomological degree [13], in a certain class of
Kirillov—Reshetikhin modules including /-fundamental representations. Therefore,
the formula in [6], in the class, gives the generating function of Poincaré polynomi-
als of quiver varieties.

In general, the conjectural formula is expressed as a summation over partitions
and called a fermionic formula. The author gave an expression for # = 1 in [15,
Corollary 1.3] (the result was extended to type BCFG in [7]). It is again given as a
summation over partition, but the definition of the binomial coefficient appearing in
the coefficients is different. The equivalence between two expressions is not known
so far! therefore, the original fermionic formula is remained open.

For an /-fundamental representation, the original fermionic formula can be given
by an explicit polynomial by the so-called Kleber’s algorithm [11]. Here we do not
make precise what we mean by “explicit.” For types A, D, it was shown in [16] that
this ‘explicit’ expression for an /-fundamental representation is equal to the “com-
putation” in [14]. For type E, the algorithm can be used to compute the fermionic
formula in our strict sense. Then the result can be checked in some special cases
previously computed (at least for 1 = 1) (e.g., [1]), but most of all /-fundamental
representations have remained open. Remark that Kleber’s algorithm does not apply
to the modified formula in [15]; so it is not known that the modified formula gives
the computation in the strict sense.

Our computation of y,, gives the explicit expression and we find that it is
the same as one given in [6]. Therefore, we prove Lusztig’s conjecture for all
[-fundamental representations.

! The equivalence between two expressions is proved by P. Di Francesco and R. Kedem, Proof of
the combinatorial Kirillov—Reshetikhin conjecture, Internat. Math. Res. Notices 7 (2008), Art. ID
mn006, 57 pp.
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Also as another application, we determine all monomials appearing in the mono-
mial realization of the crystal corresponding to fundamental representations of type
E. For types A, D, they were determined in [16] as an application of the ex-
plicit description of y,4, of /-fundamental representations. For types B, C, they
were determined in [9]. For types F, G, they can be easily determined (cf. [8]). In
conclusion, we describe the monomial realization of the crystals of all fundamental
representations explicitly.

2 t-Analogs of ¢-Characters

We shall not give the definition of quantum loop algebras, nor their finite di-
mensional representations in this chapter. (See [14] for a survey.) We just review

properties of y, ;, as axiomatized in [17].

def. .
Let % = Zlt, 1 Yia, Yi_al]iel,ae(c* be a Laurent polynomial ring of uncount-

ably many variables Y; ,’s with coefficients in Z[t,1~!]. A monomial in %; means

a monomial only in YljE containing no #’s. Therefore, a polynomial is a sum of

monomials multiplied by Laurent polynomials in #, called coefficients as usual. Let

def. Ci
Ai,a— lllq laq 1_[ lea]a
Ji#
where ¢;; is the (i, j)-entry of the Cartan matrix. Recall that ¢ is a nonzero com-

plex number, at which we make a specialization of U, (Lg). Let M be the set of
monomials in %;.

Definition 2.1. (1) For a monomial m € M, we define u; ,(m) € Z be the degree

inY; g, e,
m= l_[ Y”t a(m)

(2) A monomial m € M is said i-dominant if u; o(m) > 0 for all a. It is said
l-dominant if it is i -dominant for all ;.

(3) Letm, m’ be monomials in M. We say m < m’ if m/m’ is a monomial in Al_;
(i € I,a € C*). Here a monomial in Al_; means a product of nonnegative
powers of Al_; It does not contain any factors A; 4. In such a case, we define
Via(m,m') € Zso by

m=m l_[A_V“‘(mm)

This is well-defined since the q-analog of the Cartan matrix is invertible. We
saym <m’ifm <m’ andm # m’.
(4) For an i-dominant monomial m € M, we define

uj, a(m)
Em Em ] Y rratwatm=—ra [uza(m] AT
a rg=0

where [ ], is the 7-binomial coefficient.
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(5) We define aring involution on%;byr =1¢"",Y7 =Y7,.

Suppose that [-dominant monomials 7 p1, m p> and monomials m! < mpi,
m? < mp> are given. We define an integer d(m', m p1;m?, mp2) by

d(m"', mpi;m* mp2)

def.
= (Vi,aq (ml, mPl)ui,a (mz) + Ujaq (mPl)vi,a (mz, sz)) . 22)

i,a

For an [-tuple of rational functions Q/R = (Q;(1)/R;(u))ics with Q;(0) =

R;(0) =1, we set
moe = [T 1%aYi5.

iel @ B

where « (resp. B) runs roots of Q;(1/u) = 0 (resp. R;(1/u) = 0), i.e., Q;(u) =
[1o(1 —au) (resp. R;(u) = [[5(1 — Bu)). As a special case, an -tuple of poly-
nomials P = (P;(u));es defines mp = mp/. The [-dominant monomial m p«
appeared above is associated with an /-tuple of polynomials P = (P;(u))ies. In
this way, the set M of monomials are identified with the set of /-tuple of rational
functions, and the set of /-dominant monomials are identified with the set of /-tuple
of polynomials.

The ¢-analog of the Grothendieck ring R; is a free Z[t,~']-module with base
{M(P)} where P = (P;(u))ier is the Drinfeld polynomial. (We do not recall the
definition of standard modules M (P) here, but the reader safely consider them as
formal variables.)

The t-analog of the g-character homomorphism is a Z[t,~!]-linear homo-
morphism y,;:R; — %;. It is defined as the generating function of Poincaré
polynomials of graded quiver varieties, or the generating function of graded dimen-
sions of /-weight spaces of a U, (Lg)-module [18], and will not be reviewed in this
chapter.

We also need a slightly modified version:

Xaa(M(P)) =Y pdmmemmelq, (ym  if xg. (M(P)) =) am(t)m.

If we know one of y,4 and Y, we know the remaining one.
The following was proved in [14, 17]:

Fact 2.3. (1) The x4, of a standard module M(P) has a form

Xgt(M(P)) =mp + Zam(t)m,

where the summation runs over monomials m < mp.

(2) Foreachi € I, xg.:(M(P)) can be expressed as a linear combination (over
Z[t,t71)) of E; (m) with i -dominant monomials m.
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(3) Suppose that two I -tuples of polynomials P! = (Pl-l), P2 = (Pl-z) satisfy the
following condition:

a/b & {q" | n € Z,n > 2} for any pair a, b with Pil(l/a) =0, 4
P2(1/b) =0(.j € ). 2.4)

Then we have

XZ;(M(PIPZ)) — Z l2d(ml’mP';m2’mP2)am1(t)amz(t)mlmz,

ml,m2

where Yq:(M(P%)) =", a ama(t)m® witha = 1,2.
Moreover, properties (1),(2),(3) uniquely determine y 4 ;(M(P)).
(4) The x4, of the simple module L(P) is given by (1.1).

Apart from the existence problem, one can consider the above properties (1)—(3)
as the definition of y,; (an axiomatic definition). We only use the above properties,
and the reader can safely forget the original definition. Note that we will prove the
existence of y,4,; by our computer calculation.

By the property (1), we call the monomial m p corresponding to the Drinfeld
polynomial P [-highest weight monomial.

3 Algorithm

In this section, we shall explain our algorithm to determine y,;(L(P)) recursively
starting from the /-dominant weight monomial m p. It is a slight modification of one
in [4]. We shall also explain why we require large memory to compute yg4,; of the
fifth /-fundamental representation of U, (Lg) with g = Eg. The problem does not
exist for the other /-fundamental representations.

We take a Drinfeld polynomial P = (P;(u)) P;(u) = (1 — u)%~ corresponding
to the Nth [-fundamental representation.

One of the key property of x4, of an /-fundamental representation is that all
monomials appearing in y, are not /-dominant except the /-highest one. This was
proved in [4, Corollary 4.5] and [17, 4.13].

For each monomial m in y4;(L(P)), we determine the coefficient a, (t) € Z[t]
and the /-tuple of polynomial (am,;(t))icr € Z[t] (called colouring) recursively.
Let us introduce several concepts. We say m is admissible if all a,, ; (t) are the same
for any i such that m is not i -dominant. We say the algorithm fails at m if m is not
admissible. We say the algorithm stops at m if m is [-dominant.

Now we explain the algorithm. At the first stage, we set ap,,(f) = 1 and
Amp,i(t) = 0foralli € I for the /-highest weight monomial m p. Next, take a
monomial m such that a,, (¢) and a,; ; () are determined. If m is not i -dominant for
any 7 (this will happen if m the [-lowest weight vector), we do nothing on m and
go to the next monomial. If m is i-dominant, we compute (a, () — am,i (¢)) Ei (m).
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We call this procedure the i -expansion at m. We add a monomial m” appearing there
to the list. And for a monomial m’ in the list, we set ap,; (f) be the sum of the con-
tribution to m’ in the i-expansion at m for various m < m’ which is i-dominant.
As there is only finitely many m < m’, a,y ; (t) will be eventually determined. Af-
ter all a,y;(¢) are determined in this way, we can ask m’ is admissible or not. If
m'’ is not admissible (i.e., the algorithm fails at m”), we stop. If m’ is [-dominant
(i.e., the algorithm stop at m’), we stop. If m’ is admissible and not /-dominant,
we set dp/ () = ap,;i (¢) for some (and any by admissibility) i such that m’ is not
i-dominant. We continue this procedure until all a,,(¢) and a,, ; (¢) are determined,
and all (a,,(¢) — am,i (t)) E; (m) are expanded, or we stop at some m1.

Now we apply the algorithm starting from the /-highest weight monomial m p.
As ¥4.:(L(P)) satisfies the properties (1) and (2) in Fact 2.3, the algorithm cannot
fail. As 4;(L(P)) does not contain /-dominant monomials other than /-highest
one, the algorithm cannot stop. Finally as L(P) is a finite dimensional, 4 ;(L(P))
contains only finitely many monomials. Therefore, we eventually determine all
am(t) and ap ; (7).

Remark 3.1. If we apply the same algorithm in case g is a Kac-Moody Lie algebra
(say an affine Lie algebra), the algorithm does not fail, does not stop, but we always
get a new monomial in the expansion. Therefore, the procedure never end.

Now we consider the fifth /-fundamental representation of U, (Lg) with g = Ej,
and we will explain the reason why we need various tricks to save the size of data.
Because of these tricks, we had not known how big the total size is in advance; so
we used the following guess: We know that the dimension of the fourth fundamental
representation of g is 146325270, while fifth one is 6899079264. Therefore, we
expect that the corresponding y, ,’s have a similar ratio. We first compute the fourth
[-fundamental representations and expect that the total size of the fifth one is about
50 times as much. This turned out to be approximately correct as we can see from
the data in Introduction.

By [16, Proposition 3.4], the set of monomials appearing in the g-character of an
[-fundamental representation has a U, (g)-crystal structure, which is isomorphic to
the corresponding fundamental representation of Uy (g). In particular, the number
of the monomials appearing in the fifth /-fundamental representation is equal to the
dimension of the fifth fundamental representation of g = Eg, i.e., 6899079264 ~
6.4 x 23% = 6.4 Giga. For each monomial .2, we must remember (a) the expression
of the monomial and (b) the colouring, i.e., an I -tuple of polynomials in .

Let us first consider how we can express the monomial. It is known that /-lowest
weight monomial, i.e., the unique monomial with (ordinary) weight —ws, is Y;q‘m
(seee.g., [4, 6.8]). We have

-1 _ 2
Ys.q30 =Ys51 X Al‘qul‘q7Alvq9A1_quAl_qlsAqusAanAl_qwAlyqzlAlyqzsAlqus
2 2 2 2 3 3 2 2 2 2
X A24q4A2_q6A2Yq8A2’q10Az_qlz szqMAz‘qlészqlS szqzoAz‘qzz szqzztAz,qZG
2 3 3 3 4 4 4 3 3 3 2
X A3,q3A31q5 A3‘q7A3,q9 A34qn A34413A34415 A3,q17 A34419A34421 A34qz3 A3,q25 A3,q27

2 3 4 4 5 5 5 5 4 4 3 2
x A4‘q2 A4_q4 A4,q6 A4’q8 A44’q10 A4,qlz A4_q14 A4.q16A4_q18 A44’qzo A4,qzz A4.q24 A4.q26 A4_q28
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2 42 43 4 4 4 4 4 4 3 2 2
X Aé,q2 A6.q4 A6.q6 Aé’qs A6_q10 A6,q 12 Aﬁ.qm AG_qm Aﬁ.qlx Aﬁ.qzo Aé,qzz Aﬁ.qzzt Aé,qzc Aﬁ,q28
2 2 2 2 2 2 2
X A7 347,45 A7 51 A7’q9 A7,q11 A7_q13 A7‘qli A7_q17 A7‘qlg A7_qzl Ag 23 Aq 25 Ag 27
2 2 3 3 3 3 3 3 2 2
X Ag‘qz Ag_q4 Ag‘qﬁ A&qg Ag’qlo A&qlz AS.q"‘ Ag,qlﬁ A&qlg AS.qZO A&qzz A&q24 Ag‘qzs Aquzs .

Any other monomial is given equal to Y5 ; multiplied by a part of 4; ,«’s appeared
above. We record the monomial as a sequence of Al’,"’qk ’s, where i runs 1 to 8, k runs
from 1 to 29 and m runs from 1 to 6. We can store the triple (i, k,m) in a single
short int, i.e., 16bit of memory. The length of the sequence is at most 106,
which is the length for YS_’qlm. A naive count gives 6899079264 x 106 x 16bit >
1,300 Gbyte. This is too large. Therefore, we use the following trick: Noticing that
many monomials share the same sequences of Al’."q « S, we store the data into a tree
so that we do not need to repeat the common part. i3y this trick, it becomes uncertain
how much size we need in advance, as we mentioned above.

Next let us turn to colouring. By [17], yq.:(L(P)) = Y, am(t)m is given by
the Poincaré polynomials of various graded quiver varieties corresponding to .
Therefore, the degree of the coefficient a,, (¢) is equal to the (real) dimension of the
variety corresponding to m. On the other hand, the dimension of the graded quiver
variety is bounded by half of the ordinary quiver variety containing it. For the fifth
fundamental representation, the maximum (among various connected components)
of the dimension is equal to 60. Therefore, the maximum of the degree is 30. As
am,i (t) is given by a virtual Hodge polynomial of a certain stratum of the graded
quiver variety, the degree is also less than or equal to 30. As a,, (¢), am,; (¢) are poly-
nomials in #2, we have 30 /241 = 16 coefficients. Therefore, we must record 16 x 8
integers for each monomial. We did not know how large integers were in advance.
As a result of our calculation, it turns out we can store it into a short int. Then
we would need 16 x 8 x 16bit = 256byte for each monomial. This is huge size,
though it could be handled by our computer probably. However, we note that many
monomials m have coefficient a,, (r) = 1. We store a,,,; (¢) for those monomials in
a special format to save the size of data. As we do not need ay, ; (¢) for the final re-
sult, they are not included. (As a result of our calculation, we find that 4639565354
among 6899079264 monomials have this property.)

We have explained the total size of the data so far. In practice, it is more important
to know how much memory is required in the course of the calculation. For the
simplicity of the program, we replace the ordering < among monomials by more
manageable ordering given by

depthm et Z Via(m,mp).

i,a

Therefore, the /-highest weight vector has depth 0, Y5 ; A;}I has depth 1, etc. We
expand the monomial of depth 0, then monomials with depth 1, monomials with
depth 2, and so on. When we expand all monomials of given depth, we store all
obtained monomials together with colouring in memory. As a single monomial ap-
pears many times in the expansions at various monomials, it is not practical to save
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the data in the hard disk. Therefore, the most crucial point is to save the size of data
so that the program requires, in a fixed depth, up to 200 Gbyte of memory, which is
the limit of the supercomputer. We estimated the memory requirement by that for
fourth /-fundamental representation as above, and we guessed that the calculation
was possible. This turns out to be true fortunately.

4 Results

We only consider the fifth /-fundamental representation of U, (Lg) with g = Eg.

As the final result is a huge polynomial, we cannot give it here. So we only give
a part of the information. The monomial whose coefficient with the highest degree
130 is

(14412 +10¢* +20¢° + 33¢% + 47110 + 59¢12 4 66114

+6611¢ + 59118 1 47120 4 33422 4 20%* + 10120 4 4128 4 130)

-1 y2 -2 3 -3 -1

XY 414 Yqu16 Y3,q14 Y3,q16 Ys’q714 YS,q16 Y7’q14Y7,q1(,.

The coefficient is the Poincaré polynomial of a certain graded quiver variety.
We define the ¢-graded character by

chy(L(P)) = Zae(L(P)|y, .

If we put t = 1, it becomes the ordinary character of the restriction of L(P) to
U, (g). It is also equal to the generating function of the Poincaré polynomials of
the quiver varieties, where the degree 0 is corresponds to the middle degree. For
example, the coefficient of the weight 0 is

13571044-2232771:%420024231*4+1317308°+716312¢8 4342421110+ 148512¢ 12
45949014 4+22162¢ 1047687t 18 +246312°+ 726122+ 19224 + 44126 8128 4430

Let V(A1) denote the irreducible highest weight representation of Uy (g) with the
highest weight A. Let ch V(1) be its character. If we write

ch; L(P) =Y M(P.A.t)chV(}).
A

the coefficient M (P, A, t) is specialized to the multiplicity of V(1) in the restriction
of L(P) att = 1. The fermionic formula mentioned in the Introduction is a con-
jectural expression of M (P, A,t) (for P corresponding to the Kirillov—Reshetikhin
modules).
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As we have computed Y4 (L(P)), M(P, A,t) can be given if we compute V(1).
Let us compute V(A1) by the method in [14, 7.1.1], i.e.,

V) = T LDy, im0

where Q corresponding to A is given as follows: We choose an orientation for each
edge of the Dynkin diagram and choose a function m: I — Z such that m(i) —
m(j) = 1 for an oriented edge i — j. Then we take

Qi () = (1 —ug™ ).

For this choice of Q, it is known that ch;(L(Q)) = X4,:(L(Q))ly; ,—y; is equal
to the generating function of shifted Poincaré polynomial of the quiver variety as
above. In particular, it is independent of the choice of the orientation. For each
dominant weight A appearing in ch, L(P), we choose Q = Q) as above and define
matrices P(t) = (P, (¢)) and IC(t) = (ICy,(t)) by

chy L(Q)) = Z Py, (t)e" + non dominant terms,
"

chy L(Q2) = ) _ICi,u(t) ch V().
o

Then we have
IC(t) = P(t)P(0)~'.

By [14,17], ICy,(t) is the Poincaré polynomial of the stalk of the intersection co-
homology sheaf of a stratum of the quiver variety corresponding to A at a point in
the stratum corresponding to p. In our case, it is given by

Table 1

Table 3|Table 4

=",

where y; = e®i. The first row gives ch; (L(P)) for the fifth /-fundamental repre-
sentation L(P). We see that it coincides with the conjectural formula in [6]. The
same assertion for other /-fundamental representations can be proved by invoking
other rows. The same can be proved for types Es, E7 in the same manner.
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Table 2

wg 2'@'1 wy W7 w 0
wg 1 0 2 24t 10 18
27 0 1 2 R A ST A A L
w, 0 0 1 2 12 4t 1o
w; 0 0 0 1 12 4
w, 0 0 0 0 1 12
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Ultra-Discretization of the Gz(l)-Geometric
Crystals to the Df) -Perfect Crystals

Toshiki Nakashima

Abstract We obtain the affirmative answer to the conjecture in [14]. More
precisely, let y := (V, {e;}, {vi}, {€i}) be the affine geometric crystal of type Gél)
in[14] andU D (x, T, 0) a ultra-discretization of y with respect to a certain positive
structure 6. Then we show that U D (y, T, 6) is isomorphic to the limit of coherent

family of perfect crystals of type Df) in [9].
Keywords Geometric crystal - Perfect crystal - Ultra-discretization

Mathematics Subject Classifications (2000): Primary 17B37; 17B67; Secondary
22E65; 14M15

1 Introduction

In [4], we introduced the notion of perfect crystal, which holds several nice proper-
ties, e.g., the existence of the isomorphism of crystals:

B(A) = B(o(1)) ® B,

where B is a perfect crystal of level [ € Z~¢, B(A) is the crystal of the integrable
highest weight module of a quantum affine group with the level / highest weight A
and o is a certain bijection on dominant weights. Iterating this isomorphism, one
can get the so-called Kyoto path model for B(4), which plays a crucial role in
calculating the one-point functions for vertex-type lattice models [4, 5].
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In [5], perfect crystals with arbitrary level have been constructed explicitly for

affine Kac—Moody algebra of type Af,l), B,gl), C,fl), Df,l), D,(f_g], A(Zzn)_1 and Agi)

In [16], the Gél) case has been accomplished. But so far, the other cases except Df)
have not yet been obtained. In a recent work [9], they constructed the perfect crystal
of type Df) with arbitrary level explicitly. A coherent family of perfect crystals
is defined in [6], and it has been shown that the perfect crystals in [5] constitute a
coherent family. A coherent family {B;};>; of perfect crystals B; possesses a limit
Boo which still keeps a structure of crystal. This has a similar property to By, that
is, there exists the isomorphism of crystals:

B(00) = B(00) ® Beo,

where B(oo) is the crystal of the nilpotent subalgebra U, ;4 (9) of a quantum affine
algebra U, (g). An iteration of the isomorphism also produces a path model of B(co)
[6]. It is shown in [9] that the obtained perfect crystals consists of a coherent family,
and the structure of the limit By, has been described explicitly.

Geometric crystal is an object defined over certain algebraic (or ind-) variety
which seems to be a kind of geometric lifting of Kashiwara’s crystal. It is de-
fined in [1] for reductive algebraic groups and is extended to general Kac—Moody
cases in [12]. For a fixed Cartan data (A, {c; }icr, {0, }icr), a geometric crystal
consists of an ind-variety X over the complex number C, a rational C*-action
¢; : C* x X — X and rational functions y;,&; : X —> C (i € I), which satisfy
the conditions as in Definition 2.1. It has many similarity to the theory of crys-
tals, e.g., some product structure, Weyl group actions and R-matrices. Moreover,
one has a direct connection between geometric crystals and free crystals, called
tropicalization/ultra-discretization procedure (see Sect.2). Here let us explain this
procedure. For an algebraic torus 7’ and a birational morphism 6 : 7/ — X, the
pair (T, 0) is positive if it satisfies the conditions as in Sect. 2, roughly speak-
ing: Through the morphism 6, we can induce a geometric crystal structure on
T’ from X and express the data ef, y; and & (i € I) using the coordinate
of T’ explicitly. In case each of them is expressed as a ratio of positive poly-
nomials, it is said that (7’,0) is a positive structure of the geometric crystal
(X.{ei}.{vi}. {&i}). Then using a map v : C(c) \ {0} — Z (v(f) := deg(f)),
we can define a morphism 77 — Z™ (m = dim T’ = dim X), which defines the
so-called ultra-discretization functor. If  : T/ — X is a positive structure on X,
then we obtain a Kashiwara’s crystal from X by applying the ultra-discretization
functor [1].

Let G (resp. g = (t, e;, fi)ier) be the affine Kac-Moody group (resp. algebra)
associated with a generalized Cartan matrix A = (a;;);,jer. Let B be fixed Borel
subgroups and T the maximal torus such that BY N B~ = T. Set y; (c):=exp(cf;),
and let o (c) € T be the image of ¢ € C* by the group morphism C* — T
induced by the simple coroot @ as in 2.1. We set Y;(c) := y; (cHaY(e) =
o (c) yi(c). Let W (resp. W) be the Weyl group (resp. the extended Weyl group)
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associated with g. The Schubert cell X, := BwB/B (w = s;, -+-s;, € W) is bira-
tionally isomorphic to the variety

B, = {Y; (x1) -+ Yi (xp) | x1,.... xx € C*} C B,

and X,, has a natural geometric crystal structure [1, 12].

We choose 0 € [ asin [7,8], and let {w; };c1\{0} be the set of level 0 fundamen-
tal weights. Let W(w;) be the fundamental representation of U, (g) with w; as an
extremal weight [7, 8]. Let us denote its specialization at ¢ = 1 by the same nota-
tion W(w;). Itis a finite-dimensional g-module. Let P (w;) be the projective space
(W(w@i) \ {0})/C™.

Forany i € I, define ¢;":=max(1, ﬁ) Then the translation ¢ (¢, =; ) belongs
to W (see [10]). For a subset J of I, let us denote by g, the subalgebra of g gener-
ated by {e;, fi}iecs. For an integral weight i, define /() := {j el (a}’, n) > 0}.

Here we state the conjecture given in [10]:

Conjecture 1.1 ([10]). For any i € I, there exist a unique variety X endowed with
a positive g-geometric crystal structure and a rational mapping 7: X — P(w;)
satisfying the following property:

(i) For an arbitrary extremal vector u € W(w;),, writing the translation t(c; 1)
as tw € W with a Dynkin diagram automorphism ¢ and w = s;, ---s;, , there
exists a birational mapping &: B, —> X such that £ is a morphism of gy,)-
geometric crystals, and that the composition 7 o §: B, — P(w;) coincides
with Y;, (x1) -+ Y, (xx) = Yi, (x1) -+ - Yi, (xx)u, where # is the line including
u,

(i1) The ultra-discretization (see Sect.2) of X is isomorphic to the crystal B ()
of the Langlands dual g~.

In[10], the casesi = 1andg = A5, BS",CV, DV, 4|, 42 D@ have
been resolved, that is, certain positive geometric crystal V(g) associated with the
fundamental representation W (@) for the above affine Lie algebras has been con-
structed, and it was shown that the ultra-discretization limit of V(g) is isomorphic
to the limit of the coherent family of perfect crystals as above for g~ the Langlands
dual of g. In [14] for the case i = 1 and g = G(l), a positive geometric crystal
V was constructed. However, the ultra-discretization of the geometric crystal has
not been given there, though it was conjectured that the ultra-discretization of V is
isomorphic to B as in [9].

In this chapter, we shall describe the structure of the crystal obtained by ultra-
discretization process from the geometric crystal V for g = Gél) in [14]. Finally,
we shall show that the crystal is isomorphic to B as in [9].

2 Geometric Crystals

In this section, we review Kac—Moody groups and geometric crystals following
[1,11,15].
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2.1 Kac-Moody Algebras and Kac—Moody Groups

Fix a symmetrizable generalized Cartan matrix A = (a;;)i,je; With a finite index
set 1. Let (t, {o; }ier. {@; }ier) be the associated root data, where t is a vector space
over C and {e;}ie;r C t* and {@}je; C t are linearly independent satisfying
a; (Ollv) = djj.

The Kac-Moody Lie algebra g = g(A) associated with A is the Lie algebra
over C generated by t, the Chevalley generators ¢; and f; (i € I) with the usual
defining relations [3, 15]. There is the root space decomposition g = @, ¢+ Ja-
Denote the set of roots by A 1= {& € t* | « # 0, go # (0)}. Set Q = Y, Za;,
O+ =D Zsoai, QV := Y ; Za; and Ay := AN Q4. An element of A is
called a positive root. Let P C t* be a weight lattice such that C ® P = t*, whose
element is called a weight.

Define simple reflections s; € Aut(t) (i € I) by s;(h) := h — o; (h)e’, which
generate the Weyl group W. It induces the action of W on t* by s;(A) (= A —
Aler) )a;. Set A™ := {w(a;) | w e W, i €I}, whose element is called a real root.

Let g’ be the derived Lie algebra of g and let G be the Kac-Moody group asso-
ciated with g’([15]). Let Uy, := exp go (@ € A™) be the one-parameter subgroup of
G. The group G is generated by U, (¢ € A™). Let U™ be the subgroup generated
by Uiy (@ € AT =A™ N Q4), 1., Ut = (Ury | e AT).

For any i € I, there exists a unique homomorphism; ¢; : SL>(C) — G such
that

o ((5.2)) = oo ((11)) o (1)) = et

where c € C*and ¢ € C. Set e’ (c) := e, x; (t) :=exp(te;), yi(t) ;= exp (tfi),
G = ¢i(SL2(C)), T; := ¢;({diag(c,c™1) | ¢ € CV}) and N; := Ng,(T;). Let T
(resp. N) be the subgroup of G with the Lie algebra t (resp. generated by the N;’s),
which is called a maximal torus in G, and let B* = U®*T be the Borel subgroup
of G. We have the isomorphism ¢ : W—N/T defined by ¢(s;) = N;T/T. An

element 5; := x; (—1)y; (1)x;(=1) = ¢; ((:I(:)l :I(Z)l)) is in Ng(T'), which is a
representative of s; € W = Ng(T)/T.

2.2 Geometric Crystals
Let W be the Weyl group associated with g. Define R(w) for w € W by
RW) = {(i1,iz,....ip) € I' | w=si;50, 50, },

where / is the length of w. Then R(w) is the set of reduced words of w.



Ultra-Discretization of the G;“—Geometric Crystals to the Df)—Perfect Crystals 277

Let X be an ind-variety,y; : X — C and¢g; : X — C (i € I)rational functions
onX,ande; : C* x X — X ((c, x) > ef(x)) arational C*-action.

Fora wordi = (i1,...,i;) € R(w) (w € W), set &) := s, -5, (i)
(1=<j<l)and

i TxX —>X

M) o@ o
(t,x) = ef (x) :=ef (t)ef; (t)---ef; D (x).

Definition 2.1. A quadruple (X, {e;}icr,{Vi, }ic1,{¢i}icr) is a G (or g)-geometric
crystal if
(1) {1} x X C dom(e;) foranyi € 1.
(i) yj(ef (x)) = cy;(x).
(iii) e; = ey forany w € W, i, € R(w).
(iv) &i(ef (x)) = clei(x).
Note that the condition (iii) as above is equivalent to the following so-called
Verma relations:

cL,Cc2 __ €2 C1 1 JRU— J—
e;le =e’e ifajj =a;; =0,
€] €162 €2 __ €2 ,C1C2 C] o — g —
e; e; e =ele ey lfau =daji = 1,
2 2
c1 C1€2 c1ca ¢ _ c2 cica €1€2 ¢y . T L
i€ ; ; =eje ;e ifajj=-2,aj=—1,
3 2 3.2 3.2 2 3
¢y €162 Cjc2 C1¢) €162 ,€2 _ ,€2,€1€2 €1y 12 C1C2661 ifaii==3.a:=—1
i vJ i J i JjoT i J i J i A

Note that the last formula is different from the one in [1, 12, 13] which seems to be
incorrect. The formula here may be correct.

2.3 Geometric Crystal on Schubert Cell

Let w € W be a Weyl group element and take a reduced expression w = s, -+ j,.
Let X := G/ B be the flag variety, which is an ind-variety and X,, C X the Schubert
cell associated with w, which has a natural geometric crystal structure [1, 12]. For
i:=(i1,...,ig),set

By = {Yi(c1,....ck) ==Yy (c1) - Yy, (ck) | c1.....ck €C*y C BT, (2.1)

which has a geometric crystal structure [12] isomorphic to X,,. The explicit forms
of the action ef, the rational function &; and y; on B;” are given by

ef (Yiy (1) -+ Yy (cp)) = Yiy (Cr) -+ ¥iy (Cio),
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where
c 1
Z aiy.i [ + Z aiy.i Aiyy 1.0
1<m<jim=i €1 """Cm=1 m  jom<k,in=i €1 " Cm—1 Cm
Cj.ICj- c 1 s (2.2)
Z ajy i Ay 1. + Z ajy i Q1.0
1<m<jim=i €1 """Cm—1 m  j<m<k,in=i €1 " Cm—1 Cm
1
(Vi (cr) - Yyla) = ) T a, (2.3)
t<m<kim=i €1 ~""Cm—1  Cm
@iy @iy i
Yi(Yiy(c1) -+ Yi (k) = ¢ ' -orc " (2.4)

2.4 Positive Structure, Ultra-Discretizations and Tropicalizations

Let us recall the notions of positive structure, ultra-discretization and tropicalization.

The setting below is same as [10]. Let 7 = (C*)’ be an algebraic torus over C
and X*(T) := Hom(T,C*) = Z! (resp. X+(T) := Hom(C*,T) = Z') be the
lattice of characters (resp. co-characters) of 7. Set R := C(c) and define

v:R\ {0} — Z
fle) > deg(f(c)).

where deg is the degree of poles at ¢ = oo. Here note that for f1, f> € R\ {0}, we
have
A

WAt = V() + v(fo). v(g)zvun—Wﬁy @.5)

A non-zero rational function on an algebraic torus T is called positive if it is written
as g/ h, where g and & are a positive linear combination of characters of 7.

Definition 2.2. Let f: T — T’ be a rational morphism between two algebraic tori
T and T’. We say that f is positive, if yo f is positive for any character y: T’ — C.

Denote by Mor™ (T, T’) the set of positive rational morphisms from 7 to T".

Lemma 2.3 ([1]). For any f € Mor™ (T}, T») and g € Mor™ (T, T3), the compo-
sition g o f is well-defined and belongs to Mor™ (T, T3).

By Lemma 2.3, we can define a category 7, whose objects are algebraic tori
over C and arrows are positive rational morphisms.

Let f:T — T’ be a positive rational morphism of algebraic tori T and T’. We
define a map f: X«(T) = X«(T') by

(1. £ ©) =v(xo fok),

where y € X*(T’) and & € X (T).
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Lemma 2.4 ([1]). For any algebraic tori Ty, T,, T3, and positive rational

—

morphisms f € Mor(Ty, T»), g € Mor" (T3, T3), we have go f =3 o f.

By this lemma, we obtain a functor

Uub : g — Get
T > X«(T)
(f:T—=>T) = (f: Xe(T) > X(T)

Definition 2.5 ([1]). Let y = (X, {e;}ier,{Wti }iecr,{€i }ier) be a geometric crystal,
T’ an algebraic torus and 6 : T’ — X a birational isomorphism. The isomorphism
0 is called positive structure on y if it satisfies

(i) Forany i € I the rational functions y; 00 : T — C and ¢; 0§ : T — C are
positive.

(ii) For any i € I, the rational morphism e; 9 : C* x T/ — T’ defined by
eip(c.t) := 071 oef 0 0(t) is positive.

Let 6 : T — X be a positive structure on a geometric crystal y = (X, {e;}ier,
{wt; }ier, {&i}ier). Applying the functor U/ D to positive rational morphisms e; g :
C*xT' — T andy o6 :T' — T (the notations are as above), we obtain

& = UD(e;9) : 7 x Xu(T) — X(T),
wt; ;=UD(y; 00) : Xo(T') — Z,
6 == UD(g; 0 0) : Xo(T') — Z.

Now, for given positive structure 6 : T — X on a geometric crystal y = (X,
{eitier, {Wt;i }ier, {&i}ier), we associate the quadruple (X«(T"), {€;}ier, {Wti }ier,
{ei}ier) with a free pre-crystal structure (see [1, 2.2]) and denote it by U D g 7 (x).
We have the following theorem:

Theorem 2.6 ([1, 12]). For any geometric crystal y = (X,{ei}ier,{Vilier,
{ei}ier) and positive structure 6 : T' — X, the associated pre-crystal
UDg1(x) = (Xu(T"). {ei}ier, {Wti}ier. {&i}ier) is a crystal (see [1, 2.2]).

Now, let GC ' be a category whose object is a triplet (y, 7', 0) where y =
(X,{e;}, {yi}. {ei}) is a geometric crystal and 6 : T/ — X is a positive structure on
x» and whose morphism f : (y1,7,61) — (x2.7T,, 62) is given by a morphism
¢ : X1 — X2 (xi = (Xj,...))such that

fi=0"0000,:T — T,

is a positive rational morphism. Let CR be a category of crystals. Then by the theo-
rem above, we have
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Corollary 2.7. U Dy 1/ as above defines a functor

ub : gc+t — CR,
(. T',6) o X« (T"),
(f - (1.T{.01) = (x2.T5.02)) = (f : Xu(T}) — Xi(Ty)).

We call the functor U D ultra-discretization as [12, 13] instead of “tropicaliza-
tion” as in [1]. And for a crystal B, if there exists a geometric crystal y and a
positive structure 6 : T/ — X on y such that YD (x,T’,0) = B as crystals, we
call an object (y, 7', 6) in GCTa tropicalization of B, where it is not known that
this correspondence is a functor.

3 Limit of Perfect Crystals

We review limit of perfect crystals following [6]. (See also [4, 5]).

3.1 Crystals

First, we review the theory of crystals, which is the notion obtained by abstract-
ing the combinatorial properties of crystal bases. Let (4, {o;}ies, {@}ier) be a
Cartan data.

Definition 3.1. A crystal B is a set endowed with the following maps:

wt: B — P,

g B—ZU{—0c0}, ¢;i:B—ZU{—o0} for iel,

& :BU{0}— BU{O}, fi:BU{0}—> BU{0} for icl,
&(0) = f;(0) = 0.

Those maps satisfy the following axioms: for all b, b1, b, € B, we have

i (b) = i (b) + (o, wt(b)),

wt(é;b) = wt(b) + «; if €;b € B,
wt(fib) = wt(b) — o; if fib € B,

éiby = by <= fiby = by (b1,bs € B),
gi(b) = —o0o => &b = fib =0.

The following tensor product structure is one of the most crucial properties of
crystals.
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Theorem 3.2. Let By and B, be crystals. Set B ® By :== {b1®b,; bj € B; (j =
1,2)}. Then we have

(i) By ® B is a crystal.

(ii) For b1 € By and by € By, we have

z ib1 ® by if g; (b1) > &;(b2),
OETSES PO o

HOVB) = by & fiba it giby) < e1(b).

b1 ® €ibs if ¢i(b1) < €i(b2).

eib1 ® by if @i (b1) = €i(b2).

Definition 3.3. Let B; and B, be crystals. A strict morphism of crystals  : By —>
By isamap ¢ : By U {0} —> B U {0} satisfying: (0) = 0, ¥/(B1) C Bz, ¥
commutes with all ¢; and f; and

éi(b1 ® by) = %

wt(y (b)) = wt(b). & (¥ (D)) = ei(b)., @i(Y(b)) = ¢i(b) forany b € B;.

In particular, a bijective strict morphism is called an isomorphism of crystals.

Example 3.4. 1f (L, B) is a crystal base, then B is a crystal. Hence, for the crys-
tal base (L(o0), B(00)) of the nilpotent subalgebra U, (g) of the quantum algebra
Uy (g), B(oo) is a crystal.

Example 3.5. For A € P, set Ty := {t,}. We define a crystal structure on T} by

&) = filt)) =0, &) =w@i(ty) =—00, Wity) = A.

Definition 3.6. For a crystal B, a colored oriented graph structure is associated with
B by ; _
b1—>by, <— flbl = bs.

We call this graph a crystal graph of B.

3.2 Affine Weights

Let g be an affine Lie algebra. The sets t, {;}ies and {o;}ies be as in Sect.2.1.
We take dimt = 7 + 1. Let § € Q4 be the unique element satisfying {1 € Q |
(¢ ,A) = Oforanyi € I} = Z§, and ¢ € g be the canonical central element
satisfying {h € QV | (h,a;) = O0foranyi € I} = Zc. We write [2, 6.1]

Vv Vv
c= E a; o, s = E aa;.
i i

Let (, ) be the non-degenerate W -invariant symmetric bilinear form on t* normal-
ized by (§,A4) = (c,A) for A € t*. Let us set £} := t*/C§ and let ¢l : t* —>
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be the canonical projection. Here we have t}; = @, (Ca,)*. Set t; := {A € t* |
(e, A) = 0}, (t)o := cl(t;). Since (8,8) = 0, we have a positive-definite symmet-
ric form on t}} induced by the one on t*. Let A; € £ (i € I) be a classical weight
such that (o, Aj) = &; ;, which is called a fundamental weight. We choose P
so that Py := cl(P) coincides with ), .; ZA; and we call Pq a classical weight
lattice.

3.3 Definitions of Perfect Crystal and Its Limit

Let g be an affine Lie algebra, P, be a classical weight lattice as above and set
(Pd);r ={Ae Pyl (c.A) =1, (o)1) =0} (I € Z>p).

Definition 3.7. A crystal B is a perfect of level [ if

(i) B ® B is connected as a crystal graph.
(ii) There exists Ag € P such that

Wi(B) C Ao+ Y Z<ocl(@;).  #By, = L.
i#0

(iii) There exists a finite-dimensional Ué (g)-module V' with a crystal pseudo-base

By such that B = B,/+1.
(iv) The maps ,¢ : B™" := {b € B | (c.e(b)) = l}—)(PCT)l are bijective,

where e(b) := )", €i(b)A; and ¢(b) := )", ¢i(b)A,;.

Let {B;};>1 be a family of perfect crystals of level / and set J := {(/,b) | [ > 0,

b € Bn}.
Definition 3.8. A crystal B, with an element b is called a limit of { B;};>1 if

(1) Wt(boo) = €(boo) = ¢(boo) = 0.
(i) Forany (/,b) € J, there exists an embedding of crystals:

Jap  Tew) ® B ® T_pp) — Boo
1) ®b 1oy > boo

(iiD) Boo = Uq pyes Im fi1,0)-

As for the crystal T, see Example 3.5. If a limit exists for a family {B;}, we say
that { By} is a coherent family of perfect crystals.
The following is one of the most important properties of limit of perfect crystals.

Proposition 3.9. Let B(c0) be the crystal as in Example 3.4. Then we have the
following isomorphism of crystals:

B(00) ® Boo—> B(c0).
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4 Perfect Crystals of Type Df)

In this section, we review the family of perfect crystals of type Df) and its limit [9].

We fix the data for Df). Let {ao, a1, 2}, {ag, o).y} and {Ag. A1, Az} be
the set of simple roots, simple coroots and fundamental weights, respectively. The
Cartan matrix A = (a;;)i,j=0,1,2 is given by

2—-1 0
A=|-1 2-3},
0—-1 2
and its Dynkin diagram is as follows:
OO0

The standard null root § and the canonical central element ¢ are given by
§=ao+201 +a; and ¢ =ay +2e) + 3y,

where g = 2A9 — A1 +38, a1 = —Aog+2A1—A>, o = —3A1 +2A,.
For a positive integer /, we introduce Df)-crystals B; and By as

_ o~ bri=bh d 2),
Bl={b=(b1,b2,b3,b3,b2,b1>e(Zzo)é 3= b3 (mod2) }

Sic1a(bi +by) + @ <1
by = by (mod2),
Sioiabi + b+ 2 e 7

BOO = {b = (b17b25 b3753ab_2751) € (Z)G

Now we describe the explicit crystal structures of B; and B. Indeed, most of them
coincide with each other except for g9 and ¢y. In the rest of this section, we use the
following convention: (x)4+ = max(x, 0),

(....by+1,by—1) it by — b3 > (by — b3) 4.
eitb=13(...bs+1,bs—1,..) ifby—b3 <0<bs—b,,
by +1,b5—1,...) if (by — b3)y < by — b3,
(by—1,b+1,...) if (by — b3)y < by — b3,
fib=1(...bs—1,b3+1,...) ifby—bs<0<bs—bs,
(....by—1,b1 +1) if by — b3 > (by — b3) 4.

(...,53+2,52—1,...) 1f53 > bs,

é>b = -
(...,b2+ 1,b3—2,...) if b3z < b3,
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(...bo—1,b3+2,..)) ifbs <bs,

fob = ~ : o
(...,b3—=2,b+1,...) ifbz > b3,

e1(b) = b1+ (bs — by + (b2 — b3)+ )+, @1(b) = b1 + (b3 — ba+ (b2 — b3)4)+,

Y _ 1 -
g2(b) = by + §(b3 —b3)y, @2(b) = by + §(b3 —b3)y,

co(b) [ —s()+max A — (2z1 +22 +23+324) b € By,
0 =
—s(b) + max A — (2z1 + 22 + 23 + 324) b € By,
[—s()+max A b e By,
@o(b) =
—s(h)+max A b € By,
where _
bz +b - -
s(b) = by + by + = + by + b, (4.1)

a=by—by, za=by—by, zz=bs—by, za=(b3—b3)/2, (42)
A=0,z1,z1+ 22,21 + 22+ 32,21 + 22+ 23 + 324,221 + 22 + 23 + 324). (4.3)

For b € By, if ¢;b or fl-b does not belong to B;, namely, if b; or 5/' for some j
becomes negative, we understand it to be 0.

Let us see the actions of €y and fo. We shall consider the conditions (E1)—(Es)
and (F1)—-(Fe) [9].

(E1) z1+z22+23+324<0,z1 +22+324 <0,21 +22 < 0,21 <0,
(E2) z1+2z2+23+324 <0,2204+ 324 < 0,20 < 0,21 >0,

(E3) z1+23+324 <0,234+324 < 0,24 < 0,22 > 0,21 + 2 > 0,
(E4) 21+22+324>0,20+324 > 0,24 > 0,23 < 0,21 + 23 <0,
(Es) z1+z2+4+23+324>0,234+324>0,23 > 0,21 <O,

(Ee) z1+z2+23+324>0,21 +23+ 324 > 0,21 + 23 > 0,21 > 0.

(F;) (1 <i < 6)is obtained from (E;) by replacing > (resp. <) with > (resp.
We define

&b = b —1,..) if (Ey),
&bi=(...bs—1,bs—1,....by +1) if(E,),
y &Ebi=(...b3=2,....br+1,..) if (E3),
Ebi=(...bp—1,....b3+2,..) if (E4),
&sb:=(by—1,....b3 +1,b5+1,...) if(Es),
&b = (....by +1) if (Eg),
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Fib = (b +1,..) if (Fy),
Fob = (....bs+1,bs+1,....by —1) if (F),
Fab:=(...b3+2,....br—1,..) if (F3),
Fab = (...by+1,...b3—2,..) if (Fy),
Fsh:=(by+1,....b3—1,b3—1,...) if(Fs),
Feb:=(....b1 —1) if (Fe).

fob =

The following is one of the main results in [9]:
Theorem 4.1 ([9]).

(i) The D i”-crystal By is a perfect crystal of level I.
(ii) The family of the perfect crystals { B;};>1 forms a coherent family and the crys-
tal B is its limit with the vector bss = (0,0,0,0,0, 0).

As was shown in [9], the minimal elements are given

(Bl)min = {(Ol, ﬁ’ ﬁ’ ﬁ’ ﬁ,Ol)|Ot,ﬁ € ZZ(),ZO( + 3ﬁ = l}

Let J = {(l,b)|! € Z>1,b € (B;)min} and the maps ¢, ¢ : (B;)min — (Pc1+)l be
as in Sect. 3. Then we have wtboo, = 0 and ¢; (bso) = ¢i(boo) = 0 fori =0, 1,2.

For (I,bo) € J, since e(bo) = ¢(bo), one can set A = &(bg) = ¢(bo). For
b = (b1,b2,b3,b3,bs,b1) € By, we define a map

Janpey: Ta ® Bi ® B_) —> Boo

by
Jap) @b Q1t_y) =b" = (v1,v2,v3, V3, D2, V1),

where by = («, B8, B, B, B, ), and

v1 = b —a, i =b —a,

oy = bj— f, 5 =b (=23,
Finally, we obtain By, = U(l,b)GJ Im £ p).

5 Fundamental Representation for Gz(l)

5.1 Fundamental Representation W(w)

Let ¢ = ), a;/a; be the canonical central element in an affine Lie algebra g (see
[2, 6.1]), {A; | i € I} the set of fundamental weight as in the previous section and
w := Ai1—ay Ao the (level 0) fundamental weight. Let W(w) be the fundamental
representation of U, (g) associated with w7 [7,8].
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By [7, Theorem 5.17], W(w) is a finite-dimensional irreducible integrable
Ué (g)-module and has a global basis with a simple crystal. Thus, we can consider

the specialization ¢ = 1 and obtain the finite-dimensional g-module W (@), which
we call a fundamental representation of g and use the same notation as above.

We shall present the explicit form of W(w) for g = Gél).

52 W(w,) for G°

The Cartan matrix A = (a;,;),j=0,1,2 of type Gél) is
2 -10
A=|-1 2 -1
0 -32
Then the simple roots are

g =2A0— A1 +68, a1 =—Ag+2A1—3A>, oy =—A1+2A5,

and the Dynkin diagram is:

G060
The g-module W(w) is a 15-dimensional module with the basis,

L[] ofo][e]1i=1... 6}
The following description of W(w) slightly differs from [16]:
wi(1]) = A1 —2A0, wi((2 ) = —Ao — A1 +3As, wi(3) = —Ao + As,

wi(4 ) = Ao+ A1—Az, wi(5 ) = —A142A2, wi(6 ) = —Ao+2A1-3A2,
Wt(lzb = _Wt@ i=1,...,6), Wt = wt = wt(d) = 0.

The actions of e; and f; on these basis vectors are given as follows:

A (@ EEE ) = (I EEE o).
o (GG 9) = (e [ G EH ).
A(OEE I EE )= CEE e EEE))
o EH e ) B BT )= [ el el B EIE))
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£ (M e ] [ EHE])

= (1Al ] 45153 E 1),
e2 (1o =] [ EHEE))

= (sl e 471 E]),

where we give non-trivial actions only.

6 Affine Geometric Crystal Vl(Gz(l))

Let us review the construction of the affine geometric crystal V(Gél)) in W(wy)
following [14].
For & € ()0, let £(£) be the translation as in [7, Sect. 4]. Then we have

1(W1) = S0S152515281 =: Wi,

t(wt) = §25152818051 =: Wa.

Associated with these Weyl group elements w; and w,, we define algebraic varieties
V=W (G;l)) and V, = Vz(Ggl)) C W(w), respectively:

V12={V1(X)Z=Y0()C0)Y1 (xl)Yz(XZ)Yl (X3)Y2(X4)Y1(X5)|I| | Xi E(CX, (Ofl 55)},
Vai={va(1):=Y2(32) Y1(y1) Y2(ya) Y1 (y3) Yo (y0) Y1 (s) 2 | | yi€C* (0<i <5)}.

Owing to the explicit forms of f;’s on W(w) as above, we have f@ =0, f2 =0
and f,} = 0 and then

Yi(c):(l+ﬁ+f Ja' (@) (i = 0.1) yz(c):(1_|_f2_|_2fzz f2> Y ().

We get explicit forms of v (x) € V; and v2(y) € V, asin [14]:

i)=Yy (Xi+ X) + Xo,[01]+ Xo,[02] + X0,

1<i<6
) =) (Yim+ Y{ 7)) + Yo [0r] + Yoo 02] + Y0,
1<i=<6

where the rational functions X;’s and Y;’s are all positive (as for their explicit
forms, see [14]) and then we get the positive birational isomorphism o : V; —
Vo (vi(x) — v2(y)) and its inverse & ! is also positive. The actions of eq
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on v,(y) (respectively yo(v2(y)) and eo(v2(y))) are induced from the ones on
Y2(32)Y1(y1)Y2(y4)Y1(¥3)Yo(¥0)Y1(y5) as an element of the geometric crystal
V. We define the action e§ on v (x) by

1

egvi(x) ;=0T " oefoa(vi(x)). (6.1)

We also define yo(v1(x)) and g9(v1(x)) by

Yo(r1(x)) :=yo(@(n1(x))).  €0(v1(x)) := €0(a(v1(x))). (6.2)

Theorem 6.1 ([14]). Together with (6.1) and (6.2) on V1, we obtain a positive
affine geometric crystal y := (V1,{e;}ier \Vitiel,{&i}ier) (I ={0,1,2}), whose
explicit form is as follows: first we have ef, y; and ; for i = 1,2 from the formula
(2.2)—(2.4).

ef(vi(x)) = vi(xo,Cix1, x2,C3x3, x4, Cs5X5),

€§(V1(X)) = v1(x0, x1,C2x2, x3,CaX4, X5),

where
cxo + x0x23 + X0 x23 x43 cxo + cx0x2 X0 x23 x43
X1 x12x3 | x12x3%xs X1 x1? X3 x12 x32 x5
C1 = 3 3.3 0 C3 = 3543 °
xo + xox2 + X0 X2 x4° cxo + x0x2 + X0 X2 X4
x12 x3 x12 x32 x5 X1 x12 x3 x12 x32 x5
3 3,3
X0 X0 X2 X0 X2” X4 C)C] X] X3 X1 X1 X3
C C
Ce — (xl T x12 x3 T x12x32x5) Co = + x22 x4 _ (X2 + x22x4)
> Q +Cx0x23 xox3xd 2T x_1 XX 47T Tex e
xl X3 x12x32x5 X2 X2 X4 X2 X2“ X4
3 3 3
X0 X0 X2 X0 X2~ X4 X1 X3
g1 (1 (x)) = — 5 > e20ikx)=— +
X1 X1 X3 X1°X3“ X5 )C2 )C4
2.2.2 2.2
X7X3X X5X
_ 17375 _ 2¥4
@) =—7=35. k)= :
X0X2X4 X1X3X5
We also have ef, g9 and yo on vi(x) as:
¢ (v (x)) D F G D-H D D
eolVilX)) = V1 X0, X1, X2, X3, X4, X5 1,
0 c-E"c-E"¢c-ETT 2 E-F 7 ¢c-G " c-H
X3
co(v1(x) = —5—5—. Yo(vi(x)) = .
X0~ X27 X3 X1X3X5
where
D =¢? X02 x23 X3 + X1 x23 X32)C5 + ¢ xo (xl X33 +3x1x2 X32X4

2 2 3 2 3
+3 X1 X2°X3X4° + X2 (X3 + X1 x4 +X1X3X5)),
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E = X()2 XZ3)C3 + X1 )C23 X32 X5 + Xo (Xl )C33 + 3 x1x2 )C32 X4
+3x1 x2% x3 X4 + X2° (1632 + X1 X8> + X1 X3 Xs) )

F = cx02x23 x5 + x1 022 x32 x5 + X0 (cxl X3 +3cx1 X2 x3% X4
+3cx; x22 X3 X42 + xz3 (X32 +cx1 X43 —+c X1 X3 x5>),

G = C)C()2 )Cz3 X3 + X1 X23 )C32 X5 + Xo (X] X33 + 24+c¢) x1x2 X32)C4
+(1+2c¢) x x22 X3 x42 + x2° (X32 +ex;xad+exgx3 xs) ),

H = ¢ xo? x23 X3 + X1 xz3 x32 X5 + Xo <x1 X33 + 3x1 X3 X3 X4

2 2 3 2 3
+3 X1 X2 X3 X4° + X2 (x3 + X1 x4 +CXIX3X5)).

7 Ultra-Discretization

We denote the positive structure on y as in the previous section by 6 : T’ :=
(C*® — V;. Then by Corollary 2.7, we obtain the ultra-discretization
UD(x,T’,0), which is a Kashiwara’s crystal. Now we show that the conjecture in
[14] is correct and it turns out to be the following theorem.

Theorem 7.1. The crystal UD(x, T’, 0) as above is isomorphic to the crystal By
of type Df) as in Sect. 4.

In order to show the theorem, we shall see the explicit crystal structure on X' :=
UD(y,T',0). Note that U D(y) = 75 as a set. Here as for variables in X', we use
the same notations ¢, xg, X1, . .., X5 as for y.

For x = (xo, x1,...,x5) € X, it follows from the results in the previous section
that the functions wt; and ¢; (i = 0, 1, 2) are given as

wto(x) = 2x9 — X1 — X3 — X5, Wt1(x) = 2(x1 + x3 + X5) — X9 — 3x2 — 3x4,
wta(x) = 2(x2 + x4) — X1 — X3 — X5.
Set
a:=2x9+3x +x3, B:=x14+3x+2x3+ x5, Y:i=x0+ x1 + 3x3,
§:=x0 +x1 +x2 +2x3+ x4, €:=x0+ X1 +2x2 + X3 + 2x4,

¢ :=x0 + 3x2 + 2x3, ¥ :=Xx0 + X1 + 3x2 + 3x4,
§:=x9+ x1 +3x2 + x3 + x5. (7.1)

Indeed, from the explicit form of E as in the previous section, we have

UD(E) = max(a»ﬁ»y78767¢v 1/’»5),
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and then

go(x) = max(a, B, y,68,€, 0,9, &) — (Bxo + 3x2 + x3),
€1(x) = max(xo—xy, Xo+3x2—2x1—x3, Xo+3x2+3x4—2x1—2X3—X5),

g2(x) = max(x; — x2, X1 + X3 — 2Xx2 — X4). (7.2)

Next, we describe the actions of é; (i = 0,1,2). Set E; :=UD(Cj)|c=1 (j =
1,...,5). Then we have

E1 = max(l4+x9—x1, xo+3x2—2x1—x3, Xo+3x2+3x4—2x1—2X3—X5)
—max(xo—x1, Xo+3x2—2x1—X3, Xo+3x2+3x4—2X1—2X3—X5),
E3 = max(14+x9—x1, 1 +x0+3x2—2x1—Xx3, X0+3x2+3x4—2x1—2X3—X5)
—max(14+xo—x1, Xo+3x2—2x1—x3, Xo+3x2+3x4—2x1—2X3—X5),
5 = max(14+xo—x1, l+x0+3x2—2x1—x3, 1 +x0+3x2+3x4—2x1—2Xx3—X5)

—max(14+xo—x1, 1+x0+3x2—2x1—x3, X0+3x2+3x4—2x1—2X3—X5),

(]

2 = max(14+x;—x2, X1 +x3—2X2—x4) — max(x;—xp, X1 +Xx3—2x2—X4),

O] [l

4 = max(14+x;—x2, 1+x1+x3—2x2—x4) — max(l4+x;—x2, X1 +X3—2X2—X4).
Therefore, for x € X we have

e1(x) = (x0,x1 + E1,x2,x3 + E3,X4,X5 + E5),

é2(x) = (x0,x1,x2 + B2, X3, X4 + B4, X5).

We obtain the action ﬁ (i = 1,2) by setting c = —1 inUD(C;).
Finally, we describe the action of €y. Set

Yo :=max2+a,B,1+y,1+d81+e1+¢,1+9,1+8)
—max(a, B, y,6, €., 9, &) — 1,

U c=max(1 + o, B, 1 +p.14+68, 1 +e,¢, 1+ 9. 1+§)
—max(a, 8, y,8,6,¢,¢,8) — 1,

Wy i=max(l +a,B,7,14+8,14+€,¢, 1 +9y,1+§)
—max(a, B,y,8,€,¢,9,§) — 1,

Uy = maxQ+a. Bl +y 1 +8 1+el+¢. 1+y.1+§)
+max(l +a,B,y.8,¢,¢, ¥, 1 + &) —max(1 +«, B,y,8,¢,0,%,1 + &)
—max(1 +a,B, 9,1 +8,14+¢€,¢, 1+, 1+&) -2,

Yy r=maxQ2+a,p, 14y, 1+6,1+€1+¢, 149,14+
—max(l + o, B. 7. 1+ 8 1+e.¢.14+y.14+E) —1,

Ws =max2+a.f.1+y1+8 146140 14+9.1+8)
—max(1 +a,B.y.8,€.9, 9,1+ -1,
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where «, B, ...,§ are as in (7.1). Therefore, by the explicit form of eg as in the
previous section, we have

eo(x) = (xo + Wo,x1 + W1, x2 + W2, x3 + W3, x4 + W, x5 + W¥5).  (7.3)

Now, let us show the theorem.
Proof of Theorem 7.1. Define the map

Q: X — Bo_o, o
(Xo,...,Xs) = (b],bz,b3,b3,b2,b1),

by
b1 =x5, by=x4—Xx5, b3=x3—2x4, b3=2x2—X3, by = x1—X2, b1 = Xo—x1,

and Q7! is given by

b3 +Z3

xo=b1+ b2+ +by+by, x1=by+by+ + ba,

b3+53 -
2

b3 + b3

X2 =b1 + by + , X3 =2b1 + 2by + b3, x4 = b1 + b2, x5 = by,

which means that €2 is bijective. Here note that ll%bg € Z by the definition of Bs.
We shall show that €2 is commutative with actions of ¢; and preserves the functions
wt; and ¢;, that is,

ei(Q2(x)) = Q(eix), wi(Q(x)) =wi(x), &(Q(x)) =e¢(x) @@ =01,2).

First, let us check wt;: Set b = Q(x). By the explicit forms of wt; on X’ and B,
we have

wio(£2(x)) = @o(2(x)) — e0(2(x)) =221 + 22 + 23 + 324
=251~ by) + (2~ 53) + (bs — ba) + 5 (b3 — by)

— - bs—b
=2(b1—b1) +bay—by + > 3

wir (£2(x)) = ¢1(2(x)) — &1(2(x))
= b1+ (b3 — by + (b2 — b3) 1)+ — (b1 + (b3 —ba — (b2 — b3)+)4)
=by —by — by + by + by — b3 = 2(x1 + X3 + x5) —Xo — 3x2 — 3x4

= wity (x),

Wa(2(0) = 92(200)) — £2(Q) = by + 5 (s — bs)y — by + 5(bs — b)s

= 2x9 — X1 — X3 — X5 = Wto(x),

—_ 1
=by—by+ §(b3 —b3) = 2(x2 + X4) — X1 — X3 — X5 = Wtp(x).



292 T. Nakashima

Next, we shall check ¢;:

e1(R(x)) = b1 + (b3 — by + (b2 —b3)+)+
= max(by, by + by — by, by + b3 — by + by — b3)
= max(x9o—x1, Xo+3x2—2x1—x3, Xo+3x2+3x4—2x;—2Xx3—X5)
= e1(x),
£2(Q(x)) = by + %(b3 — b3)4 = max(bs. b + %(b3 —b3)4)
= max(x; — X2, X1 + x3 — 2x2 — X4) = &2(x).

Before checking £0(£2(x)) = €o(x), we see the following formula, which has been
given in [12, Sect. 6].

Lemma 7.2. Formy,...,my € Randty,... ty € Rsosuchthatt;+ -+t =1,
we have
k
max <m1,...,mk,2timi> = max(my,...,mg).
i=1
By the facts
2 2
§ = V;”#, €=V+3W, (7.4)

and Lemma 7.2, we have

max(a, ﬁv 12 85 €, ¢s wa E) = max(a, /3’ 1z ¢v W» S) (75)

Here let us see gy:

g0(2(x)) = —s(b) + max A — (221 + z2 + 23 + 3z4)
= —x¢ + max(0,z1,21 + 22,21 + 22 + 3z4,
21+ 22 +23+ 32,22 + 22 + 23 + 3) — (@ — B)
= —x¢ + max(—2x¢ + x1 + X3 + X5, —Xg + X3,
—xo + x1 —3x3 + 2x3,—X0 + X1 — X3 + 3X4, —Xo + X1 + X5,0)

= —(3x0 + 3x2 + x3) + max(x; + 3x2 + 2x3 + xs,

xo + 3x2 4+ 2x3,x0 + x1 + 3x3,x0 + X1 + 3x2 + 3x4,

Xo + x1 + 3x2 + x3 + X5,2x0 + 3x2 + x3)
= —(3x0 + 3x2 + x3) + max(B8,p, y, ¥, £, ).

On the other hand, we have
go(x) = —(Bx¢ + 3x2 + x3) + max(«, B, y, 8, €, ¢, ¥, £).

Then by (7.5), we get 0(2(x)) = go(x).
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Let us show ¢; (2(x)) = Q(e;(x)) (x € X, i =0, 1,2). As for ey, set

A=x9—x1, B=x0+3x3—2x1—x3, C = x9+3x2+3x4—2x1 —2x3 — X5.

Then we obtain £; = max(4A+ 1, B,C) —max(A4, B,C), €3 = max(A+1,B +

1,C)—max(A+1,B,C), E5 =max(A+1,B+1,C+1)—max(A4+1,B+1,C).
Therefore, we have

E1=1, B3=0, 85=0,if A>B,C
81 =0, E35=1, E5s5=0,ifA<B>C
E1 =0, 83=0, E5=1,if A4, B <,

which implies

(x0,x1 +1,x2,...,x5) ifA>B,C
é1(x) = (x0,....x3+ 1,x4,x5) ifA<B=>C
(x0,...,X4,x5 4+ 1) if A,B < C.

Since A = El, B = El +53—52 and C = El +53—52+b2—b3, we get
(b = Q(x))

(...,Ez—i—l,gl—l) if52—532(b2—b3)+,
Q(él(x)) = (...,b3 + 1,53— 1,...) ifl;z—l;3 <0< bz — by,
(b1+1,b2—1,...) if(52—53)+<b2—b3,
which is the same as the action of €; on b = Q(x) as in Sect. 4. Hence, we have
Q(e1(x)) = e1(Q2(x)).
Let us see 2(e2(x)) = e2(2(x)). Set

L =x1—x3, M:=x1+x3—2x3— X4.

Then £, = max(14+L, M)—max(L, M)and E4 = max(1+L, 1+ M)—max(1+
L, M). Thus, one has

4=0 ifL>M,
sa=1 ifL<M,

which means

(x0,x1,Xx2 + 1,x3,x4,x5) if L>M,

e (x) =
(x0,x1,x2,x3,x4 + 1,x5) if L <M.
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Since L— M = xp — X3 + x4 = , one gets

53 —b3
2
(.osb3+2,bp—1,..)) ifbs > bs,

Q(ex(x)) = z
(2( )) (~--,b2+1,b3—2,...) ifb3<b3,

where b = Q(x). This action coincides with the one of é; on b € By, as in Sect. 4.
Therefore, we get Q(e2(x)) = €2(R2(x)).

Finally, we shall check eo(2(x)) = (€ (x)). For the purpose, we shall estimate
the values Wy, ..., ¥s explicitly.

First, the following cases are investigated:

(el) B>a,y,68,6,0,¥,&,

(€2) p<¢p>a,y.0,€ 9.8,
(€3) Bp =y >ad.e V6§,
(e4) B.y.d.e.¢ =¥ >a.§,
(e4) B.y.e.dp. ¥ <8 > 0.k,
(e4") B, y.8,¢. ¥ <e>a,
5 B.v.b.e.¢d. ¥ <§>a,
(€6) a > B,7.8,€,9,v,¢.

It is easy to see that each of these conditions are equivalent to the conditions (E7)—
(E¢) in Sect.4, more precisely, we have (ei) < (E;) (i = 1,2,...,6), and that
(el)—(e6) cover all cases and they have no intersection. Note that the cases (e4’) and
(e4”) are included in the case (e4), thanks to (7.4).

Let us show (el) < (FEj): the condition (el) means f —a = —(2z1 + 22 +
3+324) >0,—y = —(z1+2) >0,8-8=—(z1+2+z) >0,
B—e=—(1+22+2214)>0,p—¢p=—21>0,—¥ =—(z21 +22+324) >0
and B — & = —(z1 + 22 + 23 + 3z4) > 0, which is equivalent to the condition
z1+22<0,21 <0,z1 + 22+ 324 < 0and z; +z2 + 23 + 3z4 < 0. This is just the
condition (E7). Other cases are shown similarly.

Under the condition (el) (< (E1)), we have

Vo=V =V, =¥y =Vs =—1, Y3=-2,

which means €9(x) = (xo—1,x;1—1,x2 —1,x3—2,x4—1, x5 — 1). Thus, we have
Q(Eo(x)) = (b1 — L, bs,....by),
which coincides with the action of €y under (£7) in Sect. 4. Similarly, we have

(€2) = (Wo, ¥y, Wy, W3, Wy, Ws) = (0,—1,—1,—1,0,0)
= @o(x) = (xo,x1 — 1, x2 — I, x3 — 1, x4, x5)
= Q(eo(x)) = (b1,b2,b3 —1,b3 —1,b2,b1 + 1),
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which coincides with the action of ¢ under (E;) in Sect. 4.

(e3) = (Wo, ¥y, Uy, W3, Wy, ¥s) = (0,0,—1,-2,0,0)
= @o(x) = (x0,x1,x2 — 1,x3 — 2, x4, X5)
= Q(eo(x)) = (b1.br. b3 —2,b3,b5 + 1,by),

which coincides with the action of €y under (E3) in Sect. 4.

(e4) = (Wo, W1, ¥, W3, Wy, Ws) = (0,0,0,-2,—1,0)
= eo(x) = (XO,XI7X2,X3—%,X4—1_,)C5_)
= Q(eo(x)) = (b1,by — 1,b3,b3 +2,b2,by),

which coincides with the action of €y under (E£4) in Sect. 4.

(65) = (\IJ()’\I’lv"IJZ"I]:% lIJ4, \I’S) = (O, 0, O,_l,—],—l)
= é'()(‘x) = (x09x17-x25-x3 - 17x4__ 17x5__ 1_)
= Q(ep(x)) = (b] —1,by,b5+1,b3 + l,bz,bl),

which coincides with the action of ¢ under (E5) in Sect. 4.

(e6) = (Wo, Wy, Wy, W3, Wy, Ws5) = (1,0,0,0,0,0)
= eo(x) = (xo + 1,x1, X2, x3, X4, X5)
= Q(eo(x)) = (b1,b2,b3,b3,b2,b1 + 1),

which coincides with the action of ¢y under (Eg) in Sect.4. Now, we have
Q(€p(x)) = eo(2(x)). Therefore, the proof of Theorem 7.1 has been completed.
O
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On Hecke Algebras Associated with Elliptic
Root Systems

Yoshihisa Saito and Midori Shiota

Abstract We define the elliptic Hecke algebras for arbitrary marked elliptic root
systems in terms of the corresponding elliptic Dynkin diagrams and make a “dictio-
nary” between the elliptic Hecke algebras and the double affine Hecke algebras.

Keywords Elliptic root systems - Double affine Hecke algebras

Mathematics Subject Classifications (2000): Primary 17B35; Secondary 14D30,
16G20

1 Introduction

In a process of solving the Macdonald’s inner product conjecture, Cherednik
[C92,C95] introduced a new class of algebras, so-called the double affine Hecke
algebras. Recently, it is known that the theory of double affine Hecke algebras gives
a very powerful tool in the study of orthogonal polynomials.

Cherednik’s construction is generalized to an important class of non-reduced root
systems, (C,’, C,) by Noumi [No95], Noumi-Stokman [NS04] and Sahi [Sa99].
When n = 1 (rank 1 case), the corresponding orthogonal polynomials are the
Askey-Wilson polynomial [AW85] which include as special and limiting cases
all the classical families of orthogonal polynomials in one variable. In [Mc03],
Macdonald formulated all the above results uniformly (see also [K97]).

On the other hand, motivated by the theory of elliptic singularities, Saito [Sa85]
introduced a notion of the marked elliptic root systems, which is a generaliza-
tion of finite or affine root systems. In that article, he also introduced a dia-
gram which describes the structure of a marked elliptic root system, so-called the
elliptic Dynkin diagram. This diagram consists of some vertices and edges. In
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the original motivation, these vertices correspond to vanishing cycles and edges
describe intersection numbers of them. After that, he and Takebayashi studied the
structure of the corresponding Weyl groups (elliptic Weyl groups) and found a new
presentation of them by using the elliptic Dynkin diagrams [ST97]. As a general-
ization of the work of Saito and Takebayashi, Yamada [Y0O] defined a g-analogue
of elliptic Weyl groups called the elliptic Hecke algebras for “one-codimensional”
marked elliptic root systems which have only one dotted line in their elliptic Dynkin
diagrams. He also pointed out a connection between the elliptic Hecke algebras and
the double affine Hecke algebras.

In this article we define the elliptic Hecke algebra for an arbitrary marked
elliptic root system in terms of the corresponding elliptic Dynkin diagram and
make a “dictionary” between elliptic Hecke algebras and double affine Hecke
algebras.

Let us briefly summarize the content of this article. In Sect. 1, we review the
theory of double affine Hecke algebra following [C05] and [McO03]. In Sect. 2, after
giving a brief introduction on elliptic root systems, we give a definition of elliptic
Hecke algebras for marked elliptic root systems which belong to group (A), (B),
(C) or (D) (c.f. 3.1). After that, we introduce another presentation of elliptic Hecke
algebras by using Lusztig’s relations. Lusztig’s relations play on important role in
the presentation of affine Hecke algebras. By using this presentation, we compare
double affine Hecke algebras and elliptic Hecke algebras in Sect. 3.

All proofs of the results of this article are omitted. They will be given in a future
publication.

Finally, we must refer to the results of Takebayashi. He already introduced a no-
tion of elliptic Hecke algebras. More precisely, in [T02], he defined them for elliptic
root systems of type (1, 1) and compare them and double affine Hecke algebras.
After that, in [T05], he defined them for arbitrary marked elliptic root systems ex-
cept for the group (D) (c.f. 3.1), but he did not compare them and double affine
Hecke algebras for arbitrary cases. In his definition, he use new diagrams which
are called “completed elliptic Dynkin diagrams.” But, as we mentioned above, the
elliptic Dynkin diagram have a concrete meaning in geometrical setting. Therefore,
in this article, we try to “re-define” elliptic Hecke algebras by using the original el-
liptic Dynkin diagrams, in stead of completed elliptic Dynkin diagrams and to make
an explicit “dictionary” between the elliptic Hecke algebras and the double affine
Hecke algebras for arbitrary cases.

2 Double Affine Hecke Algebras

2.1 Affine Root Systems and Affine Weyl Groups

Let V' be an n-dimensional R-vector space with a positive definite symmetric bilin-
ear form (-,-) and Ry C V an irreducible reduced finite root system. We denote the
root lattice by Q(Ryp), the weight lattice by P(Ro) and the Weyl group by W(Ry).
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Fix {a;}?_, a basis of Ro and let P(Ro)+ be the set of dominant weights with re-
spect to this basis. Set P(Ro)— := —P(Ro)+.Let Ry :={a";a € Ry} be the dual
root system of Ry. Here a¥ := 2a/ (a, a).

LetF := V @ Rc. We think u + rc € F as an affine linear function on V' by
the following way: (u + rc)(v) = (u,v) +r (v € V). We extend (-,-) to F as:
(u+re,u +r'c) == (u,u'). Setag := —6 + ¢, where 0 is the highest root of Ry.
Then ¢ € F can be written in the following form: ¢ = Z?:o nia; (n; € Zsgp). It
is known that S(Ro) := {a + rc;a € Ro,r € Z} is an irreducible reduced affine
root system with a basis {a;}7_,. Set S(Ro)" = {a";a € S(Ro)}. It is also an
irreducible reduced affine root system with a basis {a,"}7_,. Any irreducible affine
root system S is isomorphic to either S(Rg) or S(Rg)".

Assume that S is an irreducible reduced affine root system. Namely, S = S(Ry)
or S(Rp)". In this case, we can consider S as a subset of IF. The Weyl group W(S)
is generated by reflections w s (f € S) where wy(g) = g — (g, fV) f forg € F.
Since wr = wpv, W(S(Ro)) = W(S(Ro)"). Therefore, when we discuss on
W(S), we may assume that S = S(Ro). For simplicity, we denote w,, = Way
by w;. W(S) is a Coxeter group generated by {w; }7_. Define an action of v € V
onlFast(v): f + f—(f,v)c. Itis known that W(S) = W(Ro) xt(Q(Ry)). Let
W(S) := W(Ro) x t(P(Ry)) be an extended affine Weyl group. For w € W(S),
define the length of w as I(w) := |[S*T N w™!S7|. Here ST C S is the set of
positive roots, and S~ = —ST.Set Q := {w € W(S);/(w) = 0}. Then we
have W(S) = Q x W(S) and Q = P(Ry)/Q(Ry). Let {w;}}_, denote the set
of fundamental weights of Ry. Let v; be the shortest element of W(Rg) such that
vi(w;i) € P(Rg)—, and define u; € W(S) by u; = t(a)i)vi_l. For the sake of con-
venience, we put ug = 1. Let J := {j;0 < j < n,n; = 1}. Then we have
Q=A{u;;j et}

In this exposition, an irreducible but non-reduced affine root system refers to a
unique type of root systems. It is called type (C,’, Cy) defined as: the set of roots
S = S(Cp)¥ U S(Cy). The root lattice Q((C,’, Cy)) is the Z-submodule of F
generated by all the roots of (C,’, Cy). The Weyl group W((C,’, C,)) is just equal
to W(S(Cr)). The number of W((C,’, Cy,))-orbitin S is five.

2.2 Affine Hecke Algebras and Double Affine Hecke Algebras

Assume that S = S(Rg) or § (Ro)V. The braid group B of the extended affine
Weyl group W (S) is the group with generators T(w) (w € W(S)) and relations
TWTw) = Tw) if [(v) + [(w) = [(vw). We shall write T; = T(w;), U; =
T'(u;). Then B is generated by 7; (i = 0,...,n) and Uj (jeJ)LetBC BB be
the subgroup generated by 7; (i =0, ...,n).

Let Z[tg“, ...,7¥1] be the Laurent polynomial ring in o,..., 7, and 1c
Z[t§Y, ... T (resp. I) an ideal generated by 7; — 7; where w; and w; are
conjugate in W (S) (resp. W(S)). Let A, = Z[EY .. /T, and A, =
Z[tgzl, e, tfl]/I.
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Definition 2.1. Let H(W(S)) (resp. H(W(S ))) be the quotient algebra of the group
algebra A4 [B] (resp. Aq[B]) by the ideal generated by the elements (7; — 7;)(7; +

rl._l) fori = 0,...,n. We call H(W(S)) the affine Hecke algebra and H(W (S))
the extended affine Hecke algebra, respectively.

We introduce another presentation of H(W(S)). For ' € P(Ry)+, define
YY = T@eV)) € H(W(S)). For any element A’ € P(Ry), we write A’ =
w —v' by u',v" € P(Ry)+. Then we define Y¥ = y#(¥V)~!. We can easily
check that this definition is unambiguous and the Y& are pairwise commutative.
We define Y* e H(W(S)) by replacing P(Ry) by Q(Ry) and P(Ry)+ by
P(Rg)+ N Q(Ry).

Let
- (-5

1 —x2 '

b(z1,72; x) 1=

Theorem 2.2. H(W(S)) (resp. HW(S))) is an associative Ag-algebra (resp.
Aq-algebra) generated by T; (i = 1,...,n), Y* (A € P(Ry)) (resp. Q(Ry))
subject to the following relations:

(AD (T —t)(Ti + 7)) =0,

(A2) Fori # j such that wiw; has order m;;, T;T;T; ... = T;T;T; ... with

mj; factors on each side,

(A3) Y¥ YW = yA+ yVy=2 =,

(Ad) YT — ;YY" =b(y, 1 Y 79 )(YY — vt

We prepare to define double affine Hecke algebras. We consider following three
types of triplet 2 = (Ro; S, Ay):

(type I) Rp is a finite irreducible reduced root system, S = S(Rp) or
S(Ro)", Ay = Q(S(Ro)),

(type II) Ry is a finite irreducible reduced root system, S = S(Rp) or
S(Ro)¥, As = Q(S(Ro)Y),

(type ) Ry is a root system of type C, (n > 1), S is an affine root system
of type (C,/. Cn), As = Q(S(Ro)"). Here we denote C; = A;.

We put
P(Ry), if E is of type I,

L=1 P(RY), if Eisof typell, L’
Q(Ry). if E is of type III,

_ [ P(RY). if E is of type I or II,
O(Ry). if & is of type IIL.

Let ¢o := e ¢, where e is the exponent of 2. Set A := L & Zco. Then, Ag
is a sublattice of A. We normalize (-,-) so that (,0) = 2 if E is of type I or II,
(0,6) = 4if E is of type III. Let a? = q; if E is of type I, a;” if E is of type Il or
II. We define W(E) := W(Rp) x t(L’), and W(E)g := W(Ro) x t(Q(Ry)). Let
A= A, if B is type Lor I, Aa[(tg)il, (rﬁ)il] if & is type Ill, where rg and t,E are
new indeterminates.
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Definition 2.3. The double affine Hecke algebra 7 (E) is an associative A-algebra
generated by H(W(E)) and X* (1 € A) subject to the following relations: For a
triplet & which is of type I or II,

(D1) X*XH = XA XAX~* =1 (A,pueAl),

(D2) Ty X"* — X¥AT, = bz, 2 X9)(X* — X¥i*) (i =0,....n),

(D3) U; X U X"* (jelJ).

For a triplet & which is of type IIl, we set rl.n =1 fori =1,...,n—1, Tg =
X% Ty Iand Tnn = X~ Tn_l. The defining relations are (D1) and
(DY) T, X% — X¥AT; = b(z;, 7 XU )(X* = X"i%) (i =0,...,n),
D4 (T} )T+ (@)™ =0 (k=0.n).

The small double affine Hecke algebra H(E); is subalgebra of H(E) generated
by T; (i =0,...,n)and X* (A € Ay).

Remark 2.4. If E is of type II, then we have H(E) = H(E);. In this case, H(E)
just coincides with the algebra which is introduced by Noumi-Stokman [NS04] and
Sahi [Sa99].

The next theorem is borrowed from [C05] and [Mc03].

Theorem 2.5. The elements {T(W)UjXA;W € W(S(Ryp)),j € J,A € A} forma
A-basis of H(E).

Similarly, we have the following theorem.

Theorem 2.6. The elements {T(w)X*;w € W(S(Ro)), A € Ay} form a A-basis of
H(E)s.

Corollary 2.7. There exists an isomorphism

HE) = @ HE)LUX
jeJ,AeA/As

as H(E)s-algebras.

3 Elliptic Hecke Algebras

3.1 Marked Elliptic Root Systems

Let F be an (n + 2)-dimensional R-vector space equipped with symmetric posi-
tive semi-definite bilinear form 7 (-, -) with a two-dimensional radical. For ¢ € F
such that I (a,) # 0, we define ¢V := 2a/] (¢,@), and sy : F > u —
u—1I (u,a¥)a € F.
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Definition 3.1. A subset R C F is called elliptic root system, if the following
conditions are satisfied:

(i) I (a,a) #0forany o € R,

(i) Q(R) ®z R = F where Q(R) is the Z-submodule of F generated by R,

(iii) s¢(R) = R forany @ € R,

(v) I (a,BY) € Z forany a, 8 € R,

(v) R is irreducible, i.e., there is no partition of R into two non-empty subsets
R and R; such that I (o, 8) = Oforall@ € Ry and 8 € R;.

We define the elliptic Weyl group as W(R) := (Sa)qecgr- Let G be a
1-dimensional subspace of rad I over Q. We fix a pair (R, G) which is called
a marked elliptic root system. Let (R, G) and (R’, G’) be two marked elliptic root
systems. We assume R (resp. R’) is a subset of an R-vector space F (resp. F’).
We say (R,G) and (R’, G’) are isomorphic if there exists a linear isomorphism
¢ : F > F' which induces bijections R > R’ and G — G'.

Let §; be a generator of the lattice G N Q(R). For « € R, put k, := min{k €
Zso;a+kéy € R},anda™ :==a+koéy. Letmy : F - F/G,my : F — F/radl
be the canonical projections and set R, := m4(R), Ry := ms(R). Then R, (resp.
R ) is an irreducible affine (resp. finite ) root system. In this article, we always
assume that both R, and Ry are reduced. Let I'; = {ao,...,a,} C R such that
ma(Ly) is a basis of R, and wr({aq, ..., 0, )) is a basis of Ry. Let ¢ be the
corresponding highest root of R y. We have 0 = 27:1 nimw (o) (ni € Zso). Let
8y = ag + Z?:l nja; € Q(R). Let Ig be a constant multiple of / normalized
I R(g]i( Q)N

in the way that min{/g (@,®) ;@ € R} = 2. Put m; := ,and Mgy =

*

1
max{m;;0 <i < n}. Set Inax 1= {ot; € Tgim; = My}, and T

[ax - We introduce elliptic Dynkin diagrams.

Definition 3.2. The elliptic Dynkin diagram I'(R, G) of the marked elliptic root
system (R, G) is a finite graph with its set of vertices I" := I'; UT', . and edges are
determined by the following convention (C): for«, 8 € T’

={a;0; €

@0 o0f  ifI(a.fB)=I(B.a)=0,

@O 0B iflapY)=I(B.a") =1,

Co— N 0F  ifl@ )= —pand I(B,a¥) = —1 foru = 2,3,
co— 2" 58 ifl@pY) =B a") = -2,

®*C_Z”ZZZ0#8 if I(a, BY) = I(B,aV) = 2.

‘We shall use the conventions:
Q—Q:Q—»—Q=O—<—(M ) forpu =1,

" w!
O——0 = O———0 forpu =2%! 3%



On Hecke Algebras Associated with Elliptic Root Systems 303

For later use, we assume that both R, and Ry are reduced. Under this
assumption, the classification of the isomorphism classes of marked elliptic root
systems are given by Saito [Sa85] as follows:

Let T be one of diagrams which are listed in Appendix. If « is a vertex in the
diagram T, we denote o € T'. Consider the following data:

F := the vector space spanned by the vertices of T overR,

T := the symmetric bilinear form on F defined (up to a positive constant factor) by
the above convention (C), R L

o .= the reflection with respect to the vertex @ € I" on (F, I),

]_[aé:fv\a, where S+ comes next to Sy,

“)
Il

Uae/l"\ w - o, where W is the group which is generated by 5, for all & € f,
*

max \= {& € T;a*e f} and fmax ={a*; ac€ fmax},

:= the linear space spanned by ¢* — « forall o € T maxs

QD =)

~ ~ A~k
max := max{{f of vertices in a connected component of I' \ (I'max U I' ;) }

m(f) :=7max + 1.

~

We remark that these data are determined by the given diagram T. Set
e /D T . G-) = the i R.GC)in F~
Fr o= F/(c —Idz)F, (Rg, Gp) = the image of (R, G) in Fp.
Theorem 3.3 (Saito [Sa85]).

(1) (Rg, Gp) is a marked elliptic root system such that the corresponding elliptic

Dynkin diagram I' (R, Gg) just coincides with T and both (Rp)a and (R3) £
are reduced.
(2) Conversely, for a marked elliptic root system (R, G) such that both R, and R ¢

are reduced, there is the unique diagram T in Appendix such that (R, G) is
isomorphic to (R, G?)'

Namely the isomorphism classes of marked elliptic root systems are completely
classified by the diagrams listed in Appendix. We say (R, G) is of type X, ()
I'(R, G) is a diagram of type X, {11:12) T that case, this diagram is called the elliptic
Dynkin diagram of type X, {tt2),

We form marked elliptic root systems into four groups (¢f: Appendix).

A) AMY (= 1), DY (n = 4), EV, ELY BN

®) B (n > 2), B®? (n 2 2), ¢ (n = 2), ¢ (n
F@ G Ge).

© BV (= 3), BV (n = 2, ¢ (n
F4(2,1) Gél’l) G§3’1).

D) A"D*, BEP* (n > 2), ¢V (n > 2).

v

3), £,

2), &Y (n

v
v

2), F4(1’1),

We put ozl-T := ko, and set Q((R, G)a) := D), Za;r.
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Theorem 3.4 (Saito and Takebayashi [ST97]). Let (R, G) be a marked elliptic
root system which belongs to a group (A), (B) or (C). We have

O(Ra) = Q(R}), if (R, G) belongs to (A),
O((R.G)a) = | O(Ra), if (R, G) belongs to (B),
O(R)), if (R, G) belongs to (C).

Namely, there is an irreducible reduced finite root system R(;)) such that (R, G), =
S(RD) or S(RD)Y.

If (R, G) belongs o (D), then Q((A}""")a) = O(S(4D), Q((Bi*?")a) =
Q((Ci"")a) = O((CY . Cu), respectively.

Let us define the notion of boundary side. For o, B € T" which are connected as

o, o—5—o a; for some = 2%! 3*1 set k(o; B) = ka/kg. By [Sa85], k(; B)
must be equal to 1 or u.

Definition 3.5 (boundary side). Under the above setting, « is the boundary side
(b-side for short) of the bond «; o—%—o o, if k(a; f) = min{1, ju}.

3.2 Elliptic Hecke Algebras

Let (R,G) be a marked elliptic root system. Let Z[tF!]yer be the Laurent
polynomial ring with indeterminates f, (¢« € T'). Let J C Z[tojtl]aer be an
ideal generated by #, — fg where o and B are in the same W(R)-orbit. Put
A= Z[tEF aer /J.

Definition 3.6. The elliptic Hecke algebra H(R, G) is an associative A-algebra
generated by g, (o € I') subject to the following relations:

(HO) *0 (8« —ta)(ga +15") =0,
(H1-1) ¥e) oB 8a&B = &B&a>
(H1-2) ©eo— OB ga8B8a = B8adB>
2:t1
(H1-3) *aO0——0h8 8a8B8a8R = 8B8a&B 8>
3:!:1

(H1-4) *O0——08 8a8B8a8B8a8p = 8p8a8B8a8p8u>
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In the following diagrams ((H2-1)~(H4)), we always assume «, 8 € I';. Fora €
Iy, we set Xy 1= gu8ar.

o

;

|
(H2-1) ' o8 8BXaT8BXaT = XoT 8P Xet LB
|1
a*
M 8BXatEpXot = Xot 8XyT &>
H2-2 B
( ) : : O 8B Xyt &B Xyt commutes with
o 8a, ga and gg,
a* ﬂ*
: I I : XpiXgt = EBXatEB>
(H2-3) Il Il
Ll Ll Yot Xpt = atptEas
o | g
oo
Ol*: ﬂ*
| | XotXgt = XgtXgt,
(H2-4) i i .
N N Xyt Xgt commutes with go, o*, 88, 88*
o | g
In the next three diagrams, we assume « is b-side for the bond « o—k o B for
+1 A+l g
uo=2%" 3%
Ot* Zil
: 8BXotEpXat = Xyt 8B Xt EB>
(H3-1) B

IQ/ gagﬂ-x(ﬂgﬁ :gﬁxaTgﬂgCh
|
o

o +
:0\31\ 8BXaT8pXat = XoT 8BXyt B
(H3-2)
I(}/ ZgWgﬂxaTgﬂgOh
|
o

|

(H3-3) | H XgtXot = 8 Xal GB-
| I
!
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In the next diagram we assume p, i = 1,21 3% and o & Ty

Xgt8y8aXpt8a = aXgt8a8yXpt-

We introduce another presentation of HI(R, G). For «; € I'y \ I'max, there is a
subdiagram of I'(R, G) of the form:

By
I Iz
:O\ﬂl B2 By =a; L= 1 2%1 31,

We define xﬂ;§+l =88, ﬁ! &Br X ﬁ' (0 <i <k — 1) inductively.

Proposition 3.7. The elements x i (a; € I'g) are pairwise commutative.
For A = Y'_oAia], we define x; := (xo%-)AO(xOl-;-)*1 ()M By
Proposition 3.7, it is well-defined. In the below, we set lyr = Ly (a; € Ty \ Tiax)-

Proposition 3.8. Foreacha; € Ty, and A € Q((R, G),), we have
8a; XA — Xso, ) 8a; = Pl Tgx1 X, 1) (X4 — Xsq, (1))-

Definition 3.9. Let (R, G) be a marked elliptic root system. ]HI(R, G) is an asso-
ciative A-algebra generated by g, (o € I'y), X3 (A € Q((R, G)q4)) subject to the
following relations: Replacing go by &, , the relations (HO) and (H1-1) ~ (H1-4)
in Definition 3.6 hold for g4, (@ € I'a).

(H/z) )ACA)%M = )%A-'r/Lv XAA)%—A, = ]5 (A‘5/"L € Q((Rv G)Il));

H3)  Borfa— Koo, ) 8a; =bte; 1qr: X1 (4= £5,, ) (A € O((R. G)a))-
The next proposition can be checked by examining each defining relation.

Propositi0n3 10. We have an algebra isomorphism ¥ : H(R,G) — H(R, G),
8a; > 8o; (i € Ta), 8ar > ga x i (i € Pimax)-
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4 Double Affine Hecke Algebras and Elliptic Hecke Algebras

Firstly, we give the correspondence between marked elliptic root systems which
belong to the groups (A), (B), or (C) and double affine Hecke algebras of type I, II.
Let (R, G) a marked elliptic root system which belongs to a group (A), (B) or (C).
We normalize I so that I (6,,6,) = 2, where 6, = Z?:l n;a;. By Theorem 3.4,

there is an irreducible reduced finite root system Riﬁ)) such that (R,G), = S (Rgf)))

or S(Rg?))v. Then E(R,G) := (RSE)), Ra; O((R, G)g)) is atriplet of type I or I in
the sense of Sect. 1.2. The explicit correspondence is the following:

Br(ll,Z)7 B,(,2’1),C,$1’2), CrSZ,l)» F4(1’2), F4(2’1), Gél’S), G§3’1)| I
X¥0 (X =4~06) E

Remark 4.1. 1f (R, G) is of type Ag,l’l), D,(,]’l), E](cl’l) (k = 6,7,8), then the corre-
sponding triplet may be regarded as of type II.

In each case we consider the corresponding double affine Hecke alge-
bra H(E(R,G)) and the coordinate ring A = Z[rg*'l,...,rfl]/f. Let @
Z[tE lger — Z[tE!, ..., ;F1] be a surjective homomorphism defined by o, > 7;
andta7 > 1; fori =0,...,n.

Lemma 4.2. The map @ induces a surjective homomorphism A — A.

By this lemma, .4 can be regarded as an A-algebra. By Definition 2.3 and Propo-
sition 3.10, we obtain the following theorem which is one of the main theorems in
this article.

Theorem 4.3. There exists an isomorphism A ®a H(R, G) = Hs(E(R,G))
which is defined by

#
8o; = Tiy Xt = X% (i=0,...,n).

By Corollary 2.7 and Theorem 4.3, we obtain a comparison between double
affine Hecke algebras and elliptic Hecke algebras if marked elliptic root systems
belong to the groups (A), (B) and (C).

Secondly, let (R, G) be a marked elliptic root system of type A
B,(,Z’z) (n > 2). We normalize I so that [ (6.,6,) = 4 where 6, is as above.
Then Y(R,G) := (Rf,Rqs U R); Q((R,G)y)) is a triplet of type IIl. As same
as in the first case, let us consider the corresponding double affine Hecke alge-
bra H(Y(R.G)) and the coordinate ring A = A, [(t})*!, ()], where A, =
Z[tEL, . B /T Let o' Z[tE Naer — Z[7FE .. EL (rg)il, (th)*!] be a
surjective homomorphism defined by #,, — 7; (i = 0,...,n), ta;'f =T (j =

gl,l), C’EI,I) or

I,...,n—1)and la; — t,E (k = 0, n). In this setting, Lemma 4.2 turns into
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Lemma 4.4. The map w' induces an isomorphism A S A

By a similar argument as in the first case, we have the following statement.

Theorem 4.5. There exists an algebra isomorphism H(R, G) 5 H(Y(R, G))
which is defined by

4
gy = Ti, x> X% (i=0,....n).

l

Since Y'(R, G) is a triplet of type IIl, as we already mentioned in Remark 1.4, the
corresponding double affine Hecke algebra H(Y' (R, G)) is nothing but the algebra
which is introduced by Noumi-Stokman [NS04] and Sahi [Sa99]. Therefore the

above theorem says that the elliptic Hecke algebra H((R, G) of type A(ll’l), C,gl’l) or

B}gz,z) (n > 2) is isomorphic to the algebra which is introduced by Noumi-Stokman
and Sahi.

Appendix

Table 1 Elliptic Dynkin diagrams for marked elliptic root systems

@ @)
. 1 (N
ALY X =D
|: :I
a ® o
of
. _C
ALY !
(XN
00
o)
@ o o
wn (i 1 ___7|C)|\\ ( )
Bl 1 1 1 @) n>3
" N N
o—0o—0—-—-—
o) o Qp—1

(continued)
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Table 1 (continued)

% o o o
() (] T () (]
i X DX ez
1/ \1 !
oF——0—-—--—3F—+C
o) o) Oy—1 2 oy
al* al)xk—l
@) [ (! ___7|()|\
. O [ [ [ O (I’l 22)
n
W3y N NG
2 - — 2
o [o |
o af o oy
22 [ () (] T () (]
§ [ [ [ [ 1
B : 1 [ 1 :/ \‘I 1 1 : (n 22)
o—~—0—0~---—06—~0
o 2 o) Oy—1 2 oy
oy o oy o
[ 1 (] T () (]
(1,1) 1 1 1 1 1 (n=>2)
n =
: 1 [ 1 :/ \‘I 1 1 :
o——0—0~--—-—0~—~0
o) 2 241 Qp—) oy
of oy
12) (] (] ___7IC)I\\
c @) [ [ [ @) (n 22)
n @ :I I:/ >|IC>://0[”
2 O0—O———— 2
o) Qp—
% o o oy
() () T () (]
0 X B I CES)
l/___\l !
) a oy— oy
% o @
22 [ [ ___79\
X o ez

(continued)
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Table 1 (continued)

2,2
2.2)% (n=2)
1,1
(L)% (n>2)
iV (n=4
o o )
wh 1
Eg O—a
(o7 (273 [}
o3 oy o5
oy o5 Qg o
O
1
B a1
om\no o
oy o3 0%} o
al oy a3 o Q) @
O
1
B a1
oy !
o5 o o7
@
W /9\
B o—<Ca 1 _O—=9°
o d]\d/ﬂg oy
2
o

(continued)
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Table 1 (continued)

a3
12) /9\
F o—o—a_ ' 0
®p ap o > [ oy
o3
af
a1 /‘/9\
Y o—oO0—0_ !'I ©
Qo 241 o) 5 1 oy
o3
L2
/l()l\
F? o—Ca_ 'Y 0o—=0
7)) o :: 5 o3 oy
o
o
(1.1 /'O'\
G o ' o
[ 1) [ 3 (2%
241
of
- /-O-
Gy o—a(_ 1
) ) 3 L
2%
of
- /-O-
G o—al_
g a ] L
o
o)
33) /9\\
G, @) i O
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Green’s Formula with C*-Action
and Caldero-Keller’s Formula for
Cluster Algebras

Jie Xiao and Fan Xu

Abstract It is known that Green’s formula over finite fields gives rise to the
comultiplications of Ringel-Hall algebras and quantum groups (see [Invent. Math.
120 (1995), 361-377], see also [J. Amer. Math. Soc. 4 (1991), 365-421]). In this
chapter, we prove a projective version of Green’s formula in a geometric way.
Then following the method of Hubery in [Hubery, Acyclic cluster algebras via
Ringel-Hall algebras (preprint)], we apply this formula to proving Caldero—Keller’s
multiplication formula for acyclic cluster algebras of arbitrary type.

Keywords Green’s formula - Cluster algebra - C*-action

Mathematics Subject Classifications (2000): 14M99, 16G20, 16G70, 17B35

1 Introduction

1.1 Green’s Theorem and Acyclic Cluster Algebras

Green in [Gre] found a homological counting formula for hereditary abelian cat-
egories over finite fields. It leads to the comultiplication formula for Ringel-Hall
algebras, and as a generalization of the result of Ringel in [Rinl], it gives a real-
ization of the positive part of the quantized enveloping algebra for arbitrary type
symmetrizable Kac—Moody algebra. It is coincident with the comultiplication de-
fined by the restriction functor in the geometric realization of the positive part of
the quantized enveloping algebra (see [Lu]). In [DXX], we gave Green’s formula
over the complex numbers C via Euler characteristic and applied it to realizing co-
multiplication of the universal enveloping algebra. However, one should notice that
many nonzero terms in the original formula vanish when we consider it over the
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complex numbers C. In the following, we show that the geometric correspondence
in the proof of Green’s formula admits a canonical C*-action. Then we obtain a new
formula, which can be regarded as the projective version of Green’s formula.

Our motivation comes from cluster algebras. Cluster algebras were introduced
by Fomin and Zelevinsky [FZ]. In [BMRRT], the authors categorified a lot of clus-
ter algebras by defining and studying the cluster categories related to clusters and
seeds. Under the framework of cluster categories, Caldero and Keller realized the
acyclic cluster algebras of simply laced finite type by proving a cluster multipli-
cation theorem [CK]. At the same time, Hubery researched on realizing acyclic
cluster algebras (including non simply laced case) via Ringel-Hall algebras for val-
ued graphs over finite fields [Hu2]. He counted the corresponding Hall numbers and
then deduced the Caldero—Keller multiplication when evaluating at ¢ = 1 where ¢
is the order of the finite field. It seems that his method only works for the case of
tame hereditary algebras [Hu3], due to the difficulty of the existence of Hall poly-
nomials. In this chapter, we realize that the whole thing is independent of that over
finite fields. By counting the Euler characteristics of the corresponding varieties
and constructible sets with pushforward functors and geometric quotients, we show
that the projective version of Green’s theorem and the “higher order” associativity
of Hall multiplication imply that Caldero—Keller’s multiplication formula holds for
acyclic cluster algebras of arbitrary type. We remark here that for the elements in
the dual semicanonical basis which are given by certain constructible functions
on varieties of nilpotent modules over a preprojective algebra of arbitrary type, a
similar multiplication formula has been obtained in [GLS].

1.2 The chapter is organized as follows. In Sect.2, we recall the general theory
of algebraic geometry needed in this chapter. This is followed in Sect. 3 by a short
survey of Green’s formula over finite fields without proof. In particular, we consider
many variants of Green’s formula under various group actions. These variants can
be viewed as the counterparts over finite field of the projective version of Green’s
formula. We give the main result in Sect.4. Two geometric versions of Green’s
formula are proved. As an application, in Sect.5 we prove Caldero—Keller multi-
plication formula following Hubery’s method [Hu2], and also we give an example
using the Kronecker quiver.

2 Preliminaries

2.1 Module Varieities

Let 0 = (Qy, 01,s,t) be a quiver, where Qy, also denoted by 7, and Q; are
the sets of vertices and arrows, respectively, and s, : Q1 — Qg are maps such
that any arrow « starts at s(c) and terminates at ¢(«). For any dimension vector
d = Zi a;ji € NI, we consider the affine space over C

Eq(Q) = @ Homg (C%@  C9 @),

aeQ
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Any element x = (Xq)acp, in E4(Q) defines a representation M(x) with
dim M(x) = d in a natural way. For any ¢ € Q;, we denote the vector space at
s(a) (resp. t (o)) of the representation M by M) (resp. M;(y)) and the linear map
from M) to M) by M. A relation in Q is a linear combination Z;zl Aipis
where A; € C and p; are paths of length at least two with s(p;) = s(p;) and
t(pi) = t(pj)forall <i,j < r Forany x = (xo)aco, € Eg4 and any path
D = Qm- 0201 in Q, we set Xp = Xg,, '+ Xa,Xo,. Then x satisfies a relation
S Aipi if YI_ Aixp, = 0.1If R is a set of relations in Q, then let E4(Q, R)
be the closed subvariety of E4(Q) which consists of all elements satisfying all
relations in R. Any element x = (xq)aeg, in Egz(Q, R) defines in a natural
way a representation M(x) of A = CQ/J with dim M(x) = d, where J is the
admissible ideal generated by R. We consider the algebraic group

Ga(Q) =[] 6L, ),

iel

which acts on E4(Q) by (x¢)8 = (g,(a)xags_(}x)) for g € G4 and (xq) € E4.
It naturally induces an action of G4(Q) on E4(Q, R). The induced orbit space
is denoted by E4(Q, R)/G4(Q). There is a natural bijection between the set
M(A, d) of isomorphism classes of C-representations of A with dimension vec-
tor d and the set of orbits of G4(Q) in E4(Q, R). So we may identify M(A,d)
with E4(Q, R)/Ga(Q).

The intersection of an open subset and a close subset in E4(Q, R) is called a
locally closed subset. A subset in E4(Q, R) is called constructible if and only if it
is a disjoint union of finitely many locally closed subsets. Obviously, an open set
and a closed set are both constructible sets. A function f on E4(Q, R) is called
constructible if E4(Q, R) can be divided into finitely many constructible sets such
that f is constant on each such constructible set. Write M (X) for the C-vector
space of constructible functions on some complex algebraic variety X .

Let O be a constructible set as defined above. Let 1 be the characteristic func-
tion of O, defined by 1p(x) = 1, forany x € O and 1p(x) = 0, for any x ¢ O. It
is clear that 1 is the simplest constructible function, and any constructible function
is a linear combination of characteristic functions. For any constructible subset O in
E4(Q. R), we call O Gg-invariantif G4 - O = O.

In the following, we will always assume constructible sets and functions to be
G4 -invariant unless particular stated.

2.2 Euler Characterisitcs and Pushforward Functor

Let y denote Euler characteristic in compactly supported cohomology. Let X be an
algebraic variety and O a constructible subset which is the disjoint union of finitely
many locally closed subsets X; for i = 1,...,m. Define y(O) = >/, x(X;i).
Note that it is well defined. We will use the following properties:
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Proposition 2.1 ([Rie] and [Joy]). Let X, Y be algebraic varieties over C. Then

(1) Ifthe algebraic variety X is the disjoint union of finitely many constructible sets
X1,.... X, then

.
A(X) =" x(X0).
i=1
) If p : X —> Y is a morphism with the property that all fibers have the same
Euler characteristic y, then x(X) = y - x(Y). In particular, if ¢ is a locally
trivial fibration in the analytic topology with fibre F, then y(X) = y(F)-x(Y).
3) x(C*")=1and y(P") =n+ 1 foralln > 0.

We recall the definition pushforward functor from the category of algebraic
varieties over C to the category of Q-vector spaces (see [Mac] and [Joy]). Let
¢ : X — Y be a morphism of varieties. For f € M(X) and y € Y, define

P =Y cx(fTH N ().
ceQ

Theorem 2.2 ([Di], [Joyl). Let X,Y and Z be algebraic varieties over C, ¢:
X - Y andy 1 Y — Z be morphisms of varieties, and f € M(X). Then ¢«(f) is
constructible, ¢ : M(X) — M(Y) is a Q-linear map and (Y o )« = (¥)x 0 (¢)«
as Q-linear maps from M(X) to M(Z).

In order to deal with orbit spaces, we need to consider geometric quotients.

Definition 2.3. Let G be an algebraic group acting on a variety X and¢ : X — Y
be a G-invariant morphism, i.e. a morphism constant on orbits. The pair (Y, ¢) is
called a geometric quotient if ¢ is open and for any open subset U of Y, the associ-
ated comorphism identifies the ring Oy (U) of regular functions on U with the ring
Ox (¢~ (U))C of G-invariant regular functions on ¢~ (U).

The following result due to Rosenlicht [Ro] is essential to us.

Lemma 2.4. Let X be a G-variety, then there exists an open and dense G-stable
subset which has a geometric G-quotient.

By this lemma, we can construct a finite stratification over X. Let U; be an
open and dense G-stable subset of X as in Lemma 2.4. Then dimc (X — Up) <
dimc X. We can use the above lemma again, and there exists a dense open G-
stable subset U, of X — U; which has a geometric G-quotient. Inductively, we
get a finite stratification X = Ule Ui, where U; is a G-invariant locally closed
subset and has a geometric quotient, / < dimc X. We denote by ¢y, the ge-
ometric quotient map on U;. Define the quasi Euler—Poincaré characteristic of
X/G by x(X/G) := }; x(¢u; (U;)). If {U/} is another choice in the definition
of 2(X/G), then x(¢u,(Up) = X, x(dy,nv; (Ui N UN) and x(¢y; (U}) =
S 1@ 0w (Ui 0 UD). Thus 3, 2l (U) = X x(¢y(U)) and 1(X/G)
is well defined (see [XXZ]). Similarly, x(0/G) := Y i x(@u, (O N Uy)) is well
defined for any G-invariant constructible subset O of X.



Green’s Formula with C*-Action and Caldero—Keller’s Formula for Cluster Algebras 317

2.3 Quasi Euler Characteristics

We also introduce the following notation. Let f be a constructible function over a
variety X, and it is natural to define

| 1@= 3w o, )

meC
Comparing with Proposition 2.1, we also have the following (see [XXZ]).

Proposition 2.5. Let X,Y be algebraic varieties over C under the actions of the
algebraic groups G and H, respectively. Then

(1) If the algebraic variety X is the disjoint union of finitely many G-invariant
constructible sets X1, ..., X,, then

A(X/G) =Y x(Xi/G).

i=1
(2) If amorphism ¢ : X —> Y induces a quotientmap ¢ : X/ G — Y /H whose
fibers all have the same Euler characteristic y, then y(X/G) = x- x(Y/H).

Moreover, if there exists an action of an algebraic group G on X as in Definition
2.3,and f is a G-invariant constructible function over X, we define

= -1
/xeX/G S @) = Z my(f~(m)/G). @)

meC

In particular, we frequently use the following corollary.

Corollary 2.6. Let X, Y be algebraic varieties over C under the actions of an al-
gebraic group G. These actions naturally induce an action of G on X x Y. Then

2(X %G ¥) = / g K16
ye

where Gy is the stabilizer in G of y € Y and X xg Y is the orbit space of X x Y
under the action of G.

3 Green’s Formula Over Finite Fields

3.1 Green’s Theorem

In this section, we recall Green’s formula over finite fields ([Gre], [Rin2]). Let
k be a finite field and A a hereditary finitary k-algebra, i.e. Ext!(M,N) is a
finite set and Extz(M, N) = 0 for any A-modules M, N. Let P be the set of
isomorphism classes of finite A-modules. Let H(A) be the Ringel-Hall algebra as-
sociated with mod A. Green introduced on H a comultiplication so that 7 becomes
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a bialgebra up to a twist on H ® H. His proof of the compatibility between the mul-
tiplication and the comultiplication completely depends on the following Green’s
formula.

Given o € P, let V, be a representative in «, and aq = | Autp Vyl. Given &,
and A in P, let géﬂ be the number of submodules Y of V) such that Y and V,/Y

belong to n and &, respectively.

Theorem 3.1. Let k be a finite field and A a hereditary finitary k-algebra. Let
E,1n,&,n € P.Then

1 |EXt Wy, Vﬁ)| %
aganagay ;ggngg/ ai' = Z mgmgmgw%ﬂ“““ﬂ“”y

Suppose X € £,Y e n,M € ¢, N e and A € y,C € a,B € §,D € B,
E € . Set hén | Ext! (X, Y)E/|, where Ext' (X, Y) is the subset of Ext' (X, Y)
consisting of elements w such that the middle term of an exact sequence represented
by w is isomorphic to E. Then the above formula can be rewritten as ([DXX], [Hu2])

ng h‘s/"/ _ Z |Eth(A D)HHOIH(M N)| gs/ " hy"‘hsﬂ
& w5y |Hom(4, D)|[ Hom(4, C)[| Hom(B, D) vé8ap

3.2 Counting the Crossings Under Group Actions

For fixed kQ-modules X,Y, M, N with dim X + dimY = dim M + dim N, we
fix a Qp-graded k-space E such that dim £ = dim X + dim Y. Let (E, m) be the
k Q-module structure on E given by an algebraic morphism m : A — Endg E. Let
Q(E, m) be the set of (a, b, a’, b’) such that the row and the column of the following
diagram are exact:

0 N —— (E,m) M 0 (3)
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Let
OX.Y.MNy= | Q(E.m.

m:A—End;g E

It is clear that
|QCE, m)| = géngé/n’aﬁanaé/an’»

where A € P satisfies (E,m) € A, or simply write m € A. Hence,

| Auty E|
oy = Y A E g
A

There is an action of Autp (E,m) on Q(E, m) given by
g.(a,b,a’ b)) = (ga,bg™ ', ga' b'g™h).

This induces an orbit space of Q(E,m), denoted by Q(E,m)*. The orbit of
(a,b,a’,b’)in Q(E,m)* is denoted by (a, b,a’, b’)*. We have

|Q(X. Y, M, N)|

1
= |Auy E| Y > - —.
Ao @b’ b)Y O E ) meA | Hom(Coker b’a, Ker ba')|

Furthermore, there is an action of the group Aut X x AutY on Q(E,m)* given by
(g1,82).(a,b,a’,b')* = (a,b,d'g;", g1b')*,

for (g1.82) € AutX x AutY and (a,b,da’,b')* € Q(E,m)*. The stabilizer
G((a,b,a’,b")*) of (a,b,a’,b')* is

{(g1, g2) € Aut X x Aut?Y |
ga' =ad'gy, b'g = g1b’ forsome g € 1 + a Hom(M, N)b}.

The orbit space is denoted by Q (E, m)”, and the orbit of (a, b, a’, b’)* is denoted
by (a,b,a’,b’)". We have

LoEmri= % 1

I HhNykY|
axday (a,b,a’ b)) €Q(E m)" |G((a,b,a ’b) )|
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3.3 Counting the Squares Under Group Actions

Let D(X,Y, M, N)* be the set of (B, D, e1, ez, e3, e4) such that the following dia-
gram has exact rows and columns:

0 0
0—D—+ >y —=2 >3 0
W X
N M 4)
v y
0—C—2—>x—2 > 4—>0
0 0

where B, D are submodules of M, N, respectively and A = M/B,C = N/D. The
maps ',V and x, y are naturally induced. We have

IDXCY.MNY | = 37 8508;583580pautpasay.
a.B.y.8

There is an action of the group Auty X X Autp Y on D(X, Y, M, N)* given by

(g1,82)-(B, D,e1,e2,e3,e4) = (B, D, g2e1,e28, ", g1€3,a87")

for (g1,g2) € Autpa X x Autp Y. The orbit space is denoted by D(X, Y, M, N)*.
We have

ID(X.Y, M, N)"|
1

" axay Z |H0m(A’C)||H0m(B’D)|g§ag§8ggﬂg2ﬂa“aﬁawy-
o.,B,7,8
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Fix a square as above,let T = X x4 M = {(x®m) € X DM | eq(x) = y(m)}
and S =Y | |[p N =Y & N/{ei(d) ®u'(d) | d € D}. There is a unique map
f S — T (see [Rin2]) such that the natural long sequence

0—>D—>SI>T—>A—>O (&)

is exact.

Let (¢, d) be a pair of maps such that ¢ is surjective, d is injective and cd = f.
The number of such pairs can be computed as follows. We have the following com-
mutative diagram:

0 S—4 Em L g —
l l H ©)
£ : 0 Im f T A 0
The exact sequence
0 D S Im f 0

induces the following long exact sequence:
0 — Hom(A4, D) —— Hom(A4, S) —— Hom(A,Im ) ——
—— Ext"(4, D) — Ext'(4, §) —=Ext'(4,Im /) —=0. (7
We set g9 € Ext!(4,Im f) corresponding to the canonical exact sequence

0——Im f T A 0

and denote ¢~ (29) NExt' (4, S) (£ m) by #,,' (c0). Let F(f;m) be the set of (¢, d)
induced by diagram (6) with centre term (E, m). Let

FH= U Ffim.

m:A—>Endy E
Then
F(fim)| = |¢;l<so>|%|mm(mmf)|,
| Ext!(4, D)|

IF() = |AUtk(E)|m-



322 J. Xiao and F. Xu

Let O(E, m) be the set of (B, D, eq, e3, €3, e4, ¢, d) such that the following dia-
gram is commutative and has exact rows and columns:

0 0
0—=D Ly = B 0
L uy
u S x
A d
Tun Y
N s > (E, m) .......................... > M (8)
o am
v ) T y
0 C = X “ A 0
0 0

where the maps qx,uy and gps, upy are naturally induced. In fact, the long exact
sequence (5) has the following explicit form:

0 D uyej S cd T e4qx A 0. (9)
We have
|O(E, m)|
|AutA(E m)| / ’
= > Ign'Ce Ol THom(4.5)] | Hom(A,Im f)|g}, 8587580 saaapasay.
o,B,y,8

Let O(X., Y. M. N) = Uyp:p>png £ O(E.m)

|Ext'(4.D)| , ¢

OXY. M. N)| = [Au(B)| 37 s 583835 S

a,B,y,8

agapgdasdy

The group Autp (E,m) naturally acts on O(E, m) and O(X,Y, M, N) as fol-
lows:

g.(B.D.,ej.,er,e3,e4,c,d) = (B, D,e1, e, e3.e4,cg ", gd).
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We denote the orbit space by O(E,m)* and O(X,Y, M, N)*. The orbit of
(B, D,e1,ez,e3,e4,c,d) is denoted by (B, D, ey, ez, e3,e4,c,d)*. Then

OX, Y, M, N)*| = Y |Ext' (4, D)|g5, 85580580 5aaapasay.
o,B,y,8

Similar to that on D(X,Y, M, N)*, there is an action of AutX X AutY on
O(X,Y, M, N)* given by

(g1.82).(B, D,e1,ez,e3,e4,c,d)* = (B, D, gae1,e28, ", g1e3, eagit. ¢’ d')*.

Let us determine the relation between (¢, d’) and (¢, d).
It is clear that there are isomorphisms:

a;:S—S" and ar:T—>T

induced by isomorphisms:

£20) yaNsvenN ad (9°): xomM>xoMm
0 id 0 id
Hence, ¢’ = ayc,d’ = daj’.
The stabilizer of (B, D, e1, ez, e3,e4,¢,d)* is denoted by G((B, D, e1, ez, e3,
eq,c,d)*), which is

{(g1,82) € Aut X x AutY | g1 € e3Hom(A4, C)eq, g2 € e Hom(B, D)e>,

cg ' =, gd = d' for some g € Aut(E,m)}.

The orbit space is denoted by O(X,Y, M, N)" and the orbit is denoted by
(B,D,eq,es,e3,e4,¢,d)”. Then

1

axday

1
|O(X,Y, M, N)*| = .
(B.D.e, 222 escay OB D-er.ez ez eq.c.d))]

€O(X,Y,M,N)~

3.4 Induced Bijiections

There is a bijection Q2 : Q(E,m) — O(E,m) which induces Green’s formula. In
the same way, we also have the following proposition.

Proposition 3.2. There exist bijections Q* : Q(E,m)* — O(E,m)* and Q" :
Q(E,m)» - O(E,m)".

Proof. For any (a,b,a’,b’) € Q(E,m),

Q(a,b,a’, b’y = (Kerb'a,Imba’,a’a,ba’ ,b'a,bb’™!, ¢, d),
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where ¢, d are defined by

duy = a,duy =d',quc =b,qxc =b'.
Hence,
Q(g.(a,b,d’ b)) = (ga.bg™" . ga'.b'g™")

= (Kerb'a,Imba’,a''a,ba’ ,b'a,bb’ ', cg™ !, gd)
= g.(Kerb'a,Imba’,a''a,ba’ ,b'a,bb’ ', c,d),

Q*((a,b,a’,b')*) = (Kerb'a,Imba’,a’ Ya,ba’,b'a,bb’ !, c,d))*
for g € Aut(E, m). Similarly,

Q*((g1.82)-(a. b, d' . b')*) = (a.b.a'g;", g1b')*

= (Kergib'a,Imbd’g;", g2a''a,ba'g;", g1b'a,bb’ gt ¢ d')*
= (g1.g2).(Kerb'a,Imba’,a'Ya,ba’ ,b'a,bb'™ !, c,d)*
for (g1, g2) € Aut X x AutY. Hence,

Q" (a,b,a’,b")") = (Kerb'a,Imba’,a’‘a,ba’,b'a,bb' !, c,d))".

O
In particular, if (a, b,a’, b’)* corresponds to (B, D, ey, ez, e3,e4,¢,d)™*, then
G((a,b,ad’,b")*) = G((B, D,e1,e3,e3,e4,c,d)").

We also give the following variant of Green’s formula, which is suggestive for the
projective Green’s formula over the complex numbers in the next section.

Z %lhi/ﬂ/gl

A;Aaéé/@n’q i
_ 3 | Ext' (4, D)||Hom(M, N)| 1 BB g o
b | Hom(4, D)||Hom(A4, C)||Hom(B, D)| g —1 & "7 °vé%ep
a®y#E or BOSEN
N Z 1 ( | Ext! (4, D)||Hom(M, N)| 1) g
&= =1 \[Hom(4, D)[[Hom(4, C)| Hom(B, D)] Eys8ap
ady=£§,05=n
1 g n g on’
g—1 ) 8ys8ap ~ 8en

a,B,y.8;
ady=£,05=n
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4 Green’s Formula Over the Complex Numbers

4.1 Flags and Extensions

From now on, we consider A = C Q, where C is the field of complex numbers. Let
O1, O3 be G-invariant constructible subsets in Eg4 . (0), Eiz( Q), respectively, and
letd = d,; + d,. Define

V(01,0 L) ={0=Xo S X, S X, =L|
X; emod A, X; € O, and L/X] € Ol},

where L € E4(Q). In particular, when Oy, O, are the orbits of A-modules X,Y
respectively, we write V(X, Y; L) instead of V(O1, O,; L).

Let o be the image of X in Eg4 (Q)/Gg4,. We write X € «, sometimes we
also use the notation X to denote the image of X and the notation V,, to denote

a representative of «. Instead of d,, we use o to denote the dimension vector
of . Put

gty = 1(V(X.Y: L))

for X € «,Y € B and L € A. Both are well defined and independent of the choice
of objects in the orbits.

Definition 4.1 ([Rie]). For any L € mod 4, let L = 69;:1 L; be the decomposi-
tion into indecomposables, then an action of C* on L is defined by

£V, vp) = (ve, ..t Yy)

fort e C*andv; € L; fori =1,...,r.

It induces an action of C* on V(X,Y; L) for any A-modules X,Y and L. Let
(X1 € L) € V(X,Y;L) and t.X; be the action of C* on X; as above under
the decomposition of L, then there is a natural isomorphism between A-modules
tx, : X1 ~t.X;.Definet.(X; € L)=(t.X; C L)

Let D(X,Y) be the vector space over C of all tuples d = (d(@))qep, such
that each linear map d () belongs to Homc (Xs(q), Yi(o)). Define 7 : D(X,Y) —
Ext! (X, Y) by sending d to the short exact sequence

) 00

e: 0 Y L(d) X 0.

where L(d) is the direct sum of X and Y as a vector space and for any « € Q1,

L(d)g = (16“ d)((“)) .
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Fix a vector space decomposition D(X,Y) = Kermw & E(X,Y), then we can
identify Ext! (X, Y) with E(X,Y) (see [Rie], [DXX] or [GLS]). There is a natu-
ral C*-action on E(X,Y) given by t.d = (td(«)) for any t € C*. This induces an
action of C* on Ext!(X,Y). By the isomorphism of C Q-modules between L(d)
and L(z.d), t.¢ is the following short exact sequence:

(o) (01)

0 Y L(d) X 0

for any t € C*. Let Ext!(X,Y)z be the subset of Ext!(X,Y) of the equiva-
lence classes of short exact sequences whose middle term is isomorphic to L. Then
Ext! (X, Y)L can be viewed as a constructible subset of Ext! (X, Y) under the iden-
tification between Ext! (X, Y) and E(X,Y). Put

WP = y(Exty(X,Y)r)

for X € @, Y € B and L € A. The following is known, for example, see [DXX].
Lemma 4.2. For A, B, X € mod A, )((Extk(A, B)x) =0unless X ~ A& B.

We remark that both V(X,Y; L) and Ext!(X,Y), can be viewed as the orbit
spaces of

W(X.Y:L):={(f.g) | 0—>Y—L>p %

X 0 is an exact sequence}

under the actions of G4 x Gg and Gy, respectively, for X e o, Y € fand L € A.

4.2 Higher Order Associativity
For fixed &, 1, &, 1/, consider the following canonical embedding:

U V(Ve, Vg Vi) xV(Vy, Vs; Vg/) 5 V(Vg, Vi Ve @ V,,/) (10)
a,B,y.8;a®y=£,805=n

sending (V,, C Vi, Vél, C Ve)to (VEI, ® V), C Ve @ Vi) in a natural way. We set
V(Ve, Vi Ver @ Vi) := V(Ve, Vi Ver @ Vi) \ Imi,

i.e.
V(Ve, Vs Ver ® Vi) = V(Ve, Vs Ver @ V) UV, (11)
where V; = Imi. Define

Vi(8, B) 1= Im(V(Va, Vi: Vi) X V(Vy, Vs: Vier)).
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Consider the C-space Mg(A) = @ enn M, (Q) where Mg, (Q) is the
C-space of G4-invariant constructible function on E4(Q). Define the convolution
multiplication on Mg (A) by

fegL)y= )" xV(f 7 ().g7 (@) L))ed

c,deC

forany f € Mg,(Q),g € MGi,(Q) and L € Egy .
As usual for an algebraic variety V and a constructible function f on V, using
the notation (1) in Sect. 2, we have

fog(l)= / £,
V(supp(f),supp(g);L)

The following is well known (see [Lu], [Rie]), see a proof in [DXX].

Proposition 4.3. The space Mg (A) under the convolution multiplication e is an
associative C-algebra with unit element.

The above proposition implies the following identity

Theorem 4.4. For fixed A-modules X,Y,Z and M with dimension vectors
dy.dy.d,anddy suchthatdyy = dy +dy + d z, we have

M L
/, 8xv8Lz = /; ExL' 8yz-
LeEgy+ay (A/Gay+ay L'€Egy +a,(A)/Gay +a,

Define

W(X.Y: L1 L) :={(f.8. 1) |

f g

0 Y L h

Lo X 0 is an exact sequence}.

Under the action of Go X Gg, where @ = dim X and f = dim Y, the orbit space is
denoted by V(X,Y; Ll,Lz) In fact,

V(X,Y;L1,L)={g:L; — L, | Kerg =Y and Cokerg =~ X}.

Put
Wy = xOV(X,Y; L1Ly)).

We have the following “higher order” associativity, which is similar to the associa-
tivity of multiplication in derived Hall algebras (see [To], [XX])

Theorem 4.5. For fixed A-modules X,Y;, L; fori = 1,2, we have

LiL»> _ L, L] L2
ngzYlh _/L gL’YthYz :
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Dually, for fixed A-modules X;,Y, L; fori = 1,2, we have

X LiLy _ L> LiL)
Lgxlehxy = f,gszfzhle .
X L

Proof. Define

EF(X,Y1,Y2;L1,Ly) =4{(g.Y*) |g: L1 — Ly, Y* = (Kerg 2Y' 20)
such that Cokerg ~ X, Y’ ~ Y;, Kerg/Y’' ~ Y}

and

EF'(X,Yy, YZ;L/I, L,) = {(g', L}) | g : L/l — Ly, L*=(L12Y' 20)
such that Kerg’ ~ Y,, Cokerg’ ~ X, Y' ~ Yy, L1/Y' ~ L}}.

Consider the following diagram:

Y, ——71,
00— Kerg L —$~1, X 0 (12)
0 Y, L —£-1, X 0

where L] = L;/Y’ is the pushout. This gives the following morphism of varieties:
EF(X.Y1.Y2;: Ly, Ly) - EF'(X.Y1,Y5; L}, Ly),

sending (g,Y*®) to (g’, LY) where g’ : L1/Y’ — L,. Conversely, we also have the
morphism

EF'(X.Y1,Y2; L}, Ly) - EF(X,Y1,Y2: Ly, Ly)

sending (g’, L) to (g, Y *) where g is the composition: L1 — L1/Y’ >~ L/ LN Lo
(this implies Y’ C Ker g). A simple check shows that there exists a homeomorphism
between EF(X,Y1,Y2; L1, Ly) and EF'(X,Y1,Y2; L), L,). By Proposition 2.5,
we have

Y(EF(X, Y1,Y2:Ll,Lz))Z/izg’}InghfleL2
Y

and
L L
J(EF' (X, Y1,Y2: L), Ly)) = fﬁgffylhxlyzz-
1

This completes the proof. O
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We define
Hom(L1, La)ynjex = {g € Hom(L1, L,) | Kerg >~ Y, Coker g >~ X}.
Then, it is easy to identify that
V(X,Y; Ly, Ly) = Hom(Ly, La)y(jex-
We can consider a C*-action on Hom(L, L2)y[11¢x or V(X,Y; Ly, Ly) simply
byt.(f,g, h)* = (fitg,h)* fort € C* and (f, g,h)* € V(X,Y; Ly, Ly). We also

have a projective version of Theorem 4.5, where P indicates the corresponding orbit
space under the C*-action.

Theorem 4.6. For fixed A-modules X,Y;, L; fori = 1,2, we have
L
/?gf;zyl x(PHom(Ly, La)yjex) = /f gL,ll ¥, x(PHom(LY, L2)y,11ex)-
"1
Dually, for fixed A-modules X;,Y, L; fori = 1,2, we have

L
/Yg))gle)((PHom(Ll,Lz)Y[l]eaX) = /? gX;L/2X(PH0m(L1,L/2)Y[1]€BX1)-
2

4.3 Geometry Over Crossings

For fixed £, and £, 0’ with § + 7 = & + 7' = A, let V3 € E; and Q(V}) be the
set of (a,b,a’,b’") such that the row and the column of the following diagram are
exact:

Vi~ Ver —>0 (13)

Set

QE &M = o).

VAE]EL
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We remark that Q (&, 17, €', ') can be viewed as a constructible subset of the module
variety Eg 5 ¢/.97.2) With§ + 17 =& + ' = A of the following quiver:

2L
4—>I—>3 (14)
1

We have the following action of G, on Q (£, 1,&', 7'):
g.(a,b.a b’y = (ga,bg™' ga' . b'g™").

The orbit space of Q(&,1,&,7n') is denoted by Q(&,7n,&",1')*, and the orbit of
(a,b,d’,b’) in Q(&,n,&,1n)* is denoted by (a,b,a’,b’)*. We also have the fol-
lowing action of G, on W(Vgr, Vy; Ep): g.(a,b) = (ga,bg™'). In the induced
orbit space Ext! (Ver, Vi), the orbit of (a, b) is denoted by (a, b)*. Hence, we have

¢
W(Ver, Vips Ex) x W(E EL) = Q60,8 1) —=Ext! (Ve V) . (I5)

ol /

0¢ n.&.n)*

where ¢ ((a,b,a’,b’)*) = (a, b)* is well defined.
Let (a,b,a’,b’) € Q(Vy). We claim that the stabilizer of (a,b,a’,b’) in ¢, is

a'e; Hom(Coker b'a, Ker ba')eq4b’,

which is isomorphic to Hom(Coker b’a, Ker ba’), where the injection e; : Ker ba’
— V) is induced naturally by a’, and the surjection e4 : V) — Cokerb’a is in-
duced naturally by ’. In fact, consider the action of G on W(Vg, Vy; E,) given by
g.(a’,b') = (ga,bg™"), the stabilizer of (a’, ') is 1 + a’ Hom(Vg, V;;)b’ ([Rin2]).
It is clear that the stabilizer of (a, b, a’, b’) under the action given by ¢, is the fol-
lowing subgroup:

{14+d fb"| f € Hom(Vg, Vy),ba' fb' = 0,a’ fb'a = 0}.

Since b’ is surjective and a’ is injective, ba’ fb' = 0,a’ fb'a = 0imply ba’ f = 0,
fb'a = 0. This means Im f € Kerba’ and f(Kerb'a) = 0. We easily deduce the
above claim by this conclusion. In the same way, the stabilizer of (a, b) under the
action given by ¢, is 1 + a Hom(Vg', V;/)b, which is isomorphic to Hom(Vg/, V)
just for a is injective and b is surjective. We now compute the fibre ¢1 (¢5 L((a,b)*))
of ¢ over (a,b)*.

¢, ' ((a,b)*) = (ga,bg™".d', b)),
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where (a’,b") € W(Ve, Vy: Vy). Fixa, b, andlet U = {(a,b,a’,b’)}. Then we have

UC¢5'((ab)*), ¢1(U) = ¢i(d5"((a,b)*)).

The restriction ¢1|y : U — ¢1(U) can be viewed as the action of the group
a Hom(Vg, Vy)b with stabilizer a’e; Hom(Coker b’a, Ker ba')esd’, i.e. the fibre
of ¢1|y is isomorphic to a Hom(Ve, V)b /a’e; Hom(Coker b'a, Ker ba')esd’.
Hence, by Corollary 2.6,

AW Ve, Vi V) = x(U) = x(@1(U)) = x($1(b3 " ((a,5)))).

Moreover, consider the action of G¢ x Gy on Q(€, n,&,7')* and the induced
orbit space, denoted by Q(€,n,&’,n")". The stabilizer Stabg ((a,b,a’,b’)*) of
(a,b,a’,b")* is

{(g1,82) € GexGy | gd' = a'g2,b'g = g1b’ for some g € 14+aHom(Vy:, Vy)b},

also denoted by G((a, b, a’, b’)*). This determines the group embedding

Stabg ((a.b,a’, b')*)
—> (1 + aHom(Vg, Vyy)b)/(1 4+ aey Hom(Coker b'a, Ker ba’)esb).

The group G((a, b,a’, b')*) is isomorphic to a vector space since ba = 0. We know
that 1 + a Hom(V/, V;)b is the subgroup of Aut V, and it acts on W(Vg, Vy; Ey)
naturally. The orbit space of W(V, V;; E,) under the action of 14aHom(V/, V;)b
is denoted by W(Vg, Vy:E,), and similar considerations hold for V(Vg, Vy: Ej).
Combined with the discussion above, we have the following commutative diagram
of actions of groups:

1+a Hom(VE/,Vn/)b

W(Ve, Vi Ep) W (Ve, Vy:Ez)
LngG,7 chxc,7 (16)
1+aHom(Vg/s,V, /)b ~
V(Ve, Vi ) g V(Ve. Vo Ey)

The stabilizer of (a’, 5')” in the bottom map is:
{g € 1+aHom(Vy:, Vyy)b | ga’ = d'g2,b'g = g1b’ for some (g1, 82) € Gex Gy},
which is isomorphic to a vector space too, and it is denoted by V(a, b, a’, b"). We can

construct the map from V(a, b, a’, b’) to Stabg ((a, b, a’, b')*) sending g to (g1, g2).
It is well defined since @’ is injective and b’ is surjective. We have

V(a,b,a’,b")/ Hom(Cokerb'a, Kerba') == Stabg ((a,b,a’,b’)*).

We have the following proposition.
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Proposition 4.7. The fiber over (a,b)* € Ext! (Ver, Vi) s of the surjective map

¢" QG .8 ) — Ext! (Ver, Vi)
is isomorphic to Fl;(Vg, Vy:Ep), where i(yg, VyiEp) is such that there exists a
surjective morphism from V(Ve, Vy: Vy) to V(Ve, Vi ) such that any fibre is iso-
morphic to an affine space of dimension

dimcHom(Vg/, V;) —dimcHom(Coker b'a, Ker ba’) —dimc Stabg ((a, b, a’, b')*).

Also, we also have a commutative diagram induced by (15). By Proposition 2.5,
we have

Corollary 4.8. The following equality holds.

SN =gk h" (17)
A A

4.4 Geometry Over Squares

Let O(6.n.&. 1) be the set of (Vs, Vg, e1, ez, e3,e4,c¢,d) such that the following
commutative diagram has exact rows and columns:

0 0
0 Ve - Va = Vs 0
W S x
Aa
My \\ V
A — = W > Ve (18)
L vy
v T y
v o ave
0 Ve = Ve “ v, 0
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where Vs, Vg are submodules of Vg, Vy/, respectively; V, = Vi /Vs, Vo =
Var/ Vg, u',x,V,y are the canonical morphisms, and V), is the centre induced by
the above square, T = Vg xy, Ve = {(x @ m) € Ve @ Vi | ea(x) = y(m)} and
S=V |—|VB Vir = Vy @ Vi /{e1(vg) ® u'(vg) | vg € Vg}. Then there is unique
map f : S — T for the fixed square. Let (c, d) be a pair of maps such that c is
surjective, d is injective and cd = f. In particular, for fixed submodules Vs and Vg
of Ve and Vyy, respectively, the subset of O(§, 1, &', 1)

{(V1,Va,e1,e2,e3,e4,c.d) € O, 0. E 1) | Vi = V5, Vo = Vp}

is denoted by O(v, v;.v,.v4), Where Vy, = Vi /Vs and Vo = Vy/ V. There is a
natural action of the group G, on O(v,, v;.v,,v,) as follows:

g.(Vs. Vg.er.e2,e3.e4,c.d) = (V5. Vg, e1.e2,e3,e4.c8 ", gd).

We denote by (’)E‘Vy Vs and O(&,n, &', n')* the orbit spaces under the ac-

tions of G,.

V(x’VB)

4.5 Geometric Analogue of Green’s Formula

There is a homeomorphism between Q(&,7,&,7)* and O, n, &, n")* (see
[DXX]):
0" Q. 0.8 1) — OEn.&.n)"
induced by the map between Q(&, 7, &, 1') and O(§, n, &', 1') defined as follows:
Vg = Ker b'a >~ Ker ba’, Vs = Im bd’,
er = () la, ey =ba, es=0ba, es=>b(b)""

and ¢, d are induced by the maps:
Vip@Vy =V, and V) = Ve® Ve

There is an action of G¢ x Gy, on O(£, 1, &', 1')*, defined as follows: for (g1. g2) €
Gf X GWI’ B B

(91.82).(Vs, Vg, e1,e2,e3,ea,c,d) = (Vs, Vg, g2e1, €285 . gre3, eagy ' ' d)™
Let us determine the relation between (¢’, d’) and (c, d).
Suppose that (Vs, Vg, g2€1.€285 . g1e3,eag7") induces S’, T’ and the unique

map f': S’ — T’, then it is clear that there are isomorphisms:

a;:S—S and ar: T —>T'
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induced by isomorphisms:

g2 0. 21 0.
(Ozid)'V"GaV"/_)V"@V"/ and (Olid)'Vg@Vg/_)Vg@Vg“

So ' =as f al_l, and we have the following commutative diagram:

S’ Vi Vy
ap g
g —4 Va @ Vy
c (19)

Imf—>T—>Vy

az az

Im f' —— 77—V,
Hence, ¢’ = aycg 'andd’ = gdal_l. In particular, c = ¢’ and d = d’ if and only
ifg; = idVS and g> = idy, . This shows that the action of Gg X GQ is free.
Its orbit space is denoted by O(€, n, &', n')”. The homeomorphism 6* above in-
duces the homeomorphism in the following Proposition:

Proposition 4.9. There exists a homeomorphism under quotient topology
0" : 0.n.&.n)" — O 0§ )"

Let D(¢,n,&,n')* be the set of (Vs, Vg, e1, €2, e3, e4) such that the diagram (18)
is commutative and has exact rows and columns. In particular, for fixed Vs and Vg,
its subset

{(V1,Va,e1,e2,e3,e4) | V1 = V5, Vo = Vg}

is denoted by DE‘VV’V&VQ’VN, where V), = Vi / Vs and V, = V;// V. Then we have
a projection:
9" 0E 0.8 )" —>DE 0.8 1)

We claim that the fibre of this morphism is isomorphic to a vector space which
has the same dimension as Ext! (V;,, V) for any element in DE(VVaVSaVa3VB)‘
Vs VasVg)* and let V be the set
consisting of the equivalence classes (c, d)*of elements (¢, d) under the action of
G, such that the following diagram is commutative:

Fix an element (V, Vg, e1,e2,e3,e4) € DZ‘VV
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— V=V, (20)

where u, uz, vy, vo are fixed and come from the long exact sequence:

L=Imf 1)

0 Vg S T Vy 0

and where s, ¢ are naturally induced by ¢, d, respectively. Then V is the fibre of ¢*.
We note that ¢ is in diagram (20) if and only if ¢ € u, Hom(V,,, L)t. Of course,
up Hom(V,,, L)t is isomorphic to Hom(V,,, L).

Let g9 € Ext!' (V,, L) be the class of the following exact sequence:

0 L—>T—2>V, 0.
The above long exact sequence induces the following long exact sequence:

0 — Hom(V,,, Vp) —— Hom(V,,, S) —— Hom(V,,, L) ——

—— Ext!(V,. V) —= Ext' (V. §) ——=Ext!(V,.L) —=0. (22)
Consider the morphism @ : V — ¢~ 1(go) sending (c,d)* to (d,1)*.
0N ((d,0)*) = {(cg”',gd)" | g € G2} = {(cg”".d)" | g € 14+d Hom(Vy, S)1}.
Hence, the fibre of w can be viewed as the orbit space of u, Hom(V}, L)t under
the action of 1 + d Hom(V,, S)t given by g.us ft = uzfg;lt, where g € 1 +
d Hom(V,,, S)t and g, is the isomorphism on V), induced by g, with the stabilizer

isomorphic to the vector space Hom(V),, Vg). Hence, up to a translation from &g to
0, V is isomorphic to the affine space:

¢~ " (g0) x Hom(V,,, L) x Hom(V,,, Vg)/ Hom(V,, S),

which is denoted by W(Vs, Vg, e1, e, e3, e4), and whose dimension is dimc
Ext' (V, V).
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There is also an action of the group G¢ x G, on D(§, 7, &', n')* with stabilizer
isomorphic to the vector space Hom(V,,, V, ) x Hom(Vs, V). The orbit space is
denoted by D(€, n, &', n')*. The projection ¢* naturally induces the projection:

ML OENE N = DEnE )
Its fibre over (Vs, Vg, e1, ez, €3, e4)” is isomorphic to the quotient space of

(™)' (V5, Vg, e1,ea,e3,e4)

under the action of Hom(V,,, V) x Hom(Vs, V). The corresponding stabilizer of
(Vs, Vg, e1,ex,e3,ea,c,d)* € (p*) 1 (Vs, Vg, e1,e2, €3, €4) is

1(g1,82) € 1 + esHom(Vy, Vy)eq x 1 + erHom(Vs, Vp)ea |
ga' =d'gx,b'g = g1b" forsome g € 1 + aHom(Vg, Vyy)b},

where (a, b, a’,b’)* is induced by 8* as showed in diagram (18). It is isomorphic to
the vector space Stabg ((a, b,a’, b')*). Therefore, we have

Proposition 4.10. There exists a projection

NOE N E ) = DEE )"

such that any fibre for (Vs, Vg, e1, ez, e3,e4)” is isomorphic to an affine space of
dimension

dimcExt' (V,, Vi) + dimc Stabg ((a, b, a’, b')*)
— dimcHom(V}, V) — dimcHom(Vs, Vp),

where Vy, >~ Vi [ Vs and Vo =~ Vi [ V.

Let us summarize the discussion above in the following diagram:

" on "
Ext! (Ve Vy)<— Q. 0. &' ) ——=0¢ . & ) ——=DE 0. &' )"
(23)
The following theorem can be viewed as a degenerated version of Green’s
formula.

Theorem 4.11. For fixed &, 1, &, 1, we have

g/ n/

gon’ _
8ys8ap:

4=
& o,B.8,y;a®y=§,B05=n

Proof. We note that

X(D(Ev 777 ‘i:/s 77/)/\) = [;ﬂ 5 y5g0¢/3hgah8ﬁ
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Because the Euler characteristic of an affine space is 1, we have

g _ n pya 88
/ h; " gk, = / 255 8ughtoHy
a,B,8,y

Using Proposition 2.5 and Lemma 4.2, we simplify the identity as

ghs gl L ntP
/a,ﬂ,&y,aeay=é,ﬂ®y=n vitehE

¢ n’
g =/ 8er18.88n .
&n 5.5 £/8,65n'/B.B

4.6 Green’s formula under the C*-action

We define EF (&€, 1, &, 1) to be the set

{(e. L'(d)) | £ € Ext" (Ve Vi) L(@y. L' (d) € L(d). L'(d)
~ V. L(d)/L'(d) ~ Vg},

and let FE(§,n, &, 1) be the set
(V. Vi er e | VS VeV S Ve,
e1 € Ext' (V. Vi)vy. €2 € Ext' (Ve / Vi Vi V,;/)VS}.
The projection
p1t EF(E 0.8 ) — Ext! (Ve Vi)
satisfies that the fibre of any & € Ext'(Vi, Vy)L@) is isomorphic to

V(Ve. Vg L(d)).
Comparing with Proposition 4.7, we have a morphism

EFEn.&. ) — 0E.n.&.n)"
satisfying the fibre of (a, b, a’, b’)” is isomorphic to an affine space of dimension
dimcHom(Vg/, Vyy) — dimcHom(Coker b'a, Ker ba') — dimc G((a, b,a’,b")*).
We also have a natural homeomorphism
FE(.n.8.n) —> D¢ n. & )"

Hence, using Proposition 4.7, 4.9 and 4.10, we have
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Proposition 4.12. There is a natural morphism

p:EFE.n.E.n)— FEE 0.8 1)

satisfying the fibre for (V, g/v ,, €1, £2) is isomorphic to an affine space of dimension

dimcHom(Vg, Vyy) — dimcHom(V),, V) + dimcExt(V,,, Vi)

— dimcHom(V,, V) — dimcHom(Vs, Vg),

where Vg =~ Vn’/, Vs ~ VS// and Vy ~ V,,//V,;/, Vy >~ Ve / V],

Now we consider the action of C* on EF(§,1,£,n') and FE(§,n,&", 7).

(1) Fort € C*and (e, L'(d))eEF (§,n, &, 1), we know t.e€Ext' (Ver, Vi) L(z.a)

2)

and L(d) = Vg @ Vy as a direct sum of vector spaces. Recall that L(r.d) is

defined in Sect. 4 1 Defi
(t.d) = {(v ') | (V' V') € L'(d)}.

Then L'(t.d) C L(l.d). Hence, we define
t.(e,L'(d)) = (t.e, L'(t.d)).

The orbit space is denoted by EF (£, 1, €', 7). A point (s, L'(d)) is stable,
ie.t.(s,L'(d)) = (&, L'(d)) for any t € C* if and only if

L(d) = Ve @ Vi and L'(d) = (L'(d) N Ver) ® (L'(d) N Viy).

Note that the above direct sums are the direct sums of modules. The set of
stable points in EF(§,n, &', 7n') is denoted by EF(&,7,&',1'). The action of
C* on the set of non-stable points in EF(&,n,&’, 1) is free. We denote the
orbit space by PEF (&, 1, &, 17'). Of course, we have

EF(& 0.8, 1) = EFs(&, 0.6, 0) UPEF(£,0, £, 17).

The orbit of (g, L'(d)) in PEF(€,n,&, 1) is denoted by P (s, L' (d)).

Fort € C* and (Vg,, V’/,el,ez) € FE(,n,€',1), we define

t. (Vé/’ 1, E1,82) = (Vf/’ /,l £1,1.82).

The orbit space is denoted by FE(E n.&.n). A point (V/ (2 ,,81,82) in
FE(&,n,&,n) is stable if and only if & = &5 = 0. The set of stable points
in FE(&,n,&, 1) is denoted by FEs(€,1,£&’,n'). The action of C* on the set
of non-stable points in FE(&, 1, £, 1) is free. We denote the orbit space by
PFE(,n, &,7n'). Of course, we have

FE(E,n.€ 1) = FEg(&, 0,8 ,0) UPFE(&, 0, £, 7).

The orbit of (V (2 Vys€1,62) in PFE(§,1,§'. ') is denoted by P (V{ 2 Vs
€1,€2).
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The morphism p induces the morphism
p:EF(En.E . n) > FEGE 0.8 1),
We consider its restriction to PEF (&, 1, &, 1),
pleEFEne . PEFE 0.8 0) - FEGEn.€.n).

For any (V/ VT;,,O, 0) € FE;(£,n,8,7) C ﬁ(é, n,&.,n'), we have

S/?
(B leEFEnean)” (Vi V. 0.0) = P(o~ (V). V5. 0.0\ (VL & V;,. 0)).

It is actually the projective space of the affine space in Proposition 4.12. For any
PV, Vyer.62) € PFEGE 0.8 0), (b lpEFEn 8 ) (P(VE, Vi e1,€2)) is
isomorphic to the affine space in Proposition 4.12. Now we compute the Euler char-
acteristics. By Proposition 2.1 and the above discussion of the fibres, we have

YBEFE £ 1)
= [ w100 [@E M=d(v.a)=d 6. B)~(r. B)lg; 5805 T X B FEE. 1.0,

€FEs(§.n,8,n")

where d(y,a) = dimc Homa (V),V,) and the Euler form (y,8) = dimc
Hom(V,,, V) —dimc¢ Ext! (Vy, Vg). On the other hand, we know

x(PEF(E.n.&.1))

:/ @By, X(Pv(V§, Vn; Vg:/ &) Vn/))-l-/ X(P Extl(Vs/’ V’?’)A)gén‘
a®y=£,05=n A#£E @1’

Therefore, we have the following theorem, which can be viewed as a geometric
version of Green’s formula under the C *-action.

Theorem 4.13. For fixed €,1,&', 1, we have

[ e 0 v,
A#E @’

/ $(PEX (V. Ve x Ext (Vy, Va) gyl
a,B,8,y,a®y#E or BBSFn

+f [d(E 1) — d(y. @) — d(6. B) — (7. B)IgE &)
a,B.8,y,a®y=§£,B08=n

- / X(PV(V& Vs Vg’ &b Vn/)).
a,B.8,7,a0y=£§,8®5=n
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5 Application to Caldero—Keller Formula

5.1 Constructibility

Let Q be a quiver with vertex set Q¢ = {1,2,...,n} containing no oriented cy-
cles and A = CQ be the path algebra of Q. Fori € Qg, we denote by P; the
corresponding indecomposable projective C Q-module and by §; the correspond-
ing simple module. Let Q(xy,..., x,) be a transcendental extension of Q. Define
the map [CC]

X9 :obj(mod A) — Q(x1,...,x,)

by:
Xu = Z K(Gre(M))x*@—dmMte
e

where 7 is the Auslander—Reiten translation on the Grothendieck group Ko(D?(Q))
and, forv € Z", we put

n
) dim S;,v
X = Hxlfi isv)
i=1

and Gr.(M) is the e-Grassmannian of M, i.e. the variety of submodules of M with
dimension vector e. This definition is equivalent to [Hu2]

O
a.pB

where the matrices R = (r;;) and R’ = (rl.//.) satisfy r;; = dimcExt'(S;, S;) and
rl.’jzdim(cExtl(Sj, S;) for i, jeQy. Here, we recall g(% = y(WV((Vy, Vg M)))
which is defined in Sect. 4.1. Note that (see [Hu2])

(dim P)R = dimrad P, ~ (dim /)R = dim ] — dimsoc /.
We consider the set
Gre(Eg) :={(M, M) | M €Eg, M, € Gre(M)}.

This is a closed subset of Eg x [[;—;  , Gre; (k%'). Here, we simply use the nota-
tion E4 instead of E4 (Q) without confusion.

Proposition 5.1. The function X+|g , is G-invariant constructible.

Proof. Obviously it is G-invariant. Consider the canonical morphism 7w : Gre
(Eg) — Eg4 sending (M, My) to M. It is clear that 7~ '(M) = Gre(M). Let
1Gr,(E,) be the constant function on Gr(Eg), by Theorem 2.2, (7)«(16,,(&,)) is
constructible. We know that
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(@)« (16ro@ ) (M) = x(Gre(M)).
So, there are finitely many y(Gr.(M)) for M e E4. O

Proposition 5.2. For fixed dimension vectors e and d , the set
{gxy | E€Eq.Y €Ee. X €Ea—}

is a finite set.

Proof. Let M € E,. For any submodule M; of dimension vector e of M, by the
knowledge of linear algebra, there exist unique (C%, x) € E, isomorphic to M; and
(C4¢,x") € E4_, isomorphic to M/M;. We have Gr(Ey) = Umer, Gre(M).
Then this deduces the following morphisms: B

Gre(Eg) = UMe]E¢ Gre(M) B Ee xEg_ xEg BiLES U; ¢i (Ui)

)

where E, x Eg_, x Eg = |J; U; is a finite stratification with respect to the action
of the algebraic group G, x G4—, X G4 and ¢; : U; — ¢;(U;) is the geometric
quotient for any i, and 7, = Ui ¢i.Forany (Y, X, M) e E, xEg_, xEg,

x((r2m) L (Y, X, M) = gy

Consider the constant function 1g,,(m) on Gre(M), by Theorem 2.2,

(r271)«(1Gr,(m)) is constructible. Hence, there are finitely many g%, for
(X,Y,M)EEQX]Ei_QX]Ei. O

Proposition 5.3. For fixed M < Eg ,N e IE,L/, the set

{X(Eth(MvN)E) | E € E§+1/}

is a finite set.

Proof. Consider the morphism:

f g
Ext' (M. N) = Egry — | J o, (V).
J

where Egr = | ; Vj is a finite stratification with respect to the action of the
algebraic group Gg/4,y and ¢; : V; — ¢; (V) is a geometric quotient for any 7, and
f sends any extension to the middle term of the extension. Here, f is a morphism
by identification between Ext' (M, N) and E(M, N) at the beginning of Sect. 4. The
remaining discussion is almost the same as in Proposition 5.2. We omit it. O
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5.2 The Multiplication Theorem

We now consider the cluster category, i.e. the orbit category D?(Q)/F with F =
[1]z=1, where 7 is the AR-translation of D?(Q). Each object M in D?(Q)/F can
be uniquely decomposed into the form: M = My @ Pp[1] = Mo & tPp, wWhere
My € mod A and Py is projective in mod A. Now we can extend the map X7 as in
[CK], see also [Hu2]: by the rule: X;p = xdim P/rad P gopr projective A-module and
Xmon = Xy Xn. Then we have a well-defined map

X7 :0bj(D?(Q)/F) — Q(x1,..., Xn).

Let Ei be the orbit space of Ez under the action of G4. Note that all the integrals
below are over Ei for some corresponding dimension vector d. Note also that in
mod A we have d(y,«) = dimHom(V,, V) and d!(y,) = dimExt(Vy, V). We
say that Py is the projective direct summand of Vg if Ve >~ V/, @ Py and no direct
summand of VE/’ is projective.

The cluster algebra corresponding to the cluster category D?(Q)/F is the
subalgebra of Q(xy,...,x,) generated by {Xy,X:p | M € modA,P €
mod A is projective}. The following theorem gives a generalization of the clus-
ter multiplication formula in [CK]. The idea of the proof follows the work [Hu2] of
Hubery.

Theorem 5.4. (1) For any A-modules Vg, Vyy we have

dl(é/v n/)XVE/ XV”/ =[ X(PEth(VS’s Vr]’)VA)XV)L
AFEE D’

+ f x(PHom(V,y, TI/%-/)Vﬁ[l]@TVV,®1())XVy Xvﬁx@soc 10’
v

where Iy € tis injective and V, = V]j @ Py, Py is the projective direct
summand of Vgr.

(2) For any A-module Vi and P € p is projective, let I = DHom(P, A). Here,
DHom(—, A) is the Nakajima functor. Then

d(p,§) Xy, x4 PIRIP = /8 x(PHom(Ver, Iy, jr) Xy, s
W

+/ x(PHom(P, VS/)P/[l]@Vy)nyxdi—mp//radP”
V0

where 1’ € U is injective and P’ € p' is projective.
Proof. We set

S = f B x(P Extl(Vg/, Vv, ) Xv, .
A€Egs 4y AFE @
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By Proposition 5.2,
S1 = / x(P Extl(Vs,, Vﬂ’)VA)génxﬁR+§R/—(§’+n7’).
En,AFEE O
Using Theorem 4.13, we have

/ X(P Eth (VE’ s Vn/) % )g?ﬂxﬁR_}_gR/_(g'i‘i/)
EnAFEE Oy

wpisyen  XPEX Y Vo)yx Ext (Vs, Vp)y, ) g s gax 2 HER —EHD)
a®y#E or fDIFn

+ f wpsmen [AE)=d(r.)=d (. B)=(y. B)lg; sl x"* TEF—EHD
a®y=¢Dé=n

id . R+-ER — (&' +y/
wpisgen,  XBV(Ve Vo Ver @ Vy))xIR TR,
a®@y=£.pBs=n

We come to simplify every term following [Hu2]. For fixed «, 8, 8, v,

ﬁﬁ?ﬂ@y#f )((]P’(Extl (Vy, V(x)Vg X Eth (Vg, Vﬂ)Vn)) = dl(y’ a) + dl((s, ﬂ)’
or B®S#n

wpsen, XPEX (Vv xExt! (Vs, Vg)y, ) gy s gmg xR HER=EHD)
a®y#E or BIFN

- /(;,,B,S,y[dl(% o) +d (6. p)lgiy gy NIRTER—EHD),
Moreover,
d'(y, ) +d 8. B) +d(E . 7)) —d(y.a) —d (S, B)— (. B) = d (€. 1) + (8. ).
Hence,
/ 1P Ext! (Ver, Vi )y, ) g, xR HER—ED
£.n,AF£E O
_ /a L )+ 6.0 g1 IRHER—E 4

- / AT (Ve, Vi Ver @ V) xZRAER—E 41
a,B.8,7.6,n,a®y=§B®5=n
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As for the last term, consider the following diagram, it may be compared with dia-

gram (10).

j
U V. Vi Vi) x V(Vy Vs Ve) = |V (Ve Vit Ve @ Vi) (24)
o.,B,7,8 &

sending (V,), € Vi, Vs S Ver) to (Vg @V, € Vir @ Vy). And

Ve Vi Ve @ V) ELY U Ve VB Vi) x V(W Vi Vi) (25)
&n o,B,v,6

sending (V! C Ve @ Vy) to (VI NV € Vy, VI/VINVy € Vir). The map ji
is an embedding and

Ve Vi Ve & Vi) \Im jy = |V (Ve Viy: Ve & Vip).
& &

The fibre of j is isomorphic to a vector space V(8, &) of dimension d(§, ) (see
[Hu2, Corollary 8]). If we restrict j, to Ug’n V(Ve, Vy; Ve @ Vi), then the fibre is
isomorphic to V(§, @) \ {0}. Under the action of C*, by Proposition 2.1, we have

/ )((IP’V(VS, Vo Ve @ Vn,))xﬂR+§R'—(§'+i’)
a,B,8,v.6.n,a®y=£B®5=n

- / d(5,06)g§8g2ﬁxﬂR+§R —@+1)
C(,ﬂ,(g,y
Therefore,
N = /aﬂ 5 y[dl(i:/, T]’) - d1(5, Ol)]gib,gzﬂxﬂR+§R _(Q'HL).

There is a natural C*-action on Hom(V;, TVE’)VB[I]GBrV;ZEBIo \ {0} by left multipli-
cation, the orbit space is P Hom(Vy, Ve )y, 1101 @1, - Define
Sz =

B (+p)R+(k+0)R'—(B+y)+dimsocly

/Wg,l, x (P Hom(V;, 7"VS’)Vg[l]G)rV,ﬁ@Io)g,Zlggﬂx
i, .0

where Iy € 1. The above definition is well defined by Propositions 5.2 and 5.3. We
note that

dimsoclo— (B+y) = (¢ — )R+ = PR —(E + 7).
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Since Hom(Vy, TVg/’)VB[llﬂatVy’Gﬂo = V(zV, & o, Vp; Vi, TVir), we can apply
Theorem 4.6 to the following diagram twice:

VM —V, Ve =——m=1V,
[4pt]0 Vg Va TVE// ‘L'V): &b lo——0
] @
[4pt]0 X Vi TV L& Ip—=0

where Vﬁv and t Vflf are the corresponding pullback and pushout. Moreover,

(E —y+L+ R+ —B+x+OR —(E +1) = T+wR+ (& +P)R —(E +1).

Hence,

Sy = / Bl o X (P Hom(V~ 1428 )X[l ®TL®IO)gK7gﬁMx(y+M)R+(K+'B)R - +n)

— [ — 1) obl ol THDRH A B R —(E +1')
= /y,ﬂ,x,MX(P Hom(VE,rVy))gKygﬁMx

/ wp.syd (5, )gsgly xIRTER—E+n),

Hence,

Si+S=d'¢. 1) gisgaﬂanJréR/_(E o),

o,p,0,Y

The first assertion is proved. In order to prove the second part, by Theorem 4.6, we
have

8 8, R+8 R'—8-+dimsoc I’
/5,31,52,t/g5152X(P Hom(Ver, I)yg[1j@r)x=2" T2 78T

/E’ 51.82. ugss (B Hom(Vyz, 1)y, ryep)x2 i+ ER =8k dmseet

82R+?R/*§/+di7msocl
/8’82 58 x (P Hom( g/,I))x— Ll
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and

/ 7571,y2,p’g;)/’1 yZX(P Hom(P, Vs’)P’[l]e;Vy)xLzR+L1R ~y+dim P'/rad P
N & - Y1 R+E R'—¢ +dim P/ rad P
= / f/ayl9y2splgy1§X(P HOI’D(P, VA /)P’[I]QBVVZ )xil s RS

g’%: X(P HOIII(P, V?))xﬂR+$7’R'—§/+Cﬁ7mP/radP'

| EriCey,

We note that
dimsoc I = dim P/ rad P,

and
x(P Hom(P, M)) = x(P Hom(P, V’g;)) + y(P Hom(Vz, I)).

The second assertion is proved. O

5.3 An Example

We illustrate Theorem 5.4 by the following example.
Let Q be the Kronecker quiver | ——=2 . Let S; and S, be the simple modules
associated with vertices 1 and 2, respectively. Hence,

(02 , (00
R_(OO) and R_(ZO)
and

Xs
) S ) L _
Xs, = ydim S2 R'—dim S5 +xmszR dim S _ le(l + x12)

) e ) L _
L= xdim S R'—dim S +XM51R dim S _ x] 1(1 +X§),

1
For A € P! (C©), let u), be the regular representation C ——= C . Then
A
X, = yLDR=(L1) 4 (LDR=(L1) 4 (0,DR+(1L,0)R'~(1,1)
= x1x2_1 + xl_lxz + xl_lxz_l.

Let I; and I, be the indecomposable injective modules corresponding vertices 1
and 2, respectively; then

Xoni-1 = x8®D) =y ;.
The left side of the identity of Theorem 5.4 is

dim¢ Ext! (S1,82)Xs, Xs, = 2(x1_1X2_1 + xlxz_1 + xl_lxz + x1x2).
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The first term of the right side is
/ x (P Ext'(S1, $2)u; ) Xuy = 2071251 + x5! + x7 1 x).
AeP1(C)

To compute the second term of the right side, we note that for any f # 0 €
Hom(S>, tS1), we have the following exact sequence:

0—>S2£>rS1—>116912—>0.

This implies Hom(S>, 7S1) \ {0} = Hom(S>, 7S1)1,e1, Hence, the second term is
equal to 2x1x5.
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