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Preface

This volume is an outgrowth of the conference “Representation Theory of Algebraic
Groups and Quantum Groups 06” held at Nagoya University, June 12–17, 2006, as
the 6th International Conference by the Graduate School of Mathematics, Nagoya
University.

This conference was planned as a continuation of the conference of the same
name held at Sophia University, Tokyo in the summer of 2001. The aim of the
conference was to focus on recent developments in the representation theory of alge-
braic groups and quantum groups established after the previous conference. During
the conference, 23 lectures were delivered by invited speakers, which cover topics
such as the modular representations of algebraic groups, representations of quantum
groups and crystal bases, representations of affine Lie algebras, representations of
Lie algebras in positive characteristic, representations of Hecke algebras, represen-
tations of double affine Hecke algebras and Cherednik algebras. There were 132
participants at the conference, including 48 from abroad.

This volume contains 13 articles (plus one appendix) contributed by invited
speakers from the conference.

We would like to thank all the participants for their participation and interest in
the conference, and in particular the speakers who agreed to write articles for this
volume. We also thank the Grant-in-Aid for Scientific Research by the Japan Society
for the Promotion of Science for financial support.

Last but not least, we wish to thank Ms. Kazuko Kozaki and other secretaries
from the Graduate School of Mathematics, Nagoya University for their dedicated
support of the conference, and also for the editorial work done on this volume.

July 2008 Toshiaki Shoji

Editorial Committee
Akihiko Gyoja

Hiraku Nakajima
Ken-ichi Shinoda

Toshiaki Shoji (Chair)
Toshiyuki Tanisaki
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Quotient Categories of Modular Representations

Henning Haahr Andersen

Abstract LetG be a reductive algebraic group over a field of prime characteristicp.
We prove some results on the invariance under translations by p-multiples of
weights for the composition factor multiplicities in Weyl modules, respectively for
the Weyl factor multiplicities in indecomposable tilting modules for G. Our meth-
ods rely on using appropriate quotient categories. Our setup and arguments work as
well for quantum groups at roots of unity.

Keywords Modular representations � Quotient categories �Weyl modules � Tilting
modules

Mathematics Subject Classifications (2000): 20G05, 17B37

1 Introduction

Let G be a reductive algebraic group over a field k of characteristic p > 0. Denote
by T a maximal torus in G and let � be a dominant character of T (relative to
some choice of positive roots). Then it has been observed that many data about
representations ofG with highest weight � are preserved when we add a p-multiple
of another dominant weight. For instance, we proved in Corollary 3.1 of [2] that if
�.�/ and L.�/ denote the Weyl module and the simple module, respectively, with
highest weight �, then the equalities

Œ�.�/ W L.�/� D Œ�.�C p�/ W L.� C p�/�

for composition factor multiplicities hold generically in the lowest dominant p2-
alcove.

H.H. Andersen (�)
Department of Mathematics, University of Aarhus, Building 530, Ny Munkegade,
8000 Aarhus C, Denmark
e-mail: mathha@imf.au.dk

A. Gyoja et al. (eds.), Representation Theory of Algebraic Groups and Quantum
Groups, Progress in Mathematics 284, DOI 10.1007/978-0-8176-4697-4 1,
c� Springer Science+Business Media, LLC 2010

1



2 H.H. Andersen

The purpose of this chapter is to explore such invariance further. We shall replace
p by any p-power, and we shall not need the genericity assumption in the above
result nor shall we stick only to the lowest alcove. In fact, it will be an important
feature of our results that they are true for weights close to one or more walls of the
dominant chamber and without any upper bounds. On the other hand, we do need to
stay in the “vicinity” of our starting point � – the results we obtain are simply not
true when we move further away from �.

As an illustration of the kind of results we prove, let us state

Theorem 1.1. Let � be a dominant weight and choose r > 0 such that � belongs to
the lowest pr -alcove.

i) Let � be a dominant weight and ˛ a simple root with h�; ˛_i > 0. Then we have
for all Weyl group elements x and y for which pr� C x � �; pr� C y � � are
dominant

Œ�.pr�Cx��/ W L.pr�Cy��/� D Œ�.pr .�C!˛/Cx��/ W L.pr .�C!˛/Cy��/�:

ii) Let � be a weight for which ��� is dominant. Then we have for all simple roots
˛ and for all Weyl group elements x and y

.T .pr�Cx��/ W �.pr�Cy��//D.T .pr .�C!˛/Cx��/ W �.pr .�C!˛/Cy��//:

Here, !˛ is the fundamental weight corresponding to ˛ and T .�/ denotes the in-
decomposable tilting module with highest weight �; see Sect. 2 below where further
unexplained notation may be found.

The methods we use to obtain our invariance under pr -shifts involve a compar-
ison between G-modules and GrB-modules. Here, Gr denotes the r th Frobenius
kernel in G and B is a Borel subgroup. On the category of GrB-modules, it is ob-
vious that tensoring with a pr -multiple of a character for B gives an equivalence.
After the necessary preliminaries collected in Sects. 2 and 3, we establish an equiv-
alence between certain quotient categories of G- and GrB-modules in Sect. 4. Our
main results including the proof of Theorem 1.1 are then found in Sects. 5 and 6
below. Section 7 concerns the quantum case, see below.

The quotient categories we work with are generalizations of those considered by
Soergel in [16] and more recently by Khomenko in [12]. These two papers were our
main motivation for the present work.

Our approach also works for quantum groups at roots of unity (Sect. 7). When
the characteristic is zero, the multiplicities we encounter in this case are already
known via Kazhdan–Lusztig theory, see [11, 14, 15]. It is conjectured by Lusztig
[13] that when p > 2.h � 1/, then for restricted weights the modular irreducible
characters equal their quantized counter parts. This has been proved for p � 0 in
[7], and hence in this case we get specific knowledge of those composition factors
of an arbitrary Weyl module �.�/ which have highest weights “close” to �. Sim-
ilarly, we conjectured in [4] that the characters of modular tilting modules in the
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lowest p2-alcove equal their quantized analogue. If this conjecture is verified, then
our results here give precise information about the Weyl factors of T .�/ when the
highest weights of these factors are “close” to �. For this, we use [15].

2 Finite Dimensional G -Modules

2.1 Let G and T be as in the introduction. Denote by X D X.T /, the character
group of T . Fix a Borel subgroup B in G containing T and let R, respectively RC,
denote the root system for .G; T /, respectively the positive system in R such that
�RC is the set of roots of B . We denote by S � RC the set of simple roots. The
set of dominant weights XC � X consists then of all � 2 X for which h�; ˛_i � 0
for all ˛ 2 S . Here ˛_ denotes the co-root of ˛. Denote by CG the category of
finite dimensional G-modules. Similarly, CB is the category of finite dimensional
B-modules and likewise for other subgroups of G.

2.2 We have B D T U where U is the unipotent radical of B . Any � 2 X extends
to B by setting �.U / D 1. Therefore, we may consider � as a one-dimensional
B-module. We then define

r.�/ D IndG
B � 2 CG :

Note that r.�/ D 0 unless � 2 XC. For � 2 XC, there is a unique simple submod-
ule in r.�/. We call this L.�/. When � runs through XC, this gives us all simple
modules in CG .

When M 2 CG , we denote by M � the dual module. For � 2 XC, we then
have L.�/� ' L.�w0�/ where w0 is the longest element in the Weyl groupW for
.G; T /. We define

�.�/ D r.�w0�/
�; � 2 XC

and see that L.�/ is the unique simple quotient of �.�/. We call �.�/ the Weyl
module corresponding to �.

2.3 A tilting module for G is a module Q 2 CG which allows both a r- and a
�-filtration, i.e., we have submodules Fi and Mj of Q such that

0 D F0 � F1 � � � � � Fr D Q D Ms �Ms�1 � � � � �M1 �M0 D 0

with Fi=Fi�1 ' r.�i / for some �i 2 XC; i D 1; 2; : : : ; r and Mj=Mj �1 '
�.�j / for some �j 2 XC; j D 1; 2; : : : ; s.

Weight considerations show that in the above situation we will always have r D s
and f�1; �2; : : : ; �r g D f�1; �2; : : : ; �sg.

In general, when a moduleM 2 CG has a r-filtration, respectively a�-filtration,
then we write .M W r.�//, respectively .M W �.�// for the number of times r.�/
or �.�/ occurs in this filtration. The above observation about the occurrences of
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Weyl modules and their duals in the filtrations of a tilting module Q can then be
stated simply as follows:

.Q W r.�// D .Q W �.�// for all � 2 XC:

For each � 2 XC, there exists a unique indecomposable tilting module T .�/
with highest weight �. An arbitrary tilting module in CG is a direct sum of certain
of these T .�/’s, see [8].

Remark 2.1. It is one of the major unsolved problems in modular representation
theory to determine the multiplicities .T .�/ W r.�//; �; � 2 XC. Even when the
irreducible characters for G are known, e.g., when p � 0 [7] or when the rank of
G is 2, only a tiny piece of this problem has been solved. For more details on this as
well as a conjecture for the first step, see [4].

2.4 Recall that any finite dimensional T -module M splits into a direct sum of its
weight spaces M� D fm 2 M j tm D �.t/m; t 2 T g; � 2 X . We say that � is a
weight of M if M� ¤ 0. The character of M is the element

chM D
X

�2X

.dimk M�/e
� 2 ZŒX�:

Note that if M 2 CG , then the Weyl group W permutes its weight spaces, i.e.,
chM 2 ZŒX�W . Since each of the modulesL.�/;r.�/;�.�/, and T .�/ has � as its
unique highest weight, it follows that their characters fchL.�/g�2XC ; fchr.�/ D
ch�.�/g�2XC , and fchT .�/g�2XC are bases for ZŒX�W . The numbers fŒ�.�/ W
L.�/�g�;�2XC and f.T .�/ W �.�//g�;�2XC are the transition matrices between
these bases.

2.5 As usual � denotes half the sum of the positive roots. The dot action of W on
X is given by w � � D w.�C �/� �;w 2 W;� 2 X .

The affine Weyl group is the group generated by the reflections s˛;n with ˛ 2 RC
and n 2 Z. Here, s˛;n is given by s˛;n � � D s˛ � � C np˛. We equip X with the
usual ordering< coming from RC.

Recall that if �; � 2 X , then we say that� is strongly linked to � and write� " �
if there is a sequence of weights

� D �0 < �1 < � � � < �r D �

with �i D s˛i ;ni
� �i�1 for some r � 0; ˛i 2 RC; ni 2 Z. Note that the condition

�i�1 < �i is equivalent to nip > h�i�1 C �; ˛_
i i.

The strong linkage principle [1] says that if Œ�.�/ W L.�/� ¤ 0 for some �; � 2
XC, then � " �. It also gives that if .T .�/ W �.�// ¤ 0, then � " �.
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3 Finite Dimensional GrT - and GrB-Modules

Let F be the Frobenius homomorphism on G. When r 2 N , we let Gr to denote
the kernel of Fr . Then Gr is a normal infinitesimal subgroup scheme of G. Simi-
larly, Br will denote the Frobenius kernel in B . See [10] for further details on these
constructions.

In this section, we fix r 2 N . We shall recall some basic facts about the categories
CGr T and CGr B of finite dimensionalGrT - and GrB-modules.

3.1 The set of r-restricted weights is the subset

Xr D f� 2 X j 0 	 h�; ˛_i < pr ; ˛ 2 Sg:

Each � 2 X can be written uniquely � D �0 C pr�1 with �0 2 Xr and �1 2 X . In
the rest of this chapter the notation �0 and �1 will always refer to this decomposition
of �.

3.2 In analogy with Sect. 2, we define for � 2 X

rr .�/ D IndGr T
Br T � 2 CGrT :

This time we have rr .�/ ¤ 0 for all � 2 X . More precisely, dimk rr .�/ D prjRCj
for all � 2 X . There is a unique simple submodule in rr .�/. We denote it is Lr .�/

and all simple modules in CGr T have this form for some � 2 X .
A key fact ([10], II.9) about simple GrT -modules is that we have

Lr .�/ ' L.�0/˝ pr�1; � 2 X: .1/

Here, L.�0/ is (the restriction to GrT of) the simple G-module with highest weight
�0, see Sect. 2, and the T -character pr�1 is made into a GrT -module by extending
it trivially on Gr .

3.3 Let B 0 be the Borel subgroup in G opposite to B . Then we set

�r .�/ D IndGr T

B 0
r T
.� � 2.pr � 1/�/ 2 CGr T :

We have that Lr .�/ is the unique simple quotient of �r.�/, see [10], II.9.

3.4 A tilting module in CGr T is a module that has both rr - and �r -filtration.
It turns out that this property is equivalent to being injective [10]. We denote
by Qr.�/ the injective hull of Lr .�/ in CGr T . This module has highest weight
w0 ��0Cpr .�1C2�/. Hence, it also deserves the notation Tr.w0 ��0Cpr .�1C2�//.

Note that in the special case � D .pr � 1/�, we have

Lr ..p
r�1/�/ ' rr ..p

r�1/�/ ' �r..p
r�1/�/' Qr..p

r�1/�/ ' Tr..p
r�1/�/:
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This is the r th Steinberg module. In particular, it is a G-module (sometimes
denoted Str ). It is conjectured that more generally the tilting modules Tr .�/ with
� 2 .pr � 1/�C Xr should all have a G-structure. More precisely, if Res denotes
the restriction functor from CG to CGr T , then

Conjecture 3.1 (Donkin [8]). Tr .�/ ' Res.T .�// for all � 2 .pr � 1/�CXr .

This conjecture is known to be true for p � 2.h � 1/, where h is the Coxeter
number for R.

3.5 We have ExtjCGr T
.�r .�/;rr .�// D ıj;0ı�;�k for all �;� 2 X , [10].

It follows that for any tilting module Q 2 CGr T , we have .Q W rr.�// D
dimk HomCGr T

.�r .�/;Q/. In particular, if Q D Qr.�/ we deduce the reciprocity
law, see [10], II.11

.Qr.�/ W rr .�// D Œ�r.�/ W Lr .�/� for all �;� 2 X:

3.6 Most of the above have straightforward analogues for GrB . For each � 2 X ,
we set

Qrr .�/ D IndGr B
B � 2 CGrB :

Each of these modules contains a unique simple submodule and we denote these
as QLr .�/. To restrict to GrT amounts to just removing the Q . In particular, QLr .�/

remains irreducible when restricted to GrT . This follows from (1) in 3.2.

4 Quotient Categories

4.1 Consider a subset Y � X . For � 2 X , we write � 	 Y if there exists � 2 Y
such that � 	 �.

Define a full subcategory CG.	 Y / of CG by

CG.	 Y / D fM 2 CG j ŒM W L.�/� D 0 unless � 	 Y g:

Clearly, if � 	 Y , then the modules L.�/;r.�/;�.�/, and T .�/ all belong to
CG.	 Y /.

Similarly, let CG.< Y / be the full subcategory of CG.	 Y / consisting of those
G-modules M 2 CG.	 Y / for which ŒM W L.�/� D 0 whenever � 2 Y . This is a
Serre subcategory, i.e., it is closed under formations of submodules, quotients, and
extensions. We can therefore define the quotient category

QG.Y / D CG.	 Y /=CG.< Y /:
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The objects in QG.Y / coincide with those in CG.	 Y /. To describe the morphisms,
we first define for each G-moduleM the following two submodules:

MC.Y / D the maximal submodule of M belonging to CG.< Y /

and

M�.Y / D the minimal submodule of M such that M=M�.Y / 2 CG.< Y /:

Note that for any N 2 CG.< Y / we then have

HomG.M
�.Y /;N / D 0 D HomG.N;M=M

C.Y //: .
/

If now M;P 2 CG.	 Y / then we define

HomQG .Y /.M;P / D HomG.M
�.Y /; P=PC.Y //:

It is easy to check that compositions of morphisms exist in QG.Y /:
If also Q 2 CG.	 Y / and f 2 HomQG .Y /.M;P /; g 2 HomQG.Y /.P;Q/,
then we claim

(1) f .M�.Y // � .PC.Y /C P�.Y //=PC.Y /
(2) g.PC.Y / \ P�.Y // D 0.

To see that (1) holds, we just have to note that

.P=PC.Y //=..PC.Y /CP�.Y //=PC.Y // ' P=.PC.Y /CP�.Y // 2 CG.< Y /;

so that by .
/ HomG.M
�.Y /; P=.PC.Y / C P�.Y /// D 0. Similarly (2)

follows because PC.Y / \ P�.Y / 2 CG.<Y / and hence by .
/ we get
HomG.P

C.Y /\ P�.Y /; Q=QC.Y // D 0.
Because of (1) and (2) we can form the composite

M�.Y /
f�!.PC.Y /CP�.Y //=PC.Y /'P�.Y /=PC.Y /\P�.Y /

Ng�!Q=QC.Y /;

where Ng is the homomorphism obtained from g via (2). This is then g ı f 2
HomQG .Y /.M;Q/.

We denote the natural functor CG.	 Y / ! QG.Y / by qY . It is the identity on
objects and if f W M ! N is a morphism in CG.	 Y /; then qY .f / W M�.Y / !
N=NC.Y / is the compositeM�.Y / �M f�! N ! N=NC.Y /.

Note that qY is an exact functor with qY .N / D 0 for all N 2 CG.< Y /. In
particular, we obtain isomorphismsM�.Y / ' qY .M/ ' M=MC.Y / in QG.Y /.

Remark 4.1. (i) Clearly, QG.;/ D 0 while QG.f0g/ is the category of finite di-
mensional vector spaces over k, and QG.X

C/ D CG .
(ii) For more information about (more general) quotient categories, see, e.g., [9].
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4.2 We continue to denote by Y a subset of X . In analogy with the above, we
define CGr B .	 Y / to be the full subcategory of CGr B consisting of those M for
which ŒM W QLr .�/� D 0 unless� 	 Y . Moreover, we let CGr B.< Y / denote the full
subcategory of CGr B.	 Y / consisting of thoseM which satisfy ŒM W QLr .�/� D 0 if
� 2 Y . We then have the quotient category QGr B .Y / D CGr B.	 Y /=CGr B .< Y /.

4.3 Inside CGr B.	 Y / and CGr B.< Y /, we have full subcategories CC
Gr B.	 Y /

and CC
Gr B.< Y /, respectively, whose objects are those M in these categories for

which ŒM W QLr .�/� D 0 for � … XC. The quotient category CC
Gr B.	 Y /=

CC
Gr B.<Y / is denoted QC

Gr B.Y /.

Let pC W CGr B .	 Y / ! CC
Gr B.	 Y / denote the functor which takes a module

M into its maximal quotient belonging to CC
Gr B.< Y /. This is clearly a right exact

functor which takes the subcategory CGr B.< Y / into CC
Gr B.< Y /. The induced

functor QGr B.Y /! QC
Gr B.Y / is also denoted pC.

4.4

Theorem 4.2. Suppose Y � X has the property that if � 2 Y and � > 0, then
� � pr� … Y . Then the composite

CG.	 Y / Res��! CGr B .	 Y / pC

��! CC
Gr B.	 Y /

of the restriction functor Res and the above projection functor pC induces an equiv-
alence QG.Y / ' QC

Gr B.Y /. The quasi-inverse functor is induced by IndG
Gr B W

CC
Gr B.	 Y /! CG.	 Y /.

Proof. Let� 2 XC. Then theGrB-composition factors ofL.�/ areL.�0/˝pr� D
QLr .�

0 C pr�/, where � runs through the multiset of weights of L.�1/. In fact,
we obtain a GrB-composition series for L.�/ by taking a B-filtration of L.�1/

with one-dimensional quotients, twisting this by F r , and then tensoring by L.�0/.
Moreover, pC ı ResL.�/ D L.�0/˝ .pC

BL.�
1//.r/, where pC

B W CB ! CC
B is the

projection functor taking a finite dimensional B-module into its maximal quotient
with dominant weights. It follows immediately that pC ı Res takes CG.< Y / into
CC

Gr B.< Y /.

Note that for any � 2 X , we have IndG
Gr B
QLr.�/ ' L.�0/ ˝ IndG

B .�
1/.r/ [2].

This is 0 unless � 2 XC, and for such weights we see in particular that all
G-composition factors L.�/ of IndG

Gr B
QLr .�/ have � D � � pr� for some � � 0.

Thus, IndG
Gr B.CGr B.< Y // � CG.< Y /. This gives us induced functors

QG.Y /
pCıRes�����! QC

Gr B .Y /
IndG

Gr B�����! QG.Y /:
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To prove the theorem, we need to check that the two composites .pCıRes/ıIndG
Gr B

and IndG
Gr B ı.pC ı Res/ both coincide with the identity functors on the respective

quotient categories.
Let first M 2 CG.	 Y /. Note that if M 6D 0, then also pCM 6D 0. In fact, M

has some simple G-quotient L.�/ and in turn L.�/ has QLr .�/ as (unique) simple
GrB-quotient. Hence, pCM surjects onto QLr .�/. It follows that the natural map
M ! IndG

Gr B .p
CM/ is non-zero.

Now if M D L.�/, then by the above pCM D L.�0/ ˝ .pC
BL.�

1//.r/

and hence IndG
Gr B.p

CL.�// ' L.�0/ ˝ .IndG
B .p

C
BL.�

1///.r/. Since all
weights of pC

BL.�
1/ are dominant, we see by Kempf’s vanishing theorem that

IndG
B .p

C
BL.�

1// has a G-filtration with quotients IndG
B .�/ where � runs through

this set of dominant weights (with multiplicities). In particular, all � occuring satisfy
� 	 �1 with equality occuring exactly once. It follows that in this case the natural
map L.�/! IndG

Gr B.p
CL.�// is an injection with cokernel in CG.< Y /.

We then proceed by induction on the length ofM . If 0!M1 !M !M2 ! 0

is an exact sequence in CG.	 Y /, then applying pC we obtain the exact sequence
pCM1 ! pCM ! pCM2 ! 0 in CC

Gr B.	 Y /. Now by Kempf’s vanishing

theorem IndG
Gr B is exact on CC

Gr B.	 Y /, so the rows of the following commutative
diagram are exact

0 �� M1

��

�� M

��

�� M2
��

��

0

IndG
Gr B p

CM1
�� IndG

Gr B p
CM �� IndG

Gr B p
CM2

�� 0:

The injectivity of the left and right vertical maps implies the injectivity of the one
in the middle. Similarly, once the cokernels of the same two maps are in CG.< Y /,
we see that this is also true for the middle map. This proves that the composite
IndG

Gr B ı.pC ı Res/ is the identity on QG.Y /.

To prove that the other composite pCıRes ı IndG
Gr B is the identity on QC

Gr B .Y /,

we shall for M 2 CGr B.	 Y / consider the evaluation map IndG
Gr B M ! M . If

M D QLr .�/, then this map is the surjection L.�0/˝ r.�1/.r/ ! QLr .�/ induced
by the evaluation r.�1/ ! �1. The kernel N is clearly in CGr B.< Y / and hence
also pCN 2 CC

Gr B.< Y /. It follows that .pC ı Res ı IndG
Gr B/

QLr .�/ is isomorphic

to QLr .�/ in QC
GrB .Y /.

Now suppose 0 ! M1 ! M ! M2 ! 0 is an exact sequence in CC
Gr B.	 Y /.

Then we get a commutative diagram

0 �� M1��
�� M��

�� M2
��

�� 0

0 �� IndG
Gr B M1

�� IndG
Gr B M

�� IndG
Gr B M2

�� 0:
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The bottom row is exact because IndG
Gr B is exact on CC

Gr B.	 Y / (by Kempf’s
vanishing theorem). The vertical homomorphisms are the evaluation maps. We see
from the diagram that if the first and third of these are surjective, so is the middle
one. Also if the kernels of the first and third are in CGr B.< Y /, so is the kernel in
the middle. Hence, induction on the length ofM finishes the proof.

5 Multiplicities in Weyl Modules

In this section, we shall prove some identities (see Corollary 5.10) for composition
factor multiplicities in Weyl modules including the ones in part (i) of Theorem 1.1.
We first derive a more general inequality in Corollary 5.6. Our method consists of
passing to quotient categories as introduced in Sect. 4.

Definition 5.1. A subset Y � X is called convex if for any two elements �;� 2 Y
the interval Œ�; �� D f� 2 X j � 	 � 	 �g is also contained in Y .

Example 5.2. (i) A point in X is convex. More generally, any collection of incom-
patible points in X is convex.
(ii) Of course any interval Œ�; �� is convex.

(iii) If Y is an arbitrary subset of X , then its convex hull is OY D S
�;�2Y Œ�; ��.

This is the smallest convex subset of X containing Y .

Remark 5.3. We may replace the order relation 	 above by the strong linkage rela-
tion ". Then we similarly talk about intervals and convex sets with respect to this
relation.

Example 5.4. Let C denote the bottom dominant alcove and fix � 2 C . Then the
orbit W � � is a convex subset with respect to ". In fact, if y;w 2 W , then w � �
is strongly linked to y � � if and only if y 	 w in the Bruhat order on W . Hence,
W � � D Œw0 � �; ��, where w0 denotes the longest element in W .and where the
interval in question is with respect to the strong linkage order/. If � 2 X , then we
have similar statements about the subset W � �C p�.

In the rest of this section, we fix r > 0 and we assume from now on that Y has
the following properties

(a) Y is convex,
(b) Whenever � 2 Y; ˛ 2 S we have � � pr˛ … Y .

Proposition 5.5. Let � 2 Y and assume that � D �1 C pr�2 with �1; �2 2 XC.
Then the natural homomorphism r.�1/ ˝ L.�2/

.r/ ! r.�/ is an injection in
QG.Y /.
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Proof. Let K.�2/ denote the kernel of the B-projection L.�2/ ! �2. Then the
short exact sequence in CB

0! �1 ˝K.�2/
.r/ ! �1 ˝ L.�2/

.r/ ! �! 0

gives rise to the exact sequence

0! H0.�1 ˝K.�2/
.r//! r.�1/˝ L.�2/

.r/ ! r.�/
in CG . Here, we have used the tensor identity for the middle term. The last map is
the natural homomorphism in question and we are therefore done if we prove

H 0.�1 ˝K.�2/
.r// 2 CG.< Y /:

But any weight � of H 0.�1 ˝K.�2/
.r// satisfies � 	 �1 C pr for some weight

 of K.�2/. Then  < �2 and therefore � 	 �1 C pr .�2 � ˛/ D � � pr˛ for
some ˛ 2 RC. If � 2 Y , then the convexity of Y implies that also � � pr˛ 2 Y .
This contradicts (b).

Corollary 5.6. For all �;� 2 Y and � 2 XC, we have

Œr.�/ W L.�/� 	 Œr.�C pr�/ W L.�C pr�/�:

Proof. Since Y satisfies conditions (a) and (b) in 5.4, so does Y C pr�. Applying
Proposition 5.5 to �C pr�, we get an inclusion r.�/˝L.�/.r/ ,! r.�Cpr�/ in
QG.Y C pr�/. Hence

Œr.�C pr�/ W L.�C pr�/� � Œr.�/˝ L.�/.r/ W L.�C pr�/�

� Œr.�/ W L.�/�ŒL.�/ ˝ L.�/.r/ W L.�C pr�/� D Œr.�/ W L.�/�:

To improve on the results in Corollary 5.6, we first need

Lemma 5.7. Let � 2 X and assume H 1.�/ ¤ 0.

(i) There exists a unique ˛ 2 S with h�C �; ˛_i < 0.
(ii) Each weight � of H 1.�/ satisfies � 	 s˛ � � .with ˛ determined by i)/. More

precisely, if L.�/ is a composition factor ofH 1.�/, then � is strongly linked to
s˛ � �.

Proof. (i) If h�C �; ˛_i � 0 for all ˛ 2 S , then Kempf’s vanishing theorem tells
us that H i .�/ D 0 for all i > 0. Hence, our assumption implies that S 0 D
f˛ 2 S j h�C �; ˛_i < 0g is non-empty. Let P denote the parabolic subgroup
in G containing B corresponding to S 0. When we apply Kempf’s vanishing
theorem combined with Serre duality to P=B , we get H j .P=B; �/ D 0 for
j < dimP=B . The Leray spectral sequence

H r .G=P;H s.P=B; �// H) H rCs.G=B; �/
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shows that therefore also H j .�/ D 0 for all j < dimP=B . Hence, our as-
sumptionH 1.�/ ¤ 0 implies dimP=B D 1, i.e., S 0 D f˛g for some ˛ 2 S .

(ii) Let P be as before. According to the arguments in (i), this means that P D P˛ ,
the minimal parabolic subgroup corresponding to ˛. Then the spectral sequence
above gives H 1.�/ ' H 0.G=P;H 1.P=B; �//. Therefore, a weight � of
H 1.�/ must satisfy � 	 � for some weight � of H 1.P=B; �/. But the weights
ofH 1.P=B; �/ are �C˛; �C 2˛; : : : ; s˛ �� so that we do have � 	 � 	 s˛ ��
as desired.

To get the “more precise” statement, suppose that L.�/ is a composition factor
of H 1.�/. Then the above isomorphism shows that there must be a P˛ compo-
sition factor L˛.�/ of H 1.P˛=B; �/ such that L.�/ is a composition factor of
H0.G=P˛ ; L˛.�//. But such an � is strongly linked to s˛ � �, and since L˛.�/ �
H 0.P˛=B; �/ we see that L.�/ is also a composition factor of H 0.�/. Hence, � is
strongly linked to � and therefore also to s˛ � �.

Proposition 5.8. Suppose Y satisfies a and b from 5:4. Let � 2 Y and assume
� D � C pr� with �; � 2 XC such that S 0 D f˛ 2 S j h�; ˛_i ¤ 0g � f˛ 2
S j h�; ˛_i � prg. Then the natural homomorphismr.�/˝L.�/.r/ ! r.�/ is an
isomorphism in QG.Y /.

Proof. Arguing as in the proof of Proposition 5.5, we obtain an exact sequence

0! H 0.� ˝K.�/.r//! r.�/˝ L.�/.r/ ! r.�/! H1.� ˝K.�/.r//

in CG . We saw in Proposition 5.5 that the first term belongs to CG.< Y /. Now we
prove that with our additional hypothesis, we also have that the last term belongs to
that subcategory.

So suppose � is a weight of H 1.� ˝ K.�/.r//. Then there exists a weight 	
of K.�/ such that � is a weight of H 1.� ˝ pr	/. Hence, by Lemma 5.7 we have
� 	 s˛ � .� C pr	/ for some ˛ 2 S .

Assume first that h�; ˛_i < pr . Since s˛.	/ is a weight of L.�/, we must have
s˛.	/ 	 �. Our assumption implies that � is fixed by s˛ and hence we have strict
inequality s˛.	/ < � (	 being a weight of K.�/). By the above, this gives � 	
s˛ � .� C pr	/ D s˛ � � C prs˛.	/ < � C pr s˛.	/ 	 � C pr .� � ˇ/ for some
ˇ 2 RC. This makes it impossible for � to belong to Y because if it did then
Œ�; �� � Y and Y would contain both � and � � prˇ.

Next consider the case h�; ˛_i � pr . Then we have � 	 s˛ � � C prs˛.	/ <

� � pr˛ C prs˛.	/ 	 � � pr˛ C pr� D � � pr˛. Again we see that
� … Y .

Proposition 5.9. Let again Y satisfy a and b from 5:4. Then for anyM 2 CG.	 Y /;
� 2 XC and � 2 Y we have

ŒM ˝L.�/.r/ W L.� C pr�/� D ŒM W L.�/�:
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Proof. It is enough to prove this for M D L.�/, � 2 Y . Note that ŒL.�/ W L.�/� D
0 D ŒL.�/˝ L.�/.r/ W L.� C pr�/� unless �0 D �0. When �0 D �0; we have

ŒL.�/˝L.�/.r/ W L.� C pr�/� D ŒL.�1/˝L.�/ W L.�1 C �/�:

These numbers are non-zero only when �1 	 �1. If this inequality is strict, then we
have � 	 � � pr˛ for some positive root ˛. By assumptions, this means � … Y .
Hence, we must have equality and in this case our equality is clear (both sides are 1).

Corollary 5.10. Suppose Y and � D �C pr� 2 Y are as in Proposition 5:8. Then
we have

Œr.�/ W L.�/� D Œr.�/ W L.� � pr�/�

for all � 2 Y .

Proof. By Proposition 5.8, we have r.�/ ' r.�/˝ L.�/.r/ in QG.Y /. When we
combine this with Proposition 5.9, we get the corollary.

Remark 5.11. The result stated in Theorem 1.1 i is the special case of this corollary
where Y D 1W � � C pr!˛ (with convex closure taken with respect to the strong
linkage relation) for � a weight in the bottom dominant pr -alcove and ˛ 2 S with
h�; ˛_i > 0. Of course this reflects just one choice for Y and �. There are many
other configurations where the conditions in this corollary are satisfied.

6 Tilting Modules

Recall from Sect. 2.3 the basic facts and notations concerning tilting modules. In
this chapter, we keep r 2 N fixed and we compare some of the Weyl factors in the
indecomposable tilting module T .�/ with the corresponding factors in T .�Cpr�/.
Here, � is an arbitrary dominant weight, whereas for � we need that it lies above
the r th Steinberg weight.

6.1 Let � 2 .pr � 1/�CXC. Then we write � D Q�0 C pr Q�1 with Q�0 2 .pr � 1/
�CXr and Q�1 2 XC. Note that if � D �0C pr�1 is our decomposition for � from
Sect. 3.1, then we have Q�0 D �0 C pr�0 and Q�1 D �1 � �0 where �0 is the sum of
those fundamental weights !˛ for which h�0; ˛_i < pr � 1.

With this notation, we have

Theorem 6.1 (Donkin [8]). Suppose p � 2h � 2. Then there is for each � 2
.pr � 1/�CXC an isomorphism of G-modules

T .�/ ' T . Q�0/˝ T . Q�1/.r/:

Remark 6.2. This theorem is in fact a consequence of Conjecture 3.1. In the fol-
lowing, we assume this conjecture (alternatively the sceptical reader may add the
assumption p � 2h� 2 from now on).
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6.2

Proposition 6.3. Let � 2 .pr�1/�CXC. If � 2 Y for some Y 2 X which satisfies
conditions a and b in 5:4, then we have an isomorphism

T .�/ ' T . Q�0/˝L. Q�1/.r/

in the quotient category QG.Y /.

Proof. Let 0 D F0 � F1 � � � � � Fs D T . Q�1/ be a composition series. Then there
is a unique i with Fi=Fi�1 ' L. Q�1/. For j 6D i , we have Fj =Fj �1 ' L.�j / for
some �j < Q�1. Therefore, T . Q�0/ ˝ .Fj =Fj �1/

.r/ 2 CG.< Y /. The proposition
follows easily.

Corollary 6.4. Let � 2 .pr � 1/�C XC. Suppose � 2 Y for some Y � X which
satisfies conditions a) and b) in 5:4. If � 2 Y and � 2 XC satisfy the assumptions
in Proposition 5:8, then we have

.T .�/ W �.�// D .T .�C pr�/ W �.� C pr�//:

Proof. By Theorem 6.1, we have T .� C pr�/ ' T . Q�0/ ˝ T . Q�1 C �/.r/. Via
Proposition 6.3 we then get an isomorphism T .�Cpr�/ ' T . Q�0/˝L. Q�1C�/.r/

in QG.Y
0/ with Y 0 D Y C pr�. If L.	/ is a composition factor of L. Q�1/˝ L.�/

different fromL. Q�1C�/, we have 	 < Q�1C�. Hence for such 	, we have T . Q�0/˝
L.	/.r/ 2 CG.< Y 0/. So we have T .� C pr�/ ' T . Q�0/ ˝ L. Q�1/.r/ ˝ L.�/.r/

in QG.Y
0/. We shall now combine this with Propositions 5.5 and 5.8 to prove the

corollary.
First recall that (for any �; � 2 XC) we have

.T .�/ W �.�// D dim HomG.�.�/; T .�//:

Now in our case we see by the above considerations that

HomG.�.� C pr�/; T .�C pr�// D HomG.�.� C pr�/; T .�/˝ L.�/.r//;

because of the fact that HomG.�.�Cpr�/; T .�/˝L.�0/.r// D 0 D Ext1G.�.�C
pr�/; T .�/˝ L.�0/.r// for all �0 < � (otherwise � C pr� 	 �C pr�0, which is
impossible by our assumptions on Y ).
Take now a r-filtration

0 D F0 � F1 � � � � � Fr D T .�/

of T .�/ ordered such that if �j is the highest weight of Fj =Fj �1, then �j < �i

implies i < j . Choose then F D Fi1 such that � D �i1C1 and � 6D �j for
j 	 i1. Then HomG.�.� C pr�/;r.�j / ˝ L.�/.r// D 0 D Ext1G.�.� C
pr�/;r.�j / ˝ L.�/.r// for all j 	 i1 (because � C pr� 6	 �j C pr�).
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Hence, HomG.�.� C pr�/; F ˝L.�/.r/// D 0 and HomG.�.� C pr�/; T .�/˝
L.�/.r/// D HomG.�.� C pr�/; .T .�/=F / ˝ L.�/.r///. Now we may assume
that our filtration has �j D � for j D i1 C 1; : : : ; i2 and �j 6D � for j > i2. We
set F 0 D Fi2 . Noting that HomG.�.� C pr�/;M/ D 0 for all M 2 CG.< Y 0/
(because �Cpr� is not a weight of suchM ), we conclude from Proposition 5.5 that
HomG.�.� C pr�/;r.�/ ˝ L.�/.r// � HomG.�.� C pr�/;r.�C pr�// D 0

for all � 6D �. This means that HomG.�.� C pr�/; .T .�/=F2/ ˝ L.�/.r// D 0

so that we get HomG.�.� C pr�/; .T .�/=F1/ ˝ L.�/.r// D HomG.�.� C
pr�/; .F2=F1/˝L.�/.r//. By Proposition 5.8, the last term has dimension i2�i1 D
.T .�/ W �.�// and we are done.

7 The Quantum Case

7.1 Let Uq denote the quantum group associated with our root system R. We shall
assume that q is a primitive l th root of 1 in an arbitrary field k, and that Uq is
constructed from the Lusztig divided power method by specializing the quantum
parameter to q. We refer to [6] for details.

For each � 2 XC, we then have a simple moduleLq.�/, a Weyl and a dual Weyl
module �q.�/ and rq.�/, and an indecomposable tilting module Tq.�/ for Uq ,
all having highest weight �. These are obtained by “quantizing” the corresponding
constructions of modules for G, see [4–6].

Replacing pr by l , we can now imitate all the previous arguments and obtain
analogous results for Uq . We leave the details to the reader and state only the fol-
lowing analogues of Corollaries 5.10 and 6.4.

7.2

Corollary 7.1. Let Y �X be convex such that if�2Y and ˛ 2R, then�Cl˛ … Y .
Let � 2 Y and assume � D � C l� with �; � 2 XC such that f˛ 2 S j h�; ˛_i
¤ 0g � f˛ 2 S j h�; ˛_i � lg. Then we have

Œrq.�/ W Lq.�/� D Œrq.�/ W Lq.�� l�/�

for all � 2 Y .

Corollary 7.2. Let Y be as in Corollary 7:1 and suppose � 2 .l�1/�CXC belongs
to Y . Then for each � 2 Y and each � 2 XC, we have

.Tq.�/ W �q.�// D .Tq.�C l�/ W �q.�C l�//:

Remark 7.3. (a) When the characteristic of k is 0 and l is not too small, then the
multiplicities Œ�q.�/ W Lq.�/� are known to be given by the Kazhdan–Lusztig
algorithm for all �;� 2 XC, see [11, 14]. However this algorithm does not
immediately reveal the identities in Corollary 7.1.
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(b) Still assuming that the characteristic of k is 0, we have that Tq.�/ is projective
for each � 2 .l�1/�CXC, see [3]. In this case, we have a reciprocity law relat-
ing the multiplicities .Tq.�/ W �q.�// to the composition factor multiplicities
in �q.�/.

(c) When the characteristic of k is positive, the problem of determining both
Œ�q.�/ W Lq.�/� and .Tq.�/ W �q.�// is just as open as the corresponding
problems for G.

Acknowledgments I would like to thank the referee for catching several errors and inaccuracies.
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Abstract We prove a conjecture by Dipper, James, and Murphy that a bipartition
is restricted if and only if it is Kleshchev. Hence, the restricted bipartitions naturally
label the crystal graphs of level 2 irreducible integrable Uv.bsle/-modules and the
simple modules of Hecke algebras of type Bn in the non semisimple case.

Keywords Hecke algebra � Kleshchev bipartition � Dipper–James–Murphy
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1 Introduction

Let F be a field, q and Q invertible elements of F . The Hecke algebra of type Bn
is the F -algebra defined by generators T0; : : : ; Tn�1 and relations

.T0 �Q/.T0 C 1/ D 0; .Ti � q/.Ti C 1/ D 0 .1 6 i < n/

.T0T1/
2 D .T1T0/2; TiTiC1Ti D TiC1TiTiC1 .1 6 i < n � 1/

TiTj D TjTi .j > i C 2/:

We denote it by Hn.Q; q/, or Hn for short. The representation theory of Hn in the
semisimple case was studied by Hoefsmit, which had applications in determining
generic degrees and Lusztig’s a-values. Motivated by the modular representa-
tion theory of Un.q/ and Sp2n.q/ in the nondefining characteristic case, Dipper,
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James, and Murphy began the study of the modular case more than a decade ago.
The first task was to obtain classification of simple modules. For this, they con-
structed Specht modules which are indexed by the set of bipartitions [7]. The work
shows in particular that Hecke algebras of type Bn are cellular algebras in the
sense of Graham and Lehrer.1 Then they conjectured that the simple modules were
labeled by .Q; e/-restricted bipartitions. Their philosophy to classify the simple Hn-
modules resembles the highest weight theory in Lie theory: let g be a semisimple
Lie algebra. It has a commutative Lie subalgebra h, the Cartan subalgebra. One-
dimensional h-modules are called weights (by abuse of notion). When a g-module
admits a simultaneous generalized eigenspace decomposition with respect to h, the
decomposition is called the (generalized) weight space decomposition. Let ƒ be a
weight. Suppose that a g-moduleM has the property that

(i) ƒ appears in the weight space decomposition of M ,
(ii) IfN is a proper g-submodule ofM , thenƒ does not appear in the weight space

decomposition of N .

Then the standard argument shows that M has a unique nonzero irreducible quo-
tient. In fact, Verma modules enjoy the property and their irreducible quotients
give a complete set of simple objects in the BGG category. Now, we turn to the
Hecke algebra Hn. Define the Jucys–Murphy elements t1; : : : ; tn by t1 D T0 and
tiC1 D q�1Ti tiTi , for 1 6 i 6 n � 1. They generate a commutative subalge-
bra An of the Hecke algebra Hn, and An plays the role of the Cartan subalgebra:
one-dimensional An-modules are called weights, and the generalized simultaneous
eigenspace decomposition of an Hn-module is called the weight space decomposi-
tion. Any weight is uniquely determined by the values at t1; : : : ; tn of the weight,
and the sequence of these values in this order is called the residue sequence. Let
� D .�.1/; �.2// be a bipartition (see Sect. 2.1) and let t be a standard bitableau of
shape � (see Definition 2.9). Then, t defines a weight whose values at ti are given
by ciqbi �ai where ai and bi are the row number and the column number of the
node of t labelled by i respectively, ci D �Q if the node is in �.1/ and ci D 1 if the
node is in �.2/. By the theory of seminormal representations in the semisimple case
and the modular reduction, a weight appears in some Hn-module if and only if it is
obtained from a bitableau this way.

Suppose that there is a weight obtained from a bitableau t of shape � such that
it does not appear in S� when � G �. If such a bitableau exists, we say that � is
.Q; e/-restricted. This is a clever generalization of the notion of e-restrictedness.
Recall that a partition � D .�0; �1; : : : / is called e-restricted if �iC1 � �i < e,
for all i > 0. Recall also that we have the similar Specht module theory for Hecke
algebras of type A. Using Jucys–Murphy elements of the Hecke algebra of type A,
we can define weights as well. Then, a partition is e-restricted if and only if there is
a weight obtained from a tableau of shape � such that it does not appear in S� when
� G �.

1 This result has been recently generalized by Geck in [8].



The Dipper–James–Murphy Conjecture in Type Bn 19

Recall from [7] that

ŒS�� D ŒD��C
X

�G�

d��ŒD
��;

where the summation is over � such thatD� ¤ 0, d�� are decomposition numbers,
and

P

�G� d��ŒD
�� is represented by the radical of the bilinear form on S�. AsD�

is a surjective image of S�, it implies that the weight does not appear in the radical,
while it appears in S�. Therefore,D� ¤ 0 if � is .Q; e/-restricted. Unlike the case
of the BGG category, we may have D� D 0, and it is important to know when
it occurs. When �Q is not a power of q, a bipartition � D .�.1/; �.2// is .Q; e/-
restricted if and only if both �.1/ and �.2/ are e-restricted. Thus, we know when a
bipartition is .Q; e/-restricted. Further, [6, Theorem 4.18] implies that D� ¤ 0 if
and only if � is .Q; e/-restricted, that is, simple Hn-modules are labelled by .Q; e/-
restricted bipartitions. Now we suppose that �Q is a power of q. More precisely,
we suppose that

1. q is a primitive eth root of unity with e > 2,
2. �Q D qm, for some 0 6 m < e.

in the rest of the chapter. We call .Q; e/-restricted bipartitions restricted biparti-
tions. They conjectured in this case that D� ¤ 0 if and only if � is restricted, and
it has been known as the Dipper–James–Murphy conjecture for Hecke algebras of
type Bn.

Later, connection with the theory of canonical bases in deformed Fock spaces in
the sense of Hayashi and Misra-Miwa was discovered by Lascoux–Leclerc–Thibon
[11], and its proof in the framework of cyclotomic Hecke algebras [1] allowed the
first author and Mathas [2, 4] to label simple Hn-modules by the nth layer of the
crystal graph of the level 2 irreducible integrable g.A

.1/
e�1/-module Lv.ƒ0 C ƒm/.

In the theory, the crystal graph is realized as a subcrystal of the crystal of bipar-
titions, and the nodes of the crystal graph are called Kleshchev bipartitions. More
precise definition is given in the next section and � D .�.1/; �.2// is Kleshchev if
and only if �.2/˝ �.1/ belongs to the subcrystal B.ƒ0Cƒm/ of B.ƒ0/˝B.ƒm/,
where the crystals B.ƒ0/ and B.ƒm/ are realized on the set of e-restricted par-
titions. Now, D� ¤ 0 if and only if � is Kleshchev by [2]. Hence, we obtained
the classification of simple Hn-modules, or more precisely description of the set
f� j D� ¤ 0g, through a different approach, and the Dipper–James–Murphy con-
jecture in the modern language is the statement that the Kleshchev bipartitions are
precisely the restricted bipartitions.

The aim of this chapter is to prove the Dipper–James–Murphy conjecture. Recall
that Lascoux, Leclerc, and Thibon considered Hecke algebras of type A, and they
showed that if � is a e-restricted partition then we can find a1; : : : ; ap and i1; : : : ; ip
such that we may write

f
.a1/
i1

: : : f
.ap/

ip
; D �C

X

�F�
c�;�.v/�
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in the deformed Fock space, where c�;�.v/ are Laurent polynomials. This follows
from the ladder decomposition of a partition. Then LLT algorithm proves that
Kleshchev partitions are precisely e-restricted partitions. The second author [10]
proved the similar formula for FLOTW multipartitions in the Jimbo–Misra–Miwa–
Okado higher level Fock space using certain a-values instead of the dominance
order. Recall that Geck and Rouquier gave another method to label simple Hn-
modules by bipartitions. The result shows that the parametrizing set of simple
Hn-modules in the Geck–Rouquier theory, which is called the canonical basic set,
is precisely the set of the FLOTW bipartitions. Our strategy to prove the conjecture
is to give the analogous formula for Kleshchev bipartitions. To establish the formula,
a nonrecursive characterization of Kleshchev bipartitions given by the first author,
Kreiman and Tsuchioka [5], plays a key role.

The chapter is organized as follows. In the first section, we briefly recall the
definition of Kleshchev bipartitions. We also recall the main result of [5]. In the
second section, we use this result to give an analogue for bipartitions of the ladder
decomposition. Finally, the last section gives a proof for the conjecture.

2 Preliminaries

In this section, we recall the definition of Kleshchev bipartitions together with the
main result of [5] which gives a nonrecursive characterization of these bipartitions.
We fix m as in the introduction. Namely, the parameter Q of the Hecke algebra is
Q D �qm with 0 6 m < e.

2.1 First Definitions

Recall that a partition � is a sequence of weakly decreasing nonnegative integers
.�0; �1; : : :/ such that j�j D P

i>0 �i is finite. If �i D 0 for i > r , then we write
� D .�0; : : : ; �r�1/. A bipartition � is an ordered pair of partitions .�.1/; �.2//.
j�j D j�.1/jC j�.2/j is called the rank of �. The empty bipartition .;;;/ is the only
bipartition of rank zero. The diagram of � is the set

f.a; b; c/ j 1 6 c 6 2; 0 6 b 6 �.c/a � 1g � Z3>0:

We often identify a bipartition with its diagram. The nodes of � are the elements of
the diagram. Let � D .a; b; c/ be a node of �. Then the residue of � is defined by

res.�/ D
�

b � aCm .mod e/ if c D 1;
b � a .mod e/ if c D 2:

By assigning residues to the nodes of a bipartition, we view a bipartition as a colored
diagram with colors in Z=eZ.
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Example 2.1. Put e D 4, m D 2 and � D ..3; 2/; .4; 2; 1//. Then the colored
diagram associated with � is as follows.

0

B

@

2 3 0

1 2
;

0 1 2 3

3 0

2

1

C

A

If � is a node with residue i , we say that � is an i -node. Let � and � be two
bipartitions such that � D � t f�g. Then, we denote �=� D � and if res.�/ D i ,
we say that � is a removable i -node of �. We also say that � is an addable i -node
of � by abuse of notion.2

Let i 2 Z=eZ. We choose a total order on the set of removable and addable
i -nodes of a bipartition. Let � D .a; b; c/ and � 0 D .a0; b0; c0/ be removable or
addable i -nodes of a bipartition. We say that � is above � 0 if either c D 1 and
c0 D 2, or c D c0 and a < a0.3

Let F be the vector space over Q such that the basis is given by the set of all
bipartitions. We color the nodes of bipartitions as above. We call it the (level two)
Fock space. We may equip it with Osle-module structure in which the action of the
Chevalley generators is given by

ei� D
X

�Wres.�=�/Di
�; fi� D

X

�Wres.�=�/Di
�:

Using the total order on the set of removable and addable i -nodes given above, we
deform the Osle-module structure to Uv. Osle/-module structure on the deformed Fock
space F˝Q Q.v/, which is the tensor product of two level 1 deformed Fock spaces.
We refer to [3] for the details.

2.2 Kleshchev Bipartitions

Recall that the crystal basis of the deformed Fock space is given by the basis vec-
tors of the deformed Fock space. Hence, it defines a crystal structure on the set
of bipartitions. We call it the crystal of bipartitions. As is explained in [3], the
map .�.1/; �.2// 7! �.2/ ˝ �.1/ identifies the crystal of bipartitions with the ten-
sor product of the crystal of partitions of highest weight ƒ0 and that of highest
weight ƒm. As is already mentioned in the introduction, Kleshchev bipartitions are
those bipartitions which belongs to the same connected component as the empty

2 An addable i -node of � is not a node of �.
3 We now know that there are more than one Specht module theory, and different Specht module
theories prefer different total orders on the set of i -nodes of a bipartition. Our choice of the total
order is the one prefered by Dipper–James–Murphy’s Specht module theory.
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bipartition in the crystal of bipartitions. Equivalently, Kleshchev bipartitions are
those bipartitions which may be obtained from the empty bipartition by applying the
Kashiwara operators successively. Rephrasing it in combinatorial terms, we have a
recursive definition of Kleshchev bipartitions as follows.

Let � be a bipartition and let � be an i -node of �, we say that � is a normal i -node
of � if, whenever � is an addable i -node of � below � , there are more removable
i -nodes between � and � than addable i -nodes between � and � . If � is the highest
normal i -node of �, we say that � is a good i -node of �. When � is a good i -node,
we denote � n f�g by Qei�.

Definition 2.2. A bipartition � is Kleshchev if either � D .;;;/ or there exists
i 2 Z=eZ and a good i -node � of � such that � n f�g is Kleshchev.

Note that the definition depends on m. The reader can prove easily using induc-
tion on n D j�.1/j C j�.2/j that if � D .�.1/; �.2// is Kleshchev, then both �.1/ and
�.2/ are e-restricted. By general property of crystal bases, the following is clear.

Lemma 2.3. Suppose that � is a Kleshchev bipartition, � a good i -node of �, for
some i . Then Qei� D � n f�g is Kleshchev.

In [5], the first author, Kreiman and Tsuchioka have given a different characteri-
zation of Kleshchev bipartitions.

Let � be a partition. Then the set of beta numbers of charge h, where we only
use h D 0 or h D m in the chapter, is by definition the set Jh of decreasing integers

j0 > j1 > � � � > jk > � � �

defined by jk D �k C h � k, for k > 0. The charge h also defines a coloring of
nodes: res.�/ D b � a C h .mod e/ where a and b are the row number and the
column number of a node � , respectively.

An addable i -node of � corresponds to x 2 Jh such that x C eZ D i and
x C 1 62 Jh. We call x an addable i -node of Jh. Similarly, a removable i -node of
� corresponds to x 2 Jh such that x C eZ D i C 1 and x � 1 62 Jh. We call x a
removable i -node of Jh.

We define the abacus display of Jh in the usual way. The i th runner of the abacus
is fx 2 Z j x C eZ D ig, for i 2 Z=eZ.

Definition 2.4. Let � be an e-restricted partition, and Jm.�/ the corresponding set
of beta numbers of chargem. We write Jm for Jm.�/ and define

U.Jm/ D fx 2 Jm j x � e … Jmg:

If � is an e-core, then we define upm.�/ D �. Otherwise let p D maxU.Jm/ and
define

V.Jm/ D fx > p j x ¤ p .mod e/; x � e 2 Jm; x … Jmg:



The Dipper–James–Murphy Conjecture in Type Bn 23

Note that V.Jm/ is nonempty since � is e-restricted. Let q D minV.Jm/. Then we
define

up.Jm/ D .Jm n fpg/ t fqg
and we denote the corresponding partition by upm.�/.

In [5], it is shown that upm.�/ is again e-restricted and we reach an e-core after
applying upm finitely many times.

Definition 2.5. Let � be an e-restricted partition. Apply upm repeatedly until we
reach an e-core. We denote the resulting e-core by roofm .�/.

Definition 2.6. Let � be an e-restricted partition, J0.�/ the corresponding set of
beta numbers of charge 0. We write J0 for J0.�/ and define

U.J0/ D fx 2 J0 j x � e … J0g:

If � is an e-core, then we define down0.�/ D �. Otherwise let p0 D minU.J0/ and
define

W.J0/ D fx > p0 � e j x 2 J0; x C e … J0g [ fp0g:
It is clear that W.J0/ is nonempty. Let q0 D minW.J0/. Then we define

down.J0/ D .J0 n fq0g/ t fp0 � eg

and we denote the corresponding partition by down0.�/.

In [5], it is shown that down0.�/ is again e-restricted and we reach an e-core
after applying down0 finitely many times.

Definition 2.7. Let � be an e-restricted partition. Apply down0 repeatedly until we
reach an e-core. We denote the resulting e-core by base0 .�/.

Finally, let � be an e-restricted partition, Jmax
0 the set of beta numbers of charge

0 for base0.�/. Define Mi.�/, for i 2 Z=eZ, by

Mi .�/ D maxfx 2 Jmax
0 j x C eZ D ig:

We write Mi .�/ in decreasing order

Mi1.�/ > Mi2.�/ > � � � > Mie.�/:

Then Jmax
0 t fMik .�/C eg16k6m is the set of beta numbers of chargem, for some

partition. We denote the partition by �m.base0.�//.
Now, the characterization of Kleshchev bipartitions is as follows.

Theorem 2.8 ([5]). Let � D .�.1/; �.2// be a bipartition such that both �.1/ and
�.2/ are e-restricted. Then � is Kleshchev if and only if

roofm.�
.1// � �m.base0.�

.2///:
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2.3 The Dipper–James–Murphy Conjecture

We recall the dominance order for bipartitions. Let � D .�.1/; �.2// and � D
.�.1/; �.2// be bipartitions. In this chapter, we write � E � if

j
X

kD1
�
.1/

k
>

j
X

kD1
�
.1/

k
and j�.1/j C

j
X

kD1
�
.2/

k
> j�.1/j C

j
X

kD1
�
.2/

k
;

for all j > 0.

Definition 2.9. Let � be a bipartition of rank n. A standard bitableau of shape � is
a sequence of bipartitions

; D �Œ0� � �Œ1� � � � � � �Œn� D �

such that the rank of �Œk� is k, for 0 6 k 6 n. Let t be a standard bitableau of
shape �. Then the residue sequence of t is the sequence

.res.�Œ1�/; : : : ; res.�Œn�// 2 .Z=eZ/n;

where �Œk� D �Œk�=�Œk � 1�, for 1 6 k 6 n.

A standard bitableau may be viewed as filling of the nodes of � with numbers
1; : : : ; n: we write k in the node �Œk�, for 1 6 k 6 n.

Definition 2.10. A bipartition � is .�qm; e/-restricted, or restricted for short, if
there exists a standard bitableau t of shape � such that the residue sequence of any
standard bitableau of shape � C � does not coincide with the residue sequence of t.

Conjecture 2.11 ([7, Conj. 8.13]). A bipartition � is Kleshchev if and only if it is
restricted.

3 Properties of Kleshchev Bipartitions

The aim of this section is to prove some combinatorial results concerning Kleshchev
bipartitions.

3.1 Admissible Sequence

Definition 3.1. Let i 2 Z=eZ. We say that a sequence of removable i -nodes
R1; : : : ; Rs (where s > 1) of a bipartition � is an admissible sequence of i -nodes
for � if
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� R1; : : : ; Rs are the lowest s removable i -nodes of � and every addable i -node is
above all of these nodes, and

� If there is a removable i -node R above R1; : : : ; Rs, there must exist an addable
i -node below R.

The following lemma shows the existence of an admissible sequence of i -nodes,
for some i , for a Kleshchev bipartition: choose i as in the lemma and read addable
and removable i -nodes in the total order of nodes. Suppose that � has at least one
addable i -node and let � be the lowest addable i -node. Then removable i -nodes
below � form an admissible sequence of i -nodes. If � does not have an addable
i -node, all removable i -nodes of � form an admissible sequence of i -nodes.

Lemma 3.2. Let � D .�.1/; �.2// be a nonempty Kleshchev bipartition. Then there
exists i 2 Z=eZ and a removable i -node � such that if � is an addable i -node of �,
then � is above � .

Proof. Recall that both �.1/ and �.2/ are e-restricted. There are two cases to
consider.

� Assume that �.2/ is not the empty partition. Let �.2/j be the last row. Define

� D .j; �
.2/
j � 1; 2/ and i D res.�/. Since �.2/ is e-restricted, the residue of

the addable node .j C 1; 0; 2/ is not i . Hence, all the addable i -node of � are
above � .

� Assume that �.2/ is the empty partition. Let �.1/j be the last row. Define � D
.j; �

.1/
j � 1; 1/ and i D res.�/. Since �.1/ is e-restricted, the residue of the

addable node .j C 1; 0; 1/ is not i . We show that the residue of the addable node
.0; 0; 2/ is not i . Suppose to the contrary that the residue is i . As � is Kleshchev,
we may delete good nodes successively to obtain the empty bipartition. Hence,
� must be deleted at some point in the process. However, it can never be a good
node since we always have an addable i -node .0; 0; 2/ just below it and there is
no removable i -node between them, and so we have a contradiction.

Hence the claim follows. ut
Lemma 3.3. Let � D .�.1/; �.2// be a nonempty Kleshchev bipartition and
R1; : : : ; Rs an admissible sequence of i -nodes for �. Define � D .�.1/; �.2//

by � D � t fR1; : : : ; Rsg. Then � is Kleshchev.

Proof. Recall that �.1/ and �.2/ are both e-restricted. We claim that �.1/ and �.2/

are both e-restricted. We only prove that �.1/ is e-restricted as the proof for �.2/ is
the same. Suppose that �.1/ is not e-restricted. Since �.1/ is e-restricted, it occurs
only when there exists j such that �.1/j D �

.1/
jC1 C e � 1, �.1/j D �

.1/
j , �.1/jC1 D

�
.1/
jC1 � 1 and res.j C 1; �.1/jC1 � 1; 1/ D i . But then res.j; �.1/j � 1; 1/ D i , which

implies �.1/j D �.1/j � 1 by definition of �.

First case: First, we consider the case when either �.2/ D ; or �.2/ ¤ ; and �.2/

has no addable i -node. If �.1/ has no addable i -node, then the admissible sequence
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R1; : : : ; Rs is given by all the removable i -nodes of �, and thus all the normal
i -nodes of �. Hence � D Qesi �, which implies that � is Kleshchev. Therefore, we
may and do assume that �.1/ has at least one addable i -node.

Define t > 0 by

t D minfk j roofm.�.1// D upkm.�
.1//g:

We prove that � is Kleshchev by induction on t . Note that if � is Kleshchev, then
so is .upm.�

.1//; �.2// since

roofm.upm.�
.1/// D roofm.�.1// � �m.base0.�.2///:

Suppose that t D 0. Then �.1/ is an e-core. As �.1/ has an addable i -node, �.1/

has no removable i -node. Thus, all the removable i -nodes of � are nodes of �.2/.
As �.2/ has no addable i -node, the admissible sequence R1; : : : ; Rs is given by all
the normal i -nodes of �. Hence, � D Qesi � and � is Kleshchev.

Suppose that t > 0 and that the lemma holds for .upm.�
.1//; �.2//. Recall that

we have assumed that �.1/ has an addable i -node. Let r be the minimal addable
i -node of Jm WD Jm.�

.1//. The corresponding addable i -node of �.1/, say � , is
the lowest addable i -node of �, and the admissible sequence R1; : : : ; Rs is given
by all the removable i -nodes of � that is below � . If there is no removable i -node
greater than r , then all the removable i -nodes of � are normal, and by deleting them,
we obtain that � is Kleshchev. Hence, we assume that there is a removable i -node
greater than r . As r C 1 62 Jm, this implies that there is x 2 U.Jm/ on the .i C 1/th
runner such that x > r C 1. Let p D maxU.Jm/. Then x 2 U.Jm/ implies that
p > x > r C 1. As p moves to q > p, it implies that R1; : : : ; Rs is an admissible
sequence of i -nodes for .upm.�

.1//; �.2// and that

.upm.�
.1//; �.2// D .upm.�

.1//; �.2// t fR1; : : : ; Rsg:

Now, .upm.�
.1//; �.2// is Kleshchev by the induction hypothesis. Hence,

roofm.�.1// D roofm.upm.�
.1/// � �m.base0.�.2///

and � is Kleshchev as desired.

Second case: Now, we consider the case when �.2/ ¤ ; and �.2/ has at least one
addable i -node. Note that it forces �.1/ D �.1/ and R1; : : : ; Rs are nodes of �.2/.
Define t 0 > 0 by

t 0 D minfk j base0.�.2// D downk0.�
.2//g:

We prove that � is Kleshchev by induction on t 0. Note that if � is Kleshchev, then
so is .�.1/; down0.�.2/// since

roofm.�.1// � �m.base0.�.2/// D �m.base0.down0.�.2////:
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If t 0 D 0, then �.2/ is an e-core and it has removable i -nodesR1; : : : ; Rs . Hence,
�.2/ has no addable i -node and we are reduced to the previous case. Thus, we sup-
pose that t 0 > 0 and that the lemma holds for .�.1/; down.�.2///. Let J D J0.�.2//
and

r D minfx 2 J j x C eZ D i C 1; x � 1 … J g � 1:
Note that r is on the i th runner. Then there exists N > 1 such that

r; r C e; : : : ; r C .N � 1/e 62 J and r CNe 2 J:

Let p0 D minU.J /. Then p0 6 r CNe. Suppose that p0 is not on the i th runner
or the .i C 1/th runner. If a node which is not on one of these two runners moves to
p0 � e by the down operation, the admissible sequence R1; : : : ; Rs is an admissible
sequence of i -nodes for .�.1/; down0.�.2/// and

.�.1/; down0.�.2/// D .�.1/; down0.�.2/// t fR1; : : : ; Rsg:

Thus, by the induction hypothesis, .�.1/; down0.�.2/// is Kleshchev. Hence,

roofm.�
.1// � �m.base0.down0.�

.2//// D �m.base0.�
.2///

implies that � is Kleshchev.
If a node in one of the two runners moves to p0 � e, then there exists 0 6 k 6

N �1 such that rCkeC1 2 J , rC.kC1/eC1 62 J and rCkeC1moves to p0�e.
Suppose that k < N � 1. Then, r C ke 2 J0.�.2// and r C .k C 1/e 62 J0.�.2//.
Hence, r C ke moves to p0 � e to obtain down0.�.2//. As r C ke C 1 corresponds
to one of R1; : : : ; Rs , say Rk , R1; : : : ; ORk ; : : : ; Rs is an admissible sequence of
i -nodes for .�.1/; down0.�.2/// and

.�.1/; down0.�.2/// D .�.1/; down0.�.2/// t fR1; : : : ; ORk ; : : : ; Rsg:

Hence, .�.1/; down0.�.2/// is Kleshchev by the induction hypothesis, and � is
Kleshchev as before. Next suppose that k D N � 1. As r C .N � 1/eC 1 moves to
p0 � e, we have

r C .N � 1/eC 1 < p0 < r CNe;
rCNeC1 … J0 and rCNe is an addable i -node. LetK be the set of beta numbers
of charge 0 of �.2/. For x 2 Z, we denote J6x WD J \Z6x andK6x WD K \Z6x .
We claim that

base.J6rCNe/ D base.K6rCNe/:

Let p0 D y0 < y1 < � � � < yl < r C Ne be the nodes in J which are greater than
or equal to p0 and smaller than r CNe. We show that

base.J6yj
/ D si base.K6yj

/ � base.K6yj
/;
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for 0 6 j 6 l , where si means swap of the i th and .iC1/th runners. J6p0 andK6p0

are si -cores in the sense of [5], and direct computation shows the formula for j D 0.
Now we use base.J6yj C1

/ D base.fyjC1g t base.J6yj
// and base.K6yj C1

/ D
base.fyjC1gtbase.K6yj

//4 and continue the similar computation and comparison
of base.J6yj

/ and base.K6yj
/. At the end of the inductive step, we get

base.J<rCNe/ D si base.K<rCNe/ � base.K<rCNe/:

Now, one more direct computation shows

base.fr CNeg t base.J<rCNe// D base.fr CNeg t base.K<rCNe//;

and we have the claim. Therefore, base0.�.2// D base0.�.2//; and we have

roofm.�
.1// � �m.base0.�

.2/// D �m.base0.�
.2///:

Recalling that �.1/ D �.1/, we have that � is Kleshchev.
Suppose that p0 is on one of the two runners. As p0 6 r C Ne, we have either

p0 D r C Ne or p0 D r C ke C 1, for some 0 6 k 6 N � 1. If the latter occurs,
down0.�.2// is obtained by moving a node outside the two runners to p0�e or mov-
ing p0 to p0 � e, and down0.�.2// is obtained from �.2/ by moving the same node
outside the two runners to p0 � 1 � e or moving p0 � 1 to p0 � 1 � e, respectively.
Thus, down0.�.2// is obtained from down0.�.2// by removing the nodes of an ad-
missible sequence of i -nodes for .�.1/; down0.�.2///. Hence, .�.1/; down0.�.2///
is Kleshchev by the induction hypothesis, and it follows that � is Kleshchev. If
p0 D r CNe and r CNeC 1 2 J0, then the same is true, and if p0 D r CNe and
r CNe C 1 62 J0, then �.2/ D downN0 .�

.2//; and we have

roofm.�.1// � �m.base0.�.2/// D �m.base0.�.2///:

Hence, � D .�.1/; �.2// is Kleshchev. ut

3.2 Optimal Sequence of a Kleshchev Bipartition

Let � D .�.1/; �.2// be a Kleshchev bipartition. By the previous lemma, we may
define by induction a sequence of Kleshchev bipartitions

� DW �Œ1�; �Œ2�; : : : ; �Œp�; �Œp C 1� D ;

4 See [5, Proposition 7.8].



The Dipper–James–Murphy Conjecture in Type Bn 29

and a sequence of residues

i1; : : : ; i1
„ ƒ‚ …

a1 times

; : : : ; ip; : : : ; ip
„ ƒ‚ …

ap times

such that, for 1 6 j 6 p, �Œj � D �Œj C 1� t fRj1 ; : : : ; Rjaj
g; and Rj1 ; : : : ; R

j
aj

is
an admissible sequence of ij -nodes for �Œj �.

We call i1; : : : ; i1
„ ƒ‚ …

a1 times

; : : : ; ip; : : : ; ip
„ ƒ‚ …

ap times

an optimal sequence of �.

Example 3.4. Keeping Example 2.1, it is easy to see that ..3; 2/; .4; 2; 1// is a
Kleshchev bipartition, and an optimal sequence is given by

2; 2; 0; 3; 3; 2; 1; 1; 0; 0; 3; 2:

4 Proof of the Conjecture

4.1 The Result

We are now ready to prove the conjecture. As is explained in the introduction, it is
enough to prove that Kleshchev bipartitions are restricted bipartitions. To do this,
we introduce certain reverse lexicographic order on the set of bipartitions.

Definition 4.1. We write � � � if either

� There exists j > 0 such that �.2/
k
D �.2/

k
, for k > j , and �.2/j < �

.2/
j , or

� There exists j > 0 such that �.2/ D �.2/, �.1/
k
D �

.1/

k
, for k > j , and

�
.1/
j < �

.1/
j .

It is clear that if � C �, then � � �. Recall that the deformed Fock space is
given a specific Uv. Osle/-module structure which is suitable for the Dipper–James–
Murphy’s Specht module theory.

Proposition 4.2. Let � D .�.1/; �.2// be Kleshchev and let

i1; : : : ; i1
„ ƒ‚ …

a1 times

; : : : ; ip; : : : ; ip
„ ƒ‚ …

ap times

be an optimal sequence of �. Then we have

f
.a1/
i1

: : : f
.ap/

ip
; D �C

X

���

c�;�.v/�;

for some Laurent polynomials c�;�.v/ 2 Z>0Œv; v�1�, in the deformed Fock space.
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Proof. First note that the coefficient of � is one because each admissible sequence
of ij -nodes is a sequence of normal ij -nodes.

Now the proposition is proved by induction on p. Let R11; : : : ; R
1
a1

be the ad-
missible sequence of i1-nodes for �, and let �0 be the Kleshchev bipartition such
that

� D �0 t fR11; : : : ; R1a1
g:

By the induction hypothesis, we have

f
.a2/
i2

: : : f
.ap/

ip
; D �0 C

X

�0��0

c�;�0.v/�0:

Let � ¤ � be a bipartition such that it appears in f .a1/
i1

: : : f
.ap/

ip
; with nonzero

coefficient. Then there exist removable i1-nodesR01
1; : : : ; R

01
a1

of � and a bipartition
�0 � �0 such that

� D �0 t fR01
1; : : : ; R

01
a1
g:

As R11; : : : ; R
1
a1

are the lowest a1 i1-nodes of �, �0 D �0 implies � � �. Hence we

may assume �0��0. Suppose that we have � � �. If � 0.2/ ¤ �0.2/, then choose t
such that � 0.2/

t < �0.2/
t and �0.2/

j D �0.2/
j , for j > t . Then we can show

(i) �.2/j D �.2/j , for j > t ,

(ii) �.2/tC1 < �
.2/
t D � 0.2/

t C 1 D �0.2/
t D �.2/t ,

(iii) At least one of the nodes R11; : : : ; R
1
a1

is above .t; �.2/t � 1; 2/.
The condition (ii) implies that res.t; �.2/t � 1; 2/ D res.t; � 0.2/

t ; 2/ D i1. Thus,

.t; �
.2/
t �1; 2/ is an i1-node of �.2/. Then (iii) implies that it is not a removable node

of �.2/ (otherwise it has to be removed to obtain �0). This implies that �.2/t D �.2/tC1.
Thus, �.2/tC1 < �

.2/
t D �.2/tC1 and (i) is contradicted.

If �0.2/ D �0.2/, then choose t such that � 0.1/
t < �0.1/

t and � 0.1/
j D �0.1/

j , for
j > t . Then we argue as above. ut
Corollary 4.3. The Dipper–James–Murphy conjecture is true.

Proof. Observe that � appears in fin : : : fi1; if and only if there exists a stan-
dard bitableau of shape � such that its residue sequence is .i1; : : : ; in/. Let � be
Kleshchev. Then Proposition 4.2 shows that there is a standard bitableau t such that
if the residue sequence of t appears as the residue sequence of a standard bitableau
of shape �, then � � �. Suppose that the residue sequence of t is the residue se-
quence of a standard bitableau of shape � G �. As � G � implies � � �, we cannot
have � � �, a contradiction. Hence � is restricted. ut
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4.2 Remarks

We conclude the chapter with two remarks.

Remark 4.4. In the language of the Fock space theory, the proof of the fact that
restricted implies Kleshchev goes as follows. The proof in the introduction is the
same proof, but it was explained in a different manner. Note that we may assume
that the characteristic of F is zero in the proof.

Assume that � is restricted. Then there exist i1; : : : ; in such that

(i) � appears in fi1 : : : fin;,
(ii) � C � implies that � does not appear in fi1 : : : fin;.

Let fG.�/ j � is Kleshchev.g be the canonical basis at v D 1 in the Fock space.
As fi1 : : : fin; is represented by a projective Hn-module, and G.�/ D ŒP � �, the
indecomposable projective Hn-module indexed by �, we may write

fi1 : : : fin; D
X

c�G.�/;

where c� > 0. In particular, c� > 0 implies that � appears in fi1 : : : fin;.
Suppose that � is not Kleshchev. As � appears in fi1 : : : fin;, � appears inG.�/

for some Kleshchev bipartition � with c� > 0. Since

G.�/ D � C
X

�F�

d���;

we must have � G �. However, this implies that � does not appear in fi1 : : : fin;,
which contradicts c� > 0.

Remark 4.5. There is a systematic way to produce realizations of the crystal
B.ƒ0 C ƒm/ on a set of bipartitions, for each choice of logq.�Q/. The bipar-
titions are called Uglov bipartitions. Recent results of Geck [8] and Geck and the
second author [9] show that Uglov bipartitions naturally label simple Hn-modules,
and Rouquier’s theory of the BGG category of rational Cherednik algebras as
quasihereditary covers of Hecke algebras naturally explains the existence of various
Specht module theories which depends on logq.�Q/.

We conjecture that Uglov bipartitions satisfy an analogue of Proposition 4.2 ex-
cept that the dominance order is replaced by an appropriate a-value in the sense
of [9, Proposition 2.1]. As is mentioned in the introduction, it is known that this
conjecture is true in the case where Uglov bipartitions are FLOTW bipartitions [10,
Proposition 4.6].

Acknowledgments This chapter was written when the second author visited RIMS in Kyoto. He
would like to thank RIMS for the hospitality.
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On Domino Insertion and Kazhdan–Lusztig
Cells in Type Bn

Cédric Bonnafé, Meinolf Geck, Lacrimioara Iancu, and Thomas Lam

Abstract Based on empirical evidence obtained using the CHEVIE computer
algebra system, we present a series of conjectures concerning the combinatorial
description of the Kazhdan–Lusztig cells for type Bn with unequal parameters.
These conjectures form a far-reaching extension of the results of Bonnafé and Iancu
obtained earlier in the so-called asymptotic case. We give some partial results in
support of our conjectures.
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1 Introduction and the Main Conjectures

Let W be a Coxeter group, � be a totally ordered abelian group and LWW ! �>0
be a weight function, in the sense of Lusztig [30, Sect. 3.1]. This gives rise to various
pre-order relations on W , usually denoted by 6L, 6R and 6LR. Let �L, �R and
�LR be the corresponding equivalence relations. The equivalence classes are called
the left, right and two-sided cells of W , respectively. They were first defined by
Kazhdan and Lusztig [26] in the case where L is the length function on W (the
“equal parameter case”), and by Lusztig [29] in general. They play a fundamental
role, for example, in the representation theory of finite or p-adic groups of Lie type;
see the survey in [30, Chap. 0].

Our aim is to understand the dependence of the Kazhdan–Lusztig cells on the
weight function L. We shall be interested in the case where W is a finite Coxeter
group. Then unequal parameters can only arise in type I2.m/ (dihedral), F4 or Bn.
Now types I2.m/ and F4 can be dealt with by computational methods; see [14].
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Thus, as far as finite Coxeter groups are concerned, the real issue is to study typeBn
with unequal parameters. And in any case, this is the most important case with re-
spect to applications to finite classical groups (unitary, symplectic and orthogonal).
Quite recently, new connections between Kazhdan–Lusztig cells in type Bn and
the theory of rational Cherednik algebras appeared in the work of Gordon and
Martino [23].

The purpose of this paper is to present a series of conjectures that would com-
pletely and explicitly determine the Kazhdan–Lusztig cells in type Bn for any
positive weight functionL. We will also establish some relative results in support of
these conjectures. So let now W D Wn be a Coxeter group of type Bn, with gener-
ating set Sn D ft; s1; : : : ; sn�1g and Dynkin diagram as given below; the “weights”
a; b 2 �>0 attached to the generators of Wn uniquely determine a weight function
L D La;b on Wn.

Bn � � � � � � �
b a a a

t s1 s2 sn�1

If b is “large” with respect to a, more precisely, if b > .n � 1/a, then we are in the
“asymptotic case” studied in [5] (see also [3, Proposition 5.1 and Corollary 5.2] for
the determination of the exact bound). In general, we expect that the combinatorics
governing the cells in type Bn are provided by the

“domino insertion of a signed permutation into a 2-core”;

see [27,28,33] (see also Sect. 3). Having fixed r > 0, let ır be the partition with parts
.r; r � 1; : : : ; 0/ (a 2-core). Let Pr.n/ be the set of partitions � ` .1

2
r.r C 1/C 2n/

such that � has 2-core ır . Then the domino insertion with respect to ır gives a
bijection from Wn onto the set of all pairs of standard domino tableaux of the same
shape � 2 Pr.n/. We write this bijection as w! .P r .w/;Qr.w//; see [27, Sect. 2]
for a detailed description.

The following conjectures have been verified for n 6 6 by explicit computation
using CHEVIE [21] and the program Coxeter developed by du Cloux [7]. For the
basic definitions concerning Kazhdan–Lusztig cells, see Lusztig [30].

Conjecture A. Assume that � D Z, a D 2 and b D 2r C 1 where r > 0. Then the
following hold.

(a) w;w0 2 Wn lie in the same Kazhdan–Lusztig left cell if and only if Qr .w/ D
Qr.w0/.

(b) w;w0 2 Wn lie in the same Kazhdan–Lusztig right cell if and only if P r .w/ D
P r .w0/.

(c) w;w0 2 Wn lie in the same Kazhdan–Lusztig two-sided cell if and only if all of
P r .w/, Qr.w/, P r .w0/, Qr.w0/ have the same shape.

Remark 1.1. The 2-core ır , the set of partitions Pr.n/ and the parameters a D 2,
b D 2r C 1 (where � D Z) naturally arise in the representation theory of the
finite unitary groups GUN .q/, where N D 1

2
r.r C 1/C 2n. The Hecke algebra of
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type Bn with parameters q2rC1; q2; : : : ; q2 appears as the endomorphism algebra
of a certain induced cuspidal representation. The irreducible representations of
this endomorphism algebra parametrize the unipotent representations of GUN .q/
indexed by partitions in Pr .n/; see [6, Sect. 13.9]. In this case, Conjecture A(c)
is somewhat more precise than [30, Conjecture 25.3 (b)] (see Sect. 3.3 for more
details).

Conjecture AC. Let r > 0 and assume that a; b are any elements of �>0 such that
ra < b < .r C 1/a. Then the statements in Conjecture A still hold. That is, the
Kazhdan–Lusztig .left, right, two-sided/ cells for this choice of parameters coincide
with those obtained for the special values a D 2 and b D 2r C 1 .where � D Z/.

Remark 1.2. Assume we are in the setting of Conjecture A or AC. If w 2 Wn, let
�.w/ 2 Pr.n/ denote the shape of P r .w/ (or Qr.w/). Let E denote the dominance
order on partitions. The following property of the pre-order 6LR has been checked
for n 6 4 using CHEVIE [21]:

w 6LR w0 if and only if �.w/ E �.w0/ (cC)

Remark 1.3. Assume that the statement concerning the left cells in Conjecture A
(or AC) is true. Since P r .w�1/ D Qr.w/ (see for instance [27, Lemma 7]), this
would imply that the statement concerning the right cells is also true. However, it
is not clear that the partition into two-sided cells easily follows from the knowledge
of the partitions into left and right cells. Indeed, it is conjectured (but not proved in
general) that the relation�LR is generated by�L and�R. This would follow from
Lusztig’s Conjectures (P4), (P9), (P10) and (P11).

Remark 1.4. If b > .n � 1/a (“asymptotic case”), then domino insertion is equiv-
alent to the generalized Robinson–Schensted correspondence in [5, Sect. 3] (see
Theorem 3.13). Thus, Conjectures A and AC hold in this case [5, Theorem 7.7], [3,
Corollary 3.6 and Remark 3.7]. Also, the refinement (cC) proposed in Remark 1.2
holds in this case if w and w0 have the same t-length [3, Theorem 3.5 and Remark
3.7] (the t-length of an element w 2 Wn is the number of occurrences of t in a
reduced decomposition of w).

Remark 1.5. Assume that Conjectures A and AC hold. Then we also conjecture that
the Kazhdan–Lusztig basis of the Iwahori–Hecke algebra Hn associated with Wn
and the weight functionLa;b is a cellular basis in the sense of Graham–Lehrer [24].
See Sect. 2.2 for a more precise statement and applications to the representation
theory of non-semisimple specialisations of Hn.

We define the equivalence relation 'r on elements of Wn as follows: we write
w 'r w0 if and only if Qr .w/ D Qr.w0/. An equivalence class for the relation
'r is called a left r-cell. In other words, left r-cells are the fibers of the map Qr .
Similarly, we define right r-cells as the fibers of the map P r and two-sided r-cell
as the fibers of the map ˘ W Wn ! Pr.n/.

Conjectures A and AC deal with the Kazhdan–Lusztig cells for parameters such
that ra < b < .rC1/a. The next conjecture is concerned with the Kazhdan–Lusztig
cells whenever b 2 N�a.
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Conjecture B. Assume that b D ra for some r > 1. Then the Kazhdan–Lusztig left
.resp. right, resp. two-sided/ cells of Wn are the smallest subsets of Wn which are
at the same time unions of left .resp. right, resp. two-sided/ .r � 1/-cells and left
.resp. right, resp. two-sided/ r-cells.

We will give a combinatorially more precise version of Conjecture B in Sect. 4.

Remark 1.6. (a) If r > n, since the left r-cells and the left .r � 1/-cells coincide,
then the Conjecture B holds (“asymptotic case”, see Remark 1.4).

(b) There is one case which is not covered by Conjectures A, AC or B: it is when
b > ra for every r 2 N . But this case is exactly the case which is dealt with
in [5, Theorem 7.7] (and [3, Corollary 3.6] for the determination of two-sided
cells) and it leads to the same partition into left and two-sided cells as the case
where .a; b/ D .2; 2n � 1/ for instance (see Remark 1.4).

(c) The fundamental difference between the cases where b 2 fa; 2a; : : : ; .n �
1/ag and b 62 fa; 2a; : : : ; .n � 1/ag is already apparent in [30, Chap. 22],
where the “constructible representations” are considered. Conjecturally, these
are precisely the representations given by the various left cells of W . By [30,
Chap. 22], the constructible representations are all irreducible if and only if
b 62 fa; 2a; : : : ; .n � 1/ag.

(d) Again, in Conjecture B, the statement concerning left cells is equivalent to the
statement concerning right cells. However, the statement concerning two-sided
cells would then follow if one could prove that the relation �LR is generated
by the relations �L and �R.

(e) Conjectures AC and B are consistent with analogous results for type F4 (see
[14] as far as Conjecture AC is concerned; Geck also checked that an analogue
of Conjecture B holds in type F4).

In Sect. 2, we will discuss representation-theoretic issues related to Conjecture A.
In Sects. 3 and 4, we will present a number of partial results in support of our
conjectures.

2 Leading Matrix Coefficients and Cellular Bases

Let W be a finite Coxeter group with generating set S . Let � be a totally ordered
abelian group. Let LWW ! � be a weight function in the sense of Lusztig [30,
Sect. 3.1]. Thus, we have L.ww0/ D L.w/ C L.w0/ for all w;w0 2 W such that
l.ww0/ D l.w/ C l.w0/ where l WW ! N is the usual length function with respect
to S (where N D f0; 1; 2; : : :g). Let A D ZŒ� � be the group ring of � . It will
be denoted exponentially: in other words, A D L

�2� Zv� and v�v�
0 D v�C� 0

. If
�0 2 � , let A>�0

DL�>�0
Zv� . We define similarly A>�0

, A<�0
and A6�0

.
Let H D HA.W; S;L/ be the corresponding Iwahori–Hecke algebra. Then H is

free over A with basis .Tw/w2W ; the multiplication is given by the rule

TsTw D
�

Tsw if l.sw/ D l.w/C 1;
Tsw C .vL.s/ � v�L.s//Tw if l.sw/ D l.w/� 1;

where w 2 W and s 2 S . For basic properties ofW and H, we refer to [20].
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2.1 Leading Matrix Coefficients

We now recall the basic facts concerning the leading matrix coefficients introduced
in [12]. First, since � is an ordered group, the ringA is integral. Similarly, the group
algebra RŒ� � is integral; we denote by K D R.� / its field of fractions.

Extending scalars fromA to the fieldK , we obtain a finite dimensionalK-algebra
HK D K ˝A H, with basis .Tw/w2W . It is well known that HK is split semisimple
and abstractly isomorphic to the group algebra of W overK; see, for example, [18,
Remark 3.1]. Let Irr.HK/ be the set of irreducible characters of HK . We write this
set in the form

Irr.HK/ D f�� j � 2 �g;

where � is some finite indexing set. If � 2 �, we denote by d� the degree of ��.
We have a symmetrizing trace � WHK ! K defined by �.T1/ D 1 and �.Tw/ D 0

for 1 ¤ w 2 W ; see [20, Sect. 8.1]. The fact that HK is split semisimple yields that

� D
X

�2�

1

c�
�� where 0 ¤ c� 2 RŒ� �:

The elements c� are called the Schur elements. There is a unique a.�/ 2 �>0 and a
positive real number r� such that

c� 2 r� v�2a.�/ CA>�2a.�/I

see [12, Definition 3.3]. The number a.�/ is called the a-invariant of ��. Using the
orthogonal representations defined in [12, Sect. 4], we obtain the leading matrix
coefficients cijw;� 2 R for � 2 � and 1 6 i; j 6 d�. See [12, Sect. 4] for further
general results concerning these coefficients.

Following [18, Definition 3.3], we say that

� H is integral if cijw;� 2 Z for all � 2 � and 1 6 i; j 6 d�;
� H is normalized if r� D 1 for all � 2 �.

The relevance of these notions is given by the following result.

Theorem 2.1 (See [12, Sect. 4] and [18, Lemma 3.8]). Assume that H is integral
and normalized.

(a) We have cijw;� 2 f0;˙1g for all w 2 W , � 2 � and 1 6 i; j 6 d�.

(b) For any � 2 � and 1 6 i; j 6 d�, there exists a unique w 2 W such that cijw;� ¤
0; we denote that element by w D w�.i; j /. The correspondence .�; i; j / 7!
w�.i; j / defines a bijective map

f.�; i; j /g j � 2 �; 1 6 i; j 6 d�g �! W:
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(c) For a fixed � 2 � and 1 6 k 6 d�,

(i) L�;k WD fw�.i; k/ j 1 6 i 6 d�g is contained in a left cell;
(ii) R�;k WD fw�.k; j / j 1 6 j 6 d�g is contained in a right cell.

Remark 2.2. Assume that Lusztig’s conjectures (P1)–(P15) in [30, Sect. 14.2] hold
for H. Assume also that H is normalized and integral. Combining [15, Corollary
4.8] and [18, Lemma 3.10], we conclude that the sets L�;k and R�;k are precisely
the left cells and the right cells of W , respectively.

Now let W D Wn be the Coxeter group of type Bn as in Sect. 1; let Hn be the
associated Iwahori–Hecke algebra with respect to the weight function L D La;b
where a; b > 0.

Proposition 2.3. Assume that a > 0 and b 62 fa; 2a; : : : ; .n � 1/ag. Then Hn is
integral and normalized.

Proof. The fact that Hn is normalized follows from the explicit description of a.�/
in [30, Proposition 22.14]. To show that Hn is integral, we follow again the discus-
sion in [18, Example 3.6] where we showed that Hn is integral if b > .n � 1/a.
So we may, and we will, assume from now on that b < .n � 1/a. Since b 62
fa; 2a; : : : ; .n�1/ag, there exists a unique r > 0 such that ra < b < .rC1/a. Given
� 2 �, let QS� be the Specht module constructed by Dipper–James–Murphy [8].
There is a non-degenerateHn-invariant bilinear form h ; i� on QS�. Let fft j t 2 T�g
be the orthogonal basis constructed in [8, Theorem 8.11], where T� is the set of all
standard bitableaux of shape �. Using the recursion formula in [9, Proposition 3.8],
it is straightforward to show that, for each basis element ft , there exist integers
st ; ati; btj; ctk; dtl 2 Z such that at i > 0, btj > 0, and

hft ; ft i� D v2sta �
Q

i .1C v2a C � � � C v2atia/
Q

j .1C v2a C � � � C v2btj a/
�
Q

k

�

1C v2.bCctka/
�

Q

l

�

1C v2.bCdtla/
� :

In [18, Example 3.6], we noticed that we also have b C ctka > 0 and b C dt la > 0
if b > .n� 1/a, and this allowed us to deduce that Hn is integral in that case. Now,
if we only assume that ra < b < .r C 1/a, then b C ctka and b C dt la will no
longer be strictly positive, but at least we know that they cannot be zero. Thus, there
exist ht ; h0

t ; mtk; m
0
t l
2 Z such that

Y

k

�

1C v2.bCctka/
� D v2ht

Y

k

�

1C v2mtk
�

where mtk > 0;

Y

l

�

1C v2.bCdtla/
� D v2h

0

t

Y

l

�

1C v2m
0

tl

�

where m0
t l
> 0:

Hence, setting

Qft WD v�sta�ht Ch0

t �
�
Y

j

.1C v2a C � � � C v2btj a/
�

�
�
Y

l

.1C v2m
0

tl /
�

� ft ;

we obtain h Qft ; Qft i� 2 1 C vZŒv� for all t . We can then proceed exactly as in [18,
Example 3.6] to conclude that Hn is integral. ut
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The above result, in combination with Theorem 2.1, provides a first approxi-
mation to the left and right cells of Wn. By Remark 2.2, the sets L�;k and R�;k

should be precisely the left and right cells, respectively. In this context, Conjec-
ture A would give an explicit combinatorial description of the correspondence
.�; i; j / 7! w�.i; j /.

2.2 Cellular Bases

Let us assume that we are in the setting of Conjecture A. As announced in
Remark 1.5, we believe that then the Kazhdan–Lusztig basis of Hn will be cel-
lular in the sense of Graham–Lehrer [24]. To state this more precisely, we have to
introduce some further notation. Let .Cw/w2Wn

be the Kazhdan–Lusztig basis of
Hn; the element Cw is uniquely determined by the conditions that

C w D Cw and Cw � Tw mod Hn;>0;

where Hn;>0 D P

w2Wn
A>0Tw and the bar denotes the ring involution defined in

[30, Lemma 4.2]. Furthermore, let � W Hn ! Hn be the unique anti-automorphism
such that T �

w D Tw�1 for all w 2 Wn. We also have C �
w D Cw�1 for any w 2 Wn.

Now assume that a > 0 and b 62 fa; 2a; : : : ; .n�1/ag. If b < .n�1/a, let r > 0

be such that ra < b < .rC1/a. If b > .n�1/a, let r be any natural number greater
than or equal to n � 1.

We set �r WD Pr .n/ and consider the partial order on �r given by the dom-
inance order E on partitions. For � 2 �r , let Mr .�/ denote the set of standard
domino tableaux of shape �. If .S; T / 2 Mr .�/ � Mr .�/, let Cr.S; T / WD Cw

where .S; T / D .P r .w/;Qr.w//.

Conjecture C. With the above notation, .�r ;Mr ; Cr ;�/ is a cell datum in the sense
of Graham–Lehrer [24, Definition 1.1].

The existence of a cellular structure has strong representation-theoretic appli-
cations. For the remainder of this section, assume that Conjecture C is true. Let
	 WA ! k be a ring homomorphism into a field k. Extending scalars from A to k,
we obtain a k-algebra Hn;k WD k˝AHn which will no longer be semisimple in gen-
eral. The theory of cellular algebras [24] provides, for every � 2 �r , a cell module
S� of Hn;k , endowed with an Hn;k-equivariant bilinear form 
�. We set

D� WD S�=rad
� for every � 2 �r :

Let �ı
r WD fD� j � 2 �r such that 
� ¤ 0g. Then we have

Irr.Hn;k/ D fD� j � 2 �ı
rgI see Graham–Lehrer [24, Theorem 3.4]:

Thus, we obtain a natural parametrization of the irreducible representations of Hn;k

by the set �ı
r 	 �r .



40 C. Bonnafé et al.

Remark 2.4. Assume that b > .n � 1/a > 0. Then Conjecture C holds by
[16, Corollary 6.4]. In this case, the set �ı

r is determined explicitly by Dipper–
James–Murphy [8] and Ariki [1]. Finally, it is shown in [22] that the cell modules
S� are canonically isomorphic to the Specht modules defined by Dipper–James–
Murphy [8].

Remark 2.5. Now consider arbitrary values of a; b such that a > 0 and b 62
fa; 2a; : : : ; .n� 1/ag. Then, assuming that the conjectured relation (cC) in Remark
1.2 holds, a description of the set �r follows from the results of Geck–Jacon [19]
on canonical basic sets. Indeed, one readily shows that the set �ı

r coincides with
the canonical basic set determined by [19]. Thus, by the results of [19], we have
explicit combinatorial descriptions of �ı

r in all cases. Note that these descriptions
heavily depend on a; b and 	 WA! k.

It is shown in [17] that, if a D 2 and b D 1 or 3, then the sets �ı
r parametrize

the modular principal series representations of the finite unitary groups.

3 Domino Insertion

The aim of this section is to describe the domino insertion algorithm and to provide
some theoretical evidences for Conjecture A. For this purpose we will seeWn as the
group of permutations w of f�1;�2; : : : ;�ng [ f1; 2; : : : ; ng such that w.�i/ D
�w.i/ for any i . The identification is as follows: t corresponds to the transposition
.1;�1/ and si to .i; iC1/.�i;�i�1/. If r 6 n, we identifyWr with the subgroup of
Wn generated by Sr D ft; s1; s2; : : : ; sr�1g. The symmetric group of degree n will
be denoted by Sn: when necessary, we shall identify it in the natural way with the
subgroup of Wn generated by fs1; s2; : : : ; sn�1g. Let t1 D t and, if 1 6 i 6 n � 1,
let tiC1 D si tisi . As a signed permutation, ti is just the transposition .i;�i/.
Remark 3.1. Since we shall be interested in various descent sets of elements ofWn,
we state here for our future needs the following two easy facts. Let w 2 Wn. Then
the following hold.

(a) If 1 6 i 6 n � 1, then `.wsi / > `.w/ if and only if w.i/ < w.i C 1/.
(b) If 1 6 i 6 n, then `.wti / > `.w/ if and only if w.i/ > 0.

3.1 Partitions and Tableaux

We refer to [27,33] for further details of the material in this section. We shall assume
some familiarity with (standard) Young tableaux.

Let � D .�1 > �2 > � � � > �l.�/ > 0/ be a partition of n D j�j D �1 C �2 C
� � � C �l.�/. We will not distinguish between a partition � and its Young diagram
(often denoted D.�/). Our Young diagrams will be drawn in the English notation
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so that the boxes are upper-left justified. When � and � are partitions satisfying
� 
 �, we will use �=� to denote the shape corresponding to the set-difference of
the diagrams of � and �. We call �=� a domino if it consists of exactly two squares
sharing an edge.

The 2-core (or just core) e� of a shape � is obtained by removing dominoes
from �, keeping the shape a partition, until this is no longer possible. The parti-
tione� does not depend on how these dominoes are removed. Every 2-core has the
shape of a staircase ır D .r; r � 1; : : : ; 0/ for some integer r > 0.

We denote the set of partitions by P and the set of partitions with 2-core ır
by Pr . The set of all partitions � satisfying the conditions:

e� D ır and j�j D jır j C 2n

will be denoted by Pr .n/. Note that P DSr;n Pr.n/ is a disjoint union.
A .standard/ domino tableau D of shape � 2 Pr .n/ consists of a tiling of the

shape �=e� by dominoes and a filling of the dominoes with the integers f1; 2; : : : ; ng,
each used exactly once, so that the numbers are increasing when read along either
the rows or columns. The value of a domino is the number written inside it. We will
denote by domi the domino with the value i inside. We will also write sh.D/ D �

for the shape of D. An equivalent description of the domino tableau D is as the se-
quence of partitions fe� D �0 
 �1 
 � � � 
 �n D �g, where sh.domi / D �i=�i�1.
If the values of the dominoes in a tableauD are not restricted to the set f1; 2; : : : ; ng
(but each value occurs at most once), we will call D an injective domino
tableau.

We now describe a number of operations on standard Young and domino tableaux
needed in the sequel. One may obtain a standard Young tableau T D T .D/ from
a domino tableau D by replacing a domino with the value i in D by two boxes
containing Ni and i in T . The boxes are placed so that T is standard with respect to
the order N1 < 1 < N2 < 2 < � � � . If D has shape �, then T .D / will have shape
�=e�. Suppose now that Y is a standard Young tableau of shapee� filled with letters
smaller than any of the letters occurring in D. Define TY .D/ by “filling” in the
empty squares in T .D/ with the tableau Y .

Let T be a standard Young tableau and i a letter occurring in T . The conversion
process proceeds as follows (see [25, 33]). Replace the letter i in T with another
letter j . The resulting tableau may not be standard; so we repeatedly swap j with its
neighbours until the tableau is standard. We say that the value i has been converted
to j .

Now let T be any standard Young tableau filled with barred Ni and non-barred let-
ters i . Define T neg by successively converting barred letters Ni to negative letters �i ,
starting with the smallest letters. The main fact that we shall need is that the oper-
ation “neg” is invertible. We refer the reader to [33] for a full discussion of these
operations.
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3.2 The Barbasch–Vogan Domino Insertion Algorithm

The Robinson–Schensted correspondence establishes a bijection

� $ .P.�/;Q.�//

between permutations � 2 Sn and pairs of standard tableaux with the same shape
and size n (see [34]). Domino insertion generalizes this by replacing the symmetric
group with the hyperoctahedral group. It depends on the choice of a core ır , and
establishes a bijection betweenWn and pairs .P r ;Qr/ of standard domino tableaux
of the same shape � 2 Pr .n/. There are in fact many such bijections, but we will
be concerned only with the algorithm introduced by Barbasch and Vogan [2] and
later given a different description by Garfinkle [10]. We now describe this algorithm
following the more modern expositions [27, 33].

Let D be an injective domino tableau with shape � such that i > 0 is a
value which does not occur in D. We describe the insertion E D D  i (or
E D D  �i ) of a horizontal (vertical) domino with value i intoD. LetD<i 
 D
denote the sub-domino tableau of D containing all dominoes with values less than
i . If � has a 2-core Q�, then we will always assume that Q� 
 sh.D<i /. Let E6i be
the domino tableau obtained from D<i by adding an additional vertical domino in
the first column or an additional horizontal domino in the first row labeled i .

For j > i , we define E6j , supposing that E6j�1 is known. If D contains no
domino labeled j , then E6j D E6j�1; otherwise let domj denote the domino in
D labeled j . Let � D sh.E6j�1/. We now distinguish four cases:

1. If � \ domj D ; do not touch, then we set E6j D E6j�1 [ domj .
2. If � \ domj D .k; l/ is exactly one square in the kth row and l th column, then

we add a domino containing j to E6j�1 to obtain the tableau E6j which has
shape �[ domj [.k C 1; l C 1/.

3. If � \ domj D domj and domj is horizontal, then we bump the domino domj

to the next row, by setting E6j to be the union of E6j�1 with an additional
(horizontal) domino with value j one row below that of domj .

4. If � \ domj D domj and domj is vertical, then we bump the domino domj

to the next column, by setting E6j to be the union of E6j�1 with an additional
(vertical) domino with value j one column to the right of domj .

Finally, we let E D limj!1E6j .
Let w D w.1/w.2/ � � �w.n/ 2 Wn be a hyperoctahedral permutation written

in one-line notation. Thus, for each i , we have w.i/ 2 f˙1;˙2; : : : ;˙ng; fur-
thermore, jw.1/jjw.2/j � � � jw.n/j 2 Sn is a usual permutation. Let ır be a 2-core
assumed to be fixed. Then the insertion tableau P r .w/ is defined as ..: : : ..ır  
w.1//  w.2// � � � /  w.n//. The sequence of shapes obtained in the process
defines another standard domino tableau called the recording tableau Qr.w/ of
w 2 Wn. The insertion tableau P r .w/ can of course be defined for any sequence
w D w.1/w.2/ � � �w.n/ such that jw.i/j ¤ jw.j /j for i ¤ j .
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The following theorem is due to Barbasch–Vogan [2] and Garfinkle [10] when
r D 0; 1 and extended by van Leeuwen [28] to larger cores.

Theorem 3.2. Fix r > 0. The domino insertion algorithm defines a bijection be-
tween w 2 Wn and pairs .P;Q/ of standard domino tableaux of the same shape
lying in Pr.n/. This bijection satisfies the equality P r .w/ D Qr.w�1/.

It is easy to see that the bijectivity in Theorem 3.2 together with Conjec-
ture AC would imply that the relevant left cell representations are irreducible.
This is consistent with the conjecture that left cell representations for Wn are ir-
reducible for “generic parameters” and in particular if b … fa; 2a; : : : ; .n � 1/ag
(see Proposition 2.3).

We have computational evidences for Conjectures A, AC and B: they were
checked for n 6 6 using CHEVIE [21] and Coxeter [7]. In the rest of this sec-
tion, we shall give theoretical evidences for Conjecture A and AC (induction of
cells, multiplication by the longest element, link to [30, Conjecture 25.3], asymp-
totic case, quasi-split case, right descent sets, coplactic relations).

3.3 Conjecture A and Lusztig’s Conjecture 25.3

There is an alternative description (in the case where r D 0, 1, it is in fact the
original description of Barbasch and Vogan) of domino insertion. As we will now
explain, it is related to [30, Conjecture 25.3]. Let us fix in this subsection a Coxeter
group .W; S/ of type A2nCr.rC1/=2�1. Let 
 be the unique non-trivial automor-
phism of W such that 
.S/ D S . If J is a subset of S , we denote by WJ the
parabolic subgroup of W generated by J and let wJ denote the longest element
of WJ .

Let I be the unique connected (when we view it as a subdiagram of the Dynkin
diagram of .W; S/) subset of S of cardinality r.r C 1/=2 � 1 (or 0 if r D 0) such
that 
.I / D I :

� � : : : � � � : : : � � � : : : �

„ ƒ‚ …

n
„ ƒ‚ …

r.rC1/
2 �1

„ ƒ‚ …

n

I
‚ …„ ƒ

Let W denote the subgroup ofW consisting of all elements w such that wWIw�1 D
WI , and w has minimal length in wWI (see [30, Sect. 25.1]). If ˝ is a 
-orbit in
S n I , we set s˝ D wI[˝wI . If 0 6 i 6 n � 1, let ˝i denote the orbit of 
 in
S n I consisting of elements which are separated from I by i nodes in the Dynkin
diagram. Then f˝0;˝1; : : : ;˝n�1g is the set of orbits of 
 in S n I . Moreover,
there is a unique morphism of groups �r W Wn ! W� that sends t to s˝0

and si to
s˝i

(for 1 6 i 6 n � 1). It is an isomorphism of groups (see [30, Sect. 25.1]).
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The morphism �r can be described explicitly in the language of signed permuta-
tions. First, identifyW with the permutation group of the following 2nCr.rC1/=2
elements (ordered according to the ordering of S ):

f�n < �.n � 1/ < � � � < �1 < 01 < 02 < � � � < 0r.rC1/=2 < 1 < 2 < � � � < ng;

so that the subgroup WI (which is isomorphic to Sr.rC1/=2) acts on the elements
f01; 02; : : : ; 0r.rC1/=2g. Let w D w.1/w.2/ � � �w.n/ 2 Wn. Then the two-line nota-
tion of �r.w/ is given by

� �n � � � �1 01 � � � 0r.rC1/=2 1 2 � � � n

�w.n/ � � � �w.1/ 01 � � � 0r.rC1/=2 w.1/ w.2/ � � � w.n/
�

: (1)

Now, let c0 denote the two-sided cell ofWI which has “shape” ır . If w, w0 2 Sn,
we write w 'S w0 if Q.w/ D Q.w0/ (the equivalence relation 'S defines the
Robinson–Schensted left cells of Sn, which coincide with the Kazhdan–Lusztig
left cells [26, Sect. 5]).

Theorem 3.3. Fix x 2 c0. Let w 2 Wn, r > 0 and � D �r .w/x 2 S2nCr.rC1/=2.
Then we have

.TP.x/.P
r .w///neg D P.�/ and .TQ.x/.Q

r.w///neg D Q.�/:

Since neg is invertible, in particular w 'r w0 if and only if �r .w/x 'S �r.w0/x.

For the construction of TP.x/.P r .w// in Theorem 3.3, we are using the ordering
01 < 02 < � � � < 0r.rC1/=2 < N1 < 1 < N2 < 2 < � � � < Nn < n. In the case where
r D 0 or 1, Theorem 3.3 is essentially [28, Theorem 4.2.3] with different notation.
To generalize the result to all r > 0, we follow the approach of [33].

Proof. For the case r D 0, the theorem is exactly [33, Theorem 32]. We now ex-
plain, assuming familiarity with [33], how to extend the result to larger cores. It
is shown in [33, Lemma 31] that a domino insertion D  i can be imitated by
doubly mixed insertion, denoted by Pm� . The proof of [33, Lemma 31] is local and
remains valid when we replace D<i by any Young tableau of the same shape, filled
with “small” letters. More precisely, their proof shows that TP.x/.P r .w// can be
obtained by doubly mixed insertion of a “biword” wdup (explicitly defined in [33])
into P.x/. Thus one has

TP.x/.P
r .w// D Pm�.x t wdup/; (2)

where a t b denotes the word obtained from concatenating a and b. In the notation
of [33], x here is a biword with no bars so that Pm�.x/ D P.x/.

Now [33, Theorem 21 and Proposition 14] connect doubly mixed insertion with
usual Schensted insertion via the equation

Pm�.u/neg D P.uinv neg inv neg/: (3)
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The operation denoted “inv neg inv neg” in [33] applied to x t wdup coincides with
our inclusion �r.w/x. Combining (2) and (3), one obtains

.TP.x/.P
r .w///neg D P.�/:

The statement about recording tableau is obtained analogously, or using the equation
Q.�/ D P.��1/ D P.x�1�r.w/�1/ D P.�r .w�1/x�1/. ut
Remark 3.4. Note that the last statement of Theorem 3.3 does not depend on the
choice of x 2 c0.

Corollary 3.5. If r > 0 and if .a; b/ D .2; 2r C 1/, then Conjecture A(c) agrees
with [30, Conjecture 25.3] for the case .W; S; I; 
/ described above.

3.4 Longest Element

Let w0 denote the longest element of Wn: it is equal to t1t2 : : : tn (or to �1 �2
. . .�n in the one line notation). It is a classical result that two elements x and y
in Wn satisfy x �L y if and only if w0x �L w0y. The next result shows that the
relations'r share the same property.

Proposition 3.6. Let r > 0 and let x, y 2 Wn. Then x 'r y if and only if w0x
'r w0y.

Proof. This follows from the easy fact that P r .w0x/ (resp. Qr .w0x/) is the conju-
gate (i.e., the transpose with respect to the diagonal) of P r .x/ (resp. Qr.x/), and
similarly for y. ut

3.5 Induction of Cells

Let m 6 n. Let Xnm denote the set of elements w 2 Wn which have minimal length
in wWm. It is a cross-section of Wn=Wm. By Remark 3.1, an element x 2 Wn
belongs to Xnm if and only if 0 < x.1/ < x.2/ < � � � < x.m/. A theorem of Geck
[13] asserts that if C is a Kazhdan–Lusztig left cell of Wm (associated with the
restriction of La;b to Wm), then XnmC is a union of Kazhdan–Lusztig left cells of
Wn. The next result shows that the same hold if we replace Kazhdan–Lusztig left
cell by left r-cell.

Proposition 3.7. Let r > 0. If C is a left r-cell of Wm, then XnmC is a union of left
r-cells of Wn.

Proof. Let w, w0 2 Wm and x, x0 2 Xnm be such that xw 'r x0w0 (in Wn).
We must show that w 'r w0 (in Wm). For the purpose of this proof, we shall
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denote by .P rn .w/;Q
r
n.w// (resp. .P rm.w/;Q

r
m.w//) the pair of standard domino

tableaux obtained by viewing w as an element of Wn (resp. of Wm). Then, since x
is increasing on f1; 2; : : : ; mg and takes only positive values, the dominoes filled
with f1; 2; : : : ; mg in the recording tableau Qr

n.xw/ are the same as the one in the
recording tableauQr

n.w/. In particular,Qr
m.w/ is obtained fromQr

n.xw/ by remov-
ing the dominoes filled by fm C 1;m C 2; : : : ; ng. Similarly, Qr

m.w
0/ is obtained

from Qr
n.x

0w0/ by removing the dominoes filled by fmC 1;m C 2; : : : ; ng. Since
Qr
n.xw/ D Qr

n.x
0w0/ by hypothesis, we have that Qr

m.w/ D Qr
m.w

0/. In other
words, w 'r w0 in Wm. ut
Corollary 3.8. Let r > 0 and let x and y be two elements of Wm. Then x 'r y in
Wm if and only if x 'r y in Wn.

The previous corollary shows that it is not necessary to make the ambient group
precise when one studies the equivalence relation'r .

Geck’s result [13] is valid for any Coxeter group and any parabolic subgroup.
We shall investigate now the analogue of Proposition 3.7 for the parabolic subgroup
Sn of Wn. We denote by X.n/ the set of elements w 2 Wn which have minimal
length in wSn. It is a cross-section of Wn=Sn. By Remark 3.1, an element w 2 Wn
belongs to X.n/ if and only if w.1/ < w.2/ < � � � < w.n/.

Proposition 3.9. Let r > 0 and let C be a Robinson–Schensted left cell of Sn.
Then X.n/C is a union of domino left cells for'r .
Proof. Let w;w0 2 Sn and x; x0 2 X.n/ be such that xw 'r x0w0 in Wn. We
must show that w 'S w0. It is well known that for two words a1a2 � � �ak and
b1b2 � � �bk , one has Q.a1a2 � � �ak/ D Q.b1b2 � � �bk/ H) Q.aj ajC1 � � �al / D
Q.bjbjC1 � � �bl/ for any 1 6 j 6 l 6 k. Indeed, this is Geck’s result [13]
for Sn.

By Theorem 3.3, we have Q.�r.xw/c/ D Q.�r.x0w0/c/ for any c 2 c0. Treating
ir.xw/c as a word using (1), we thus have

Q.xw.1/ xw.2/ � � � xw.n// D Q.x0w0.1/ x0w0.2/ � � � x0w0.n//:

But x.1/ < x.2/ < � � � < x.n/, so that this is equivalent to Q.w/ D Q.w0/. ut
If x 2 Xnm, and if w, w0 2 Wm are such that w �L w0 in Wm, then a result of

Lusztig [30, Proposition 9.13] asserts that wx�1 �L w0x�1. The next result shows
that the same statement holds if we replace �L by'r .
Proposition 3.10. Let r > 0, x 2 Xnm and w, w0 2 Wm be such that w 'r w0. Then
wx�1 'r w0x�1.

Proof. Let us use here the notation of the proof of Proposition 3.7. So we assume
that P rm.w

�1/ D P rm.w
0�1/ and we must show that P rn .xw�1/ D P rn .xw0�1/.

Let D D ..: : : ..ır  xw�1.1//  xw�1.2// � � � /  xw�1.m// and D0 D
..: : : ..ır  xw0�1.1// xw0�1.2// � � � / xw0�1.m//. Since w�1.i/ D i if i >
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mC 1, we have P rn .xw�1/ D ..: : : ..D  x.mC 1// x.mC 2// � � � / x.n//

and similarly for P rn .xw0�1/. Therefore, we only need to show that D D D0. But,
since w�1 stabilizes f˙1;˙2; : : : ;˙mg and since x is increasing on f1; 2; : : : ; mg
and takes only positive values, it follows from the domino insertion algorithm that
D is obtained fromP rm.w

�1/ by applying x, or in other words replacing the domino
domi by domx.i/. Similarly, D0 is obtained from P rm.w

0�1/ by applying x. Since
P rm.w

�1/ D P rm.w0�1/ by hypothesis, we get that D D D0, as desired. ut
As for Geck’s result, Lusztig’s result [30, Proposition 9.13] is valid for any

parabolic subgroup of any Coxeter group. The next result is the analogue of Propo-
sition 3.10 for the parabolic subgroup Sn of Wn.

Proposition 3.11. Let r > 0, x 2 X.n/ and w, w0 2 Sn be such that w 'S w0.
Then wx�1 'r w0x�1.

Proof. We must show that P r .xw�1/ D P r .xw0�1/ knowing that P.w�1/ D
P.w0�1/. For u 2 Wn, denote by uS the word u.1/ u.2/ � � � u.n/ and u�S the
word �u.n/ � u.n� 1/ � � � � u.1/. The equation P.w�1/ D P.w0�1/ gives

P..xw�1/S/ D P..xw0�1/S/ and P..xw�1/�S/ D P..xw0�1/�S/; (4)

where we are comparing pairs of standard Young tableaux filled with the set of
letters fx.1/; x.2/; : : : ; x.n/g (resp. .f�x.1/;�x.2/; : : : ;�x.n/g).

By Theorem 3.3, it is enough to show that P.�r .xw�1/c/ D P.�r .xw0�1/c/ for
some fixed c 2 c0. Using (1), we may write �r.xw�1/c in one-line notation as the
concatenation .xw�1/�S t c t .xw�1/S. It is well known that if a; a0; b are words
such that P.a/ D P.a0/, then one has P.a t b/ D P.a0 t b/ (this is Lusztig’s
result [30, Proposition 9.11] for the symmetric group). Combining this with (4),
we obtain P..xw�1/�S t c t .xw�1/S/ D P..xw0�1/�S t c t .xw0�1/S/, as
desired. ut
Remark 3.12. The Propositions 3.7, 3.9–3.11 generalize [4, Proposition 4.8] (which
corresponds to the asymptotic case).

3.6 Asymptotic Case, Quasi-Split Case

We now prove Conjectures A for r D 0; 1 and r > n � 1.

Theorem 3.13. Conjectures A and AC are true for r > n � 1.

Proof. Let r > n � 1, and let D be a domino tableau with shape � 2 Pr.n/. The
dominoes fdomi j i 2 f1; 2; : : : ; ngg can be decomposed into the two disjoint col-
lections DC D fdomi j domi is horizontalg and D� D fdomi j domi is verticalg
such that all the dominoes in DC lie strictly above and to the right of all the domi-
noes in D�. We call a tableau satisfying this property segregrated. If the collection
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of dominoes DC is left justified, and each domino replaced by a single box, one
obtains a usual Young tableau. Similarly, if the dominoes D� are justified upwards
and changed into boxes, one obtains a usual Young tableau.

In other words, D can be thought of as a union of two usual tableau DC and
D� so that the union of the values in DC and in D� is the set f1; 2; : : : ; ng. To be
consistent with the remaining discussion, we in fact define D� to be the conjugate
(reflection in the main diagonal) of the Young tableau obtained from the dominoes
D�, as described above.

Domino insertion is compatible with this decomposition so that the following
diagram commutes:

ŒwC;w�� �RS insertion
Œ.P rC.w/;QrC.w//; .P r�.w/;Qr�.w//�

w �domino insertion
.P r .w/;Qr.w//

� �

Here wC denotes the subword of w consisting of positive letters and w� denotes the
subword consisting of negative letters, with the minus signs removed. In [5] and [3,
Corollary 5.2], it is shown for r > n � 1 and w;w0 2 Wn that w �L w0 if and
only if Q.wC/ D Q.w0C/ and Q.w�/ D Q.w0�/; similar results hold for �R and
�LR. Since Q.wC/ D QrC.w/ and Q.w�/ D Qr�.w/, we have w �L w0 if and
only if Qr.w/ D Qr.w0/, establishing Conjectures A and AC in this case for left
cells. A similar argument works for right cells and two-sided cells, using also the
classification of two-sided cells in [3]. ut
Theorem 3.14. Conjecture A is true if a D 2b or if 3a D 2b.

Proof. In [29], Lusztig determined the left cells ofWn with parameters b D .2rC1/
a=2 for r 2 f0; 1g as follows. When r 2 f0; 1g, we have I D ; in the notation of
Sect. 3.3. The equal parameter weight function L on S2nCr restricts to the weight
functionLb;a on �r .Wn/, where b D .2r C 1/a=2. Lusztig [29, Theorem 11] shows
that each left cell ofWn is the intersection of a left cell of S2nCr with �r.Wn/. Thus,
w 'L w0 in Wn if and only if �r.w/ 'S �r .w0/ in S2nCr . When r 2 f0; 1g, there
is no need for the element x 2 c0 in Theorem 3.3; so one obtains Conjecture A for
r 2 f0; 1g. ut

3.7 Right Descent Sets

If r > 0, let S .r/n D fs1; s2; : : : ; sn�1g [ ft1; : : : ; tr g (if r > n, then S .r/n D S .n/n ). If
w 2 Wn, let

R.r/
n .w/ D fs 2 S .r/n j `.ws/ < `.w/g
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be the extended right descent set of w. The following proposition is easy:

Proposition 3.15. Let x and y be two elements of Wn. Then:

(a) If x 'r y, then R.rC1/
n .x/ D R.rC1/

n .y/.
(b) If b > ra and if x �L y, then R.rC1/

n .x/ D R.rC1/
n .y/.

Proof. If r > n�1, then statements (a) and (b) are equivalent by Theorem 3.13; see
also Remark 1.6(b). But, in this case, (b) has been proved in [4, Proposition 4.5].
So, let us assume from now on that r < n � 1. We shall prove (a) and (b) together.
Let us set

Rs.x/ D fs 2 fs1; : : : ; sn�1g j `.xs/ < `.x/g;
R.r/
t .x/ D fs 2 ft1; : : : ; tr g j `.xs/ < `.x/g:

Then R.r/
n .x/ D Rs.s/ [R.r/

t .x/.
Write x D ux0 and y D vy0, with u, v 2 XnrC1 and x0, y0 2 WrC1. Since

`.ux0/ D `.u/ C `.x0/ (and similarly for ux0s for any s 2 WrC1), we have that
R.rC1/
t .x/ D R.rC1/

t .x0/. Similarly, R.rC1/
t .y/ D R.rC1/

t .y0/. But, if x and y
satisfy (a) or (b), then R.rC1/

t .x0/ D R.rC1/
t .y 0/: indeed, this follows from the

fact that (a) and (b) have been proved in the asymptotic case and, in case (a), from
Proposition 3.7 and, in case (b), from [13].

Now it remains to show that Rs.x/ D Rs.y/ if x and y satisfy (a) or (b). In
case (b), this follows from [30, Lemma 8.6]. So assume now that x 'r y. Write
x D u0
 and y D v0� , with u, v 2 X.n/ and 
 , � 2 Sn. As in the previous case, we
have Rs.x/ D Rs.
/ and Rs.y/ D Rs.�/. Moreover, by Proposition 3.9, we have

 'S � . It is well known that it implies that Rs.
/ D Rs.�/. ut
Remark 3.16. Proposition 3.15 (a) can also be deduced from [33, Lemma 33] or [27,
Lemma 9].

3.8 Coplactic Relations

If x and y are two elements of Wn such that `.x/ 6 `.y/, then we write x ^r y

if there exists s 2 S .0/n and s0 2 S .r/n such that y D sx and `.s0x/ < `.x/ <

`.y/ < `.s0y/. If `.x/ > `.y/, then we write x ^r y if y ^r x. Let�r denote the
reflexive and transitive closure of ^r .

Remark 3.17. (a) If x �r y, then `t .x/ D `t .y/. Here, `t .w/ denotes the number
of occurrences of the generator t in a reduced expression for w 2 Wn
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(b) If r 0 > r and if x �r y, then x �r0 y (indeed, if x ^r y, then x ^r 0 y: this
just follows from the fact that S .r/n 
 S .r

0/
n ). Moreover, the relations�n and�r

are equal if r > n.
(c) If r > n� 1, then x �r y if and only if x �n�1 y. Let us prove this statement.

By (b) above, we only need to show that if x ^n y, then x ^n�1 y. For this, we
may assume that `.y/ > `.x/. So there exists i 2 f1; 2; : : : ; n�1g and s0 2 S .n/n
such that y D six and `.s0x/ < `.x/ < `.six/ < `.s0six/. If s0 2 S .n�1/

n then
we are done. So we may assume that s0 D tn. Therefore, the first inequality says
that x�1.n/ < 0 and the last inequality says that x�1si .n/ > 0. This implies
that i D n�1. Consequently, we have x�1.n/ < 0 and x�1.n�1/ > 0. But the
middle inequality says that x�1.n� 1/ < x�1.n/; so we obtain a contradiction
with the fact that s0 D tn.

(d) If b > ra and if r > n � 1, then it follows from Theorem 3.13, from [5,
Proposition 3.8] and from (a), (b) and (c) above that the relations �L, 'r and
�r coincide.

Proposition 3.18. Let x and y be two elements of Wn such that x �r y. Then the
following hold:

(i) x 'r y.
(ii) If b > ra, then x �L y.

Proof. We may, and we will, assume that x ^r y. By symmetry, we may also
assume that `.y/ > `.x/. We shall prove (i) and (ii) together. There exists s 2 S .0/n
and s0 2 S .r/n such that y D sx and `.s0x/ < `.x/ < `.y/ < `.s0y/. Two cases
may occur:

� If s0 2 S .0/n , then write x D x0u�1 and y D y0v�1 with x0, y0 2 Sn and u,
v 2 X.n/. Then y 0 D sx0, u D v and `.s0x0/ < `.x0/ < `.y0/ < `.s0y 0/. It is
well known that it implies that Q.x0/ D Q.y0/ (Knuth relations), so x0 'S y0
and x0 �L y0. Therefore, since moreover u D v, it follows from Proposition 3.11
(resp. [30, Proposition 9.13]) that x 'r y (resp. x �L y).

� If s0 62 S .0/n , then we write s D si and s0 D tj . Then the relations y D sx and
`.s0x/ < `.x/ < `.y/ < `.s0y/ imply that x�1.j / < 0 and x�1si .j / > 0. In
particular, s and s0 belong to WrC1. Now, write x D x0u�1 and y D y0v�1 with
x0, y0 2 WrC1 and u, v 2 XnrC1. Then y0 D sx0, u D v and `.s0x0/ < `.x0/ <
`.y0/ < `.s0y0/. By Remark 3.17 (d), this implies that x0 'r y0 and, if b > ra,
that x0 �L y0. Therefore, since moreover u D v, it follows from Proposition 3.11
(resp. [30, Proposition 9.13]) that x 'r y (resp. x �L y). ut
Even if we have both `t .x/ D `t.y/ and x 'r y, we do not necessarily have

x �r y. For example, let r D 0, n D 6 and take x D 5 6 1 4 2 �3 and y D 5 6
�1 4 3 2.
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4 Cycles and Conjecture B

4.1 Open and Closed Cycles

We now describe a more refined combinatorial structure of domino tableaux intro-
duced by Garfinkle [10]. We will mostly follow the setup of [32].

Let D be a domino tableau with shape � 2 Pr.n/. We call a square .i; j / 2 D
variable if iCj and r have the same parity, otherwise we call it fixed. If the domino
domi contains the square .k; l/, we write D.k; l/ D i .

Now let .k; l/ be the fixed square of domi . Suppose that domi occupies the
squares f.k; l/; .k C 1; l/g or f.k; l � 1/; .k; l/g. We define a new domino dom0

i

by letting it occupy the squares

1. f.k; l/; .k � 1; l/g if i < D.k � 1; l C 1/,
2. f.k; l/; .k; l C 1/g if i > D.k � 1; l C 1/.
Otherwise domi occupies the squares f.k; l/; .k; l C 1/g or f.k � 1; l/; .k; l/g. We
define a new domino dom0

i by letting it occupy the squares

1. f.k; l/; .k; l � 1/g if i < D.k C 1; l � 1/,
2. f.k; l/; .k C 1; l/g if i > D.k C 1; l � 1/.

Now define the cycle c D c.D; i/ of D through i to be the smallest union c
of dominoes satisfying that (i) domi 2 c and (ii) domj 2 c if domj \ dom0

k ¤ ;
or dom0

j \ domk ¤ ; for some domk 2 c. If c is a cycle of D, let M.D; c/ be
the domino tableau obtained from D by replacing each domino domi 2 c by dom0

i .
We call this procedure moving through c.

Theorem 4.1 ([10]). Let D be a domino tableau and c a cycle of D. Then
M.D; c/ is a standard domino tableau. Furthermore, if C is a set of cycles of
D, then the tableau M.D;C / obtained by moving through each c 2 C is defined
unambiguously.

We call a cycle c closed ifM.D; c/ has the same shape asD; otherwise we call c
open. Note that each (non-trivial) cycle c is in one of two positions, so that moving
through is an invertible operation.

4.2 Evidence for Conjecture B

The notion of open and closed cycles allows us to state a combinatorially more
precise version of Conjecture B.

Conjecture D. Assume that b D ra for some r > 1. Then the following hold for
any w, w0 2 Wn:

(a) w �L w0 if and only ifQr�1.w/ DM.Qr�1.w0/; C / for a set C of open cycles.
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(b) w �R w0 if and only ifP r�1.w/ D M.P r�1.w0/; C / for a set C of open cycles.
(c) w �LR w0 if and only if there exists a sequence of elements w D w1;

w2; : : : ;wk D w0 such that, for each i , some tableau with shape equal to
sh.P r�1.wi // D sh.Qr�1.wi // can be obtained from a tableau with shape
sh.P r�1.wi�1// D sh.Qr�1.wi�1// by moving through a set of open cycles.

Remark 4.2. (a) In an earlier version of this paper, part (c) of the above con-
jecture stated that w �LR w0 if and only if some tableau with shape equal
to sh.P r�1.w// D sh.Qr�1.w// can be obtained from a tableau with shape
sh.P r�1.w0// D sh.Qr�1.w0/ by moving through a set of open cycles. We
wish to thank Pietraho (private communication, 23 July 2007) for pointing out
to us that it is actually necessary to consider sequences of elements as above.

(b) Each cycle c of a domino tableau D is in one of two positions, and by
Theorem 4.1 they can be moved independently. Thus, Conjecture D would im-
ply that every left cell for the parameters b D ra would be a union of 2d left
cells for the parameters b D .2r�1/a

2
. Here d is equal to the number of open

cycles, which do not change the shape of the core, in one of the Q-tableaux in
Conjecture D. This is consistent with the fact that if b D ra with r > 1, then the
number of irreducible components of a constructible representation is a power
of 2 (see [30, Chap. 22]; see also with [29, (12.1)] for the equal parameter case).

We have the following theorem of Pietraho, obtained via a careful study of the
combinatorics of cycles.

Theorem 4.3 (Pietraho [31]). Conjecture B and Conjecture D are equivalent.

Some special cases of Conjectures B and D are known. The case b D a or r D 1
is known as the equal parameter case and is closely connected with the classification
of primitive ideals of classical Lie algebras.

Theorem 4.4 (Garfinkle [11]). Conjecture D is true for r D 1.

The asymptotic case follows from [3, 5].

Theorem 4.5. Conjecture D holds for r > n.

Proof. Let D be a domino tableau with shape � 2 Pq.n/ such that q > n � 1.
Then moving through any cycle ofD changes the shape of the core ofD. Thus (for
left cells) the condition Qq.w/ D M.Qq.w0/; C / in Conjecture D is the same as
the condition Qq.w/ D Qq.w0/. This agrees with the classification given in [5].
A similar argument works for right cells and two-sided cells, also using the classifi-
cation in [3]. ut
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Abstract Let Uq D Uq.gln/ be Lusztig’s divided power quantum general linear
group over the complex field with parameter q, a root of unity. We investigate the
category of finite-dimensional modules over Uq .

Lusztig’s famous character formula for simple modules over Uq is written purely
in terms of the affine Weyl group and its Hecke algebra, which are independent of q.
Our result may be viewed as the categorical version of this independence. Moreover,
our methods are valid over fields of positive characteristic.

The proof uses the modular representation theory of symmetric groups and fi-
nite general linear groups, and the notions of sl2-categorification and perverse
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algebras at different complex roots of unity are equal. The purpose of this chapter is
to interpret these equalities as consequences of Morita equivalences.

Our results extend to q-Schur algebras over fields of positive characteristic, as
long as the parameter q is in the prime subfield and we restrict to blocks ‘of abelian
defect’. The idea of the proof is to deal first with certain distinguished blocks, the
Rouquier blocks, and then use special derived equivalences, called perverse equiv-
alences, that arise from sl2-categorifications, to make a link to other blocks. This
second part is an inductive step, which is based on a result proven in a forthcoming
paper [CRa].

For the Rouquier blocks, the case of ground fields of characteristic 0 is more dif-
ficult, contrary to the usual expectation. The only known method to prove structure
theorems for these blocks is via local representation theory of finite groups. Over
fields of positive characteristic, we require finite general linear groups – hence the
insistence that the parameter q lies in the ground field. To obtain the result in charac-
teristic 0, we use a lifting argument; a more conceptual method would be desirable.

We formulate our main result in such a way as to also allow comparison between
Schur algebras at different roots of unity of the same order. Therefore as a bonus we
deduce that the q-Schur algebra Sk;q.r/ over a field k is isomorphic to the q0-Schur
algebra Sk;q0.r/ as k-algebras if k has characteristic 0 and q and q0 have the same
multiplicative order. Versions of this isomorphism result (see Corollary 4) have been
proven independently using other approaches: in characteristic zero by Rouquier
[Rou08a] via Cherednik algebras, and for the Hecke algebras of symmetric groups in
all characteristics by Brundan-Kleshchev [BK09] and by Rouquier [Rou08b] using
quiver Hecke algebras.

The relevant combinatorial operations used by James and Mathas, the addition
of runners on abaci and the reverse procedure of ‘runner removal’, have very natural
interpretations in terms of alcove geometry. This is very consistent with Goodman’s
remark on James–Mathas’s results. We are not able to exploit this point of view in
our proof, because for the Rouquier blocks the combinatorics of partitions and abaci
seem better suited. Nevertheless, in the final section we take a stab at a possible
analogue of the main theorem for quantized enveloping algebras at complex roots
of unity.

We would like to thank Matthew Fayers and the referees for pointing out mistakes
in the first and second version of this chapter. We would also like to thank Akihiko
Hida for his permission to append Hida-Miyachi result on GLn to this chapter.

2 Notations and Background

2.1 Partitions and Fock Space

We associate with any partition � D .�1 � �2 � � � � / its Young diagram f.i; j / j
1 � i � �j g 2 N �N . We denote by �tr the conjugate partition; its Young diagram
is obtained from that of � by interchanging the coordinates i and j .
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Fix an integer e � 2. Given a 2 f0; : : : ; e � 1g, and partitions � and �, we write
� !a � if the Young diagram of � is obtained from that of � by adding an extra
.i; j / such that j � i � a modulo e. Let F DL

� C� be a complex vector space
with basis indexed by the set of all partitions of all nonnegative integers. We define
linear operators e0; : : : ; ee�1; f0; : : : ; fe�1 on F by

ea� D
X

�!a�

� and fa� D
X

�!a�

�:

These locally nilpotent endomorphisms extend to an action of the Kac–Moody al-
gebra bsle. Put sa WD exp.�fa/ exp.ea/ exp.�fa/, an automorphism of F . Then for
any partition �, we have sa� D ˙�a.�/ for some partition �a.�/. The permutations
�0; : : : ; �e�1 define an action of the affine Weyl group on the set of partitions.

Following James, consider an abacus with e half-infinite vertical runners, la-
belled �0; : : : ; �e�1 from left to right. On runner i , we may put beads in positions
labelled i; i C e; i C 2e; : : : from top to bottom. Let d � 0. Any partition
� D .�1 � � � � � �d / with at most d nonzero parts may be represented by placing
d beads at positions �1C d � 1; �2C d � 2; : : : ; �d . Note that �may be recovered
easily from the resulting configuration.

Sliding a bead one place up a runner into an unoccupied position corresponds to
removing a rim e-hook from the Young diagram of �. Repeating this process until
no longer possible, say w times, we obtain a partition called the e-core of �, and we
say that � has weight w. In going from the partition to its core, we remember how
many times each bead on runner i is moved as a partition �.i/. The resulting e-tuple
� D f�.0/; : : : ; �.e�1/g is called the e-quotient of �.

The actions of ea , fa and �a described above have an easy interpretation on an
abacus with d beads. Let i 2 f0; : : : ; e � 1g such that i � a C d modulo e. Then
�!a � if and only if (the abacus representation) of � can be obtained from that of
� by moving a bead in �i�1 one position to the right into an unoccupied position in
�i . And �a acts by interchanging the configuration of beads on runners �i�1 and �i .

2.2 Representations of Schur Algebras

Let k be a field and let q 2 k�. Let e D e.q/ be the least integer i � 2 such that
1C q C � � � C qi�1 D 0 in k. Hence, e is the characteristic of k if q D 1, and is the
multiplicative order of q otherwise. According to Kleshchev, e is sometimes called
a ‘quantum characteristic’ for Hecke algebras.

The Schur algebra Sk;q.d; r/ is a quasihereditary algebra with simple modules
L.�/ indexed by the partitions of r with at most d parts, with respect to the domi-
nance order. The Weyl module �.�/ has simple head isomorphic to L.�/, and any
composition factor of its radical is isomorphic to L.�/ for some � G �; it is charac-
terized up to isomorphism the largest module by these properties.
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If d � Qd , there exists a Green’s idempotent f in Sk;q.d; r/ and a canonical
isomorphism f Sk;q.d; r/f Š Sk;q. Qd; r/ (see [Gre80]). The exact functor
Sk;q.d; r/-mod ! Sk;q. Qd; r/-mod W M 7! fM sends L.�/ to the corresponding
simple module QL.�/ if � has at most Qd parts, and to 0 otherwise. Similarly,
f�.�/ Š Q�.�/ if � has at most Qd parts. In particular, if Qd � r , then the functor is
an equivalence preserving labels.

Two simple modules L.�/ and L.�/ are in the same block of Sk;q.r/ WD
Sk;q.r; r/ if and only if � and � have the same e-core. Note that they are then
necessarily of the same e-weight. So, the blocks of Sk;q.r/, r � 0 are classified by
pairs .�;w/ where � is an e-core partition, i.e. a partition which is its own e-core,
and w � 0.

We may identify the Fock space F with the sum of complexified Grothendieck
groups of module categories of q-Schur algebras:

F D
M

r�0

C ˝Z K.Sk;q.r/-mod/

�$ Œ�.�/�

Let B be a block and let a 2 f0; : : : ; e � 1g. Then sa restricts to an isomorphism

K.B-mod/
�! K. PB-mod/ for some block PB of the same e-weight; we write saB DPB and say that B and PB form a Scopes pair. The induced action of the affine Weyl

group on the set of all blocks of Sk;q.r/; r � 0 is transitive on blocks of a fixed
weight.

We remark that by ‘Scopes pair’, we mean an arbitrary Œw W k� pair of blocks (in
the original terminology of Scopes [Sco91]); we do not place the restriction w � k.

Definition 1. A blockB with e-core � and weight w of Sk;q.r/ is called a Rouquier
block if there is some d such that in the d -bead abacus representation of � , in any
pair of adjacent runners there are at least w� 1 more beads on the righthand runner.
The e-core � is called a Rouquier core relative to w.

Clearly for all w � 0, there exist Rouquier blocks of weight w. So it is convenient
to first prove that a statement about blocks is true for the Rouquier blocks, and then
use the affine Weyl group action to show that it holds for all blocks.

3 The Main Result

3.1 James–Mathas Construction

To state the main theorem we need to describe a map on partitions, due to James
and Mathas. Let 2 � e � e0, d � 0, and ˛ 2 f0; : : : ; eg. Given a partition � with at
most d nonzero parts, add e0 � e empty runners between �˛�1 and �˛ in the abacus
representation of � on an e-runner abacus with d beads. The new configuration on
an e0-runner abacus represents a partition which we call �C.
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0 1 2

543

6 7 8

0 1 2

765

10 11 12

3 4

98

13 14

e D 3 e D 5

Fig. 1 Adding two runners

To take an example, let e D 3, e0 D 5, d D 3 and ˛ D 3. Then the operation
� 7! �C adds two empty runners on the right of the abacus. So, e.g. if � D .5; 4; 3/,
then �C D .9; 6; 5/; see Fig. 1 above.

James and Mathas showed that the map � 7! �C links the representation theory
of Schur algebras at complex primitive eth and e0th roots of unity in a precise way,
obtaining equalities of decomposition numbers. Our theorem below interprets their
result in terms of Morita equivalences of blocks.

3.2 Statement of the Theorem

Fix q; q0 2 k�, let e D e.q/ and e0 D e.q0/, and assume that e � e0. Let B
be a block ideal of S WD Sk;q.r/. Let ƒ be the set of partitions � of r such that
B � L.�/ ¤ 0.

In what follows we shall be considering a number of blocks which are defined in
terms of B; we indicate this relationship notationally using decorations on ‘B’. To
avoid confusion, we will usually use the same decorations for modules and for the
poset of labels of simples.

Fix d � r , and ˛ 2 f0; : : : ; eg. Let ƒ be the subset of ƒ consisting of partitions
with at most d parts. We sometimes denote by l.�/ the number of nonzero parts
of �. Assume that ƒ is nonempty. Then there exists r 0 and a block B 0 of S 0 WD
Sk;q0.r 0; r 0/ such that for all � 2 ƒ, we have j�Cj D r 0 and �C 2 ƒ0 WD f� j
B 0 � L0.�/g ¤ 0.

Defining ƒ0 to be the set of partitions in ƒ0 with at most d parts, we have a
bijection

ƒ
�! ƒ0 W � 7! �C

preserving the dominance relation.
Now there exists an idempotent f 2 S and an isomorphism f Sf Š S, where

S WD Sk;q.d; r/. We define B WD fBf , a sum of blocks of S. Then we have a
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quotient functor B-mod ! B-mod W M 7! fM . The simple modules L.�/ of B
are indexed by ƒ. The Weyl module corresponding to � 2 B is denoted by�.�/.

Let S 0 WD Sk;q0.d; r 0/, and then define B 0 analogously to B . We use L0 and �0
to denote the simple modules and Weyl modules of B 0.
Theorem 2. Suppose that one of the following holds:

� k has characteristic 0.
� k has characteristic `> e and q; q0 2F` and the weight of B is strictly less than
`.

Then there exists an equivalence

F W B-mod
�! B 0-mod

such that

FL.�/ Š L0.�C/

and

F�.�/ Š �0.�C/

for all � 2 ƒ.

Remark 3. (1) Since the map � 7! �C preserves the dominance order, the state-
ment concerning �-sections is an immediate consequence of the statement
about simples.

(2) For a given block B , one can always choose d D r , so that ƒ D ƒ, S D S and
B D B . On the other hand, if e0 > e, thenƒ0 is always strictly smaller thanƒ0,
so that B 0-mod is a proper quotient of B 0-mod.

(3) In case 1 ¤ q 2 F` and the weight of B is strictly less than `, we may always
take q0 D 1, thus obtaining Morita equivalences between blocks of q-Schur al-
gebras and blocks of ordinary Schur algebras. In particular, we have reduced the
verification of James’s conjecture on decomposition numbers .[Jam90, Sect. 4],
[Mat99, p. 117–118, 6.37 and 2nd paragraph of p. 118], [Lus80]/ to the case
q D 1, i.e. to the case of ordinary Schur algebras.

(4) If q D 1 and k has positive characteristic `, then B is a block of an ordinary
Schur algebra, and its weight is strictly less than ` if and only if the correspond-
ing block of a symmetric group has abelian defect groups. So the restriction
on the weight of B in Theorem 2 should be regarded as an abelian defect con-
dition [Bro90, 6.2. Question], [Bro92, 4.9. Conjecture], [BMM93], which is a
blockwise refinement of the assumption of [Mat99, 6.37] and is milder than any
known assumptions in any literatures on James’s conjecture.

(5) We expect that the hypotheses on q; q0 and the weight of B in positive char-
acteristic are not necessary. They just reflect our current state of knowledge on
the structure of Rouquier blocks of q-Schur algebras, which constitute the base
case of our inductive proof; the inductive step is valid in general. For example, a
positive resolution of Turner’s remarkable conjectures on Rouquier blocks with
nonabelian defect groups [Tur05] would remove the restriction on the weight
of B .
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If e D e0, the map � 7! �C is the identity. We have rigged the statement of the
theorem and its proof to include this special case, and obtain the following corollary.

Corollary 4. � Suppose that k has characteristic 0 and that q and q0 are prim-
itive eth roots of unity in k. Then for all r and d , we have an isomorphism

Sk;q.d; r/
�! Sk;q0.d; r/ of k-algebras.

� Suppose k has characteristic ` > e and that q; q0 2 F`. Then for all r and d ,
corresponding blocks of Sk;q.d; r/ and Sk;q0.d; r/ of weight strictly less than `
are isomorphic as k-algebras.

Proof. Take the notation and hypotheses of Theorem 2. For all � 2 ƒ, the for-
mal characters of �.�/ and �0.�/ are equal; hence, dim�.�/ D dim�0.�/.
Since the decomposition numbers of B and B 0 are ‘the same’, we deduce that
dimL.�/ D dimL0.�/. But we already know that B and B 0 are Morita equivalent,
and so conclude that B and B 0 are isomorphic as k-algebras.

If the characteristic of k is 0, we may sum over all blocks to obtain isomorphisms
of Schur algebras. ut

3.3 Decomposition Numbers

We now formulate the numerical consequences of Theorem 2. In characteristic 0, we
recover weak versions of the theorem of James and Mathas [JM02] and the related
result of Fayers [Fay07]. They prove equalities of the v-decomposition numbers
defined by Lascoux, Leclerc and Thibon (see [Lec02]), which specialize at v D 1,
via the theorem of Varagnolo–Vasserot [VV99] (and Ariki [Ari96]), to our formulas.
Our approach has the advantage of also being valid in positive characteristic, as long
as the parameter q is in the ground field and we are in an ‘abelian defect’ situation.

In comparing out statement with those of [JM02] and [Fay07], it is important to
keep in mind that our labelling of modules is conjugate to theirs. In particular, our
result is more directly related to that of Fayers.

Theorem 5. Keep the notation and assumptions of Theorem 2. We have, for all
�;� 2 ƒ,

Œ�.�/ W L.�/� D Œ�0.�C/ W L0.�C/�

and
Œ�.�tr/ W L.�tr/� D Œ�0..�tr/C/ W L0..�tr/C/�:

Proof. The first equality is equivalent to

Œ�.�/ W L.�/� D Œ�0.�C/ W L0.�C/�;

which is an immediate consequence of Theorem 2.
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For � 2 ƒ, let T .�/ be the corresponding indecomposable tilting module of B .
If � 2 ƒ, the image f T .�/ under the Schur functor is an indecomposable tilt-
ing module of B . By the conclusion of Theorem 2, we have equalities of filtration
multiplicities, for any � 2 ƒ,

.T .�/ W �.�//S.r;r/ D .f T .�/ W f�.�//S.d;r/

D .f 0T .�C/ W f 0�0.�C//S0.d;r0/

D .T .�C/ W �0.�C//S0.r0;r 0/:

On the other hand, Donkin’s formula [Don98, Proposition 4.1.5] tells us that

Œ�.�tr/ W L.�tr/� D .T .�/ W r.�//;

wherer.�/ is the dual Weyl module associated with �. Here, we may safely replace
r.�/ by �.�/, since contragradient duality for the q-Schur algebra sends T .�/ to
itself and r.�/ to �.�/. Thus, the second equality in the statement of the theorem
is proved. ut

3.4 Truncation Functors

In this subsection, we give an application of truncation functors which will be
used as a reduction step in the proof of the main theorem. The main source is
[Don98, 4.2].

In this subsection, we denote by G D G.n/ the quantum general linear
group with simple roots … D f˛1; : : : ; ˛n�1g. For any subset † of …, we have
an associated standard Levi subgroup G†. We denote by X† the set of dom-
inant weights for G†. To specify the group for standard, costandard, simple,
and tilting modules, we again attach subscripts in the notation �;r; L; T , e.g.
�†.�/;r†.�/; L†.�/; T†.�/, and simply write �m.�/;rm.�/; Lm.�/; Tm.�/

if for modules over G.m/. In case that they are modules over the full par-
ent group G, we sometimes will not attach any subscripts, simply writing
�.�/;r.�/; L.�/; T .�/, etc.

For a standard Levi subgroup G† of G and a dominant weight � of G†, we
denote by Tr�

† the Harish-Chandra .�;†/-truncation functor (see [Don98, p. 86], or
[Jan03, p. 181, 2.11] for its slightly different description); given a G-module V , we
define Tr�

†V D
L

�2X;���2Z† V�, a G†-module. The truncation functor satisfies
the following properties.

(1) Tr�
† is exact,

(2) Tr�
†r.�/ D

� r†.�/; if � � � 2 Z†;
0; otherwise

;

(3) Tr�
†L.�/ D

�

L†.�/; if � � � 2 Z†;
0; otherwise

.
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The following can be found in [Don98, p. 89]: Fix � 2 X…. If a moduleU is filtered
by �’s, a module V is filtered by r’s and every weight of U and V is less than or
equal to �, then the map

HomG.U; V /! HomG†.Tr�
†U;Tr�

†V / is surjective. (1)

For � 2 X… and � 2 X†, we have

.T†.�/ W r†.�// D
�

.T .�/ W r.�//; if � 2 X… and � � � 2 Z†I
0; otherwise:

(2)

We have the following application of the truncation functor.

Proposition 6. Suppose that T is a cosaturated subset of the set of partitions of
r sharing a common e-core, where e is the quantum characteristic of G. Further
suppose that there exists a weight � for G.k/ such that T .�/ D L.�/ and such that
for any � 2 T there exists a partition .�tr/b such that �tr D � [ .�tr/b . Here, the
notation [ is taken from page 6 of Macdonald’s text book.1

Put trT WD f�tr j � 2 T g and fix an integer m such that m � maxfl.�b/ j
� 2 trT g.

Then,

EndG.kCm/

 

M

�2trT
TkCm.�/

!

Š EndG.m/

 

M

�2trT
Tm.�

b/

!

: (3)

Here, via the isomorphism (3), the idempotent of EndG.kCm/.TkCm.�// corre-
sponds to the idempotent of EndG.kCm/.Tm.�

b//.

Proof. Since T .�/ D L.�/, we know that

EndG.m/

 

M

�2trT
Tm.�

b/

!

Š EndG.k/�G.m/

 

M

�2trT
Tk.�/� Tm.�

b/

!

(4)

Then, by (1) and by taking Tr�
†.k;m/ into account where � is the maximum

of �tr for all � 2 T and †.k;m/ D f˛1; : : : ; ˛k�1; ˛kC1; : : : ; ˛kCm�1g, we
know that there is a surjection of EndG.kCm/.

L

�2T TkCm.�// onto the RHS
of (4). So, it suffices to count the dimensions of the endomorphism rings in
question. The dimension of LHS of (3) is equal to

P

�;�2trT
P

�G�.TkCm.�/ W
rkCm.�//.TkCm.	/ W rkCm.�//. And the dimension of LHS of (4) is equal to
P

�;�2trT
P

�bG�b .Tm.�
b/ W rm.�

b//.Tm.	
b/ W rm.�

b//. Then, the cosaturation

1 In our set up, the first entry .�tr/b1 is at most �l.�/ . So, it is just a concatenation of two partition.
For example, .9; 8; 7/[ .3; 2; 1/ D .9; 8; 7; 3; 2; 1/.
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condition on T and the assumption on the unique decomposition �tr D � [ .�tr/b ,
and (2) ensure that each non-zero term in the second summations in the dimension
formulas for (3) and (4) match up each other. ut

3.5 Proof of the Main Theorem

In this subsection, we reduce the main theorem to the case of large d (relative to the
block B) using the results of the following sections, on Scope pairs and Rouquier
blocks.

Because the orbit of the block B under the affine Weyl group action contains a
Rouquier block, there exists a sequence of blocks B0; : : : ; Bs D B , such that B0 is
a Rouquier block, and any two successive blocks form a Scopes pair.

Now choose c such that all partitions in all blocks Bi have at most Qd D d C ec
parts. Now define blocks eB 0 and eB 0 analogously to B 0 and B 0, replacing d by Qd .
Then by induction, with base case Sect. 5, which proves the main result for Rouquier
blocks, and inductive step Sect. 4.2, we deduce that the main theorem holds for B ,
as long as we replace d by Qd . In other words, we have an equivalence

QF W B-mod
�! eB 0-mod

such that
QFL.�/ Š L0.e�C/

for all � 2 ƒ. Heree�C is defined similarly to �C, except we use abaci with Qd beads
rather than d beads. Note thate�C has ce � ˛ more parts than �C. (Recall that the
extra empty runner in �C is inserted between �˛�1 and �˛ .)

Let � D ..d C ce � ˛/e0�e ; : : : ; .d C 2e � ˛/e0�e ; .d C e � ˛/e0�e/. Then for
all � 2 ƒ, we have

.e�C/tr D � [ .�C/tr: (5)

Furthermore, � is minimal amongst partitions in its block having at most c.e0 � e/-
parts. Hence, we have Tc.e0�e/.�/ D Lc.e0�e/.�/.
Let m WD maxfl..�C/tr/ j � 2 ƒg.

For all �;� 2 ƒ, we have

HomB.P.�/; P.�// Š HomB 00.P.e�C/; P.e�C//
Š HomG.c.e0�e/Cm/.T ..e�

C/tr/; T ..e�C/tr//
Š HomG.c.e0�e/Cm/.T .� [ .�C/tr/; T .� [ .�C/tr//
Š HomG.m/.T ..�

C/tr/; T ..�C/tr//
Š HomB 0.P.�C/; P.�C//;

where the first isomorphism is deduced from the equivalence QF, the second and
last isomorphisms by Ringel selfduality [Don98], the third by Proposition 6 and
the fourth by (5). Here, the quantum characteristic of the G0’s is e0. Now the main
theorem follows immediately.
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4 Scopes Pairs

In this section, we carry out the inductive step of the proof of the main theorem.
Here, we make an additional assumption that d is large, in the sense that all the
partitions in the blocks we are considering have at most d parts.

After reviewing the notion of a perverse equivalence [Rou06, Sect. 2.6], we spell
out the inductive step. A key point here is that the combinatorics of the perverse
equivalences are independent of the ‘quantum characteristic’ e.q/; a proof is rele-
gated to the end of the section.

4.1 Perverse Equivalences

We work in the context of finite-dimensional algebras, sufficient for our application.
Roughly speaking, a perverse equivalence is a derived equivalence filtered by shifted
Morita equivalences; see [Rou06, Sect. 2.6], [CRa] for more details. LetA and PA be
two finite-dimensional algebras and S (resp. PS) the set of isomorphism classes of
finite-dimensional simple A-modules (resp. simple PA-modules).

Definition 7. An equivalence G W Db.A-mod/
�! Db. PA-mod/ is perverse if

there is

� A filtration ; D S0 	 S1 	 � � � 	 Sr D S
� A filtration ; D PS0 	 PS1 	 � � � 	 PSr D PS
� And a function p W f1; : : : ; rg ! Z

such that

� G restricts to equivalencesDb
Ai .A-mod/

�! Db
PAi .
PA-mod/

� GŒ�p.i/� induces equivalences Ai=Ai�1
�! PAi= PAi�1.

Here Ai .resp. PAi / is the Serre subcategory of A-mod .resp. PA-mod/ generated by
Si .resp. PSi /, and by Db

Ai .A-mod/ we mean the full subcategory of Db.A-mod/
whose objects are complexes with homology modules belonging to Ai .

The following basic result implies that the filtration S� and the perversity p de-
termine PA (and PS�), up to Morita equivalence.

Proposition 8. Let G W Db.A-mod/
�! Db. PA-mod/ and G0 W Db.A-mod/

�!
Db. PA0-mod/ be perverse. If S 0� D S� and p0 D p, then the composition G0G�1

restricts to an equivalence PA-mod
�! PA0-mod.

Indeed, the compositionG0G�1 is also a perverse equivalence with respect to p00,
where p00 is identically zero. Then an easy inductive argument shows that G0G�1

restricts to an equivalence PAi
�! PA0

i .
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Now let A D L

r�0 Sk;q.r/-mod. Let a 2 f0; : : : ; e � 1g. Given M , a
Sk;q.r � 1/-module lying in a block B , let QM be the corresponding Sk;q.r; r � 1/-
module, under the canonical equivalence Sk;q.r; r � 1/-mod

�! Sk;q.r � 1/-mod.
Tensoring with the natural representation V D kr of Sk;q.r; 1/ D End.V /, we ob-
tain a Sk;q.r/-module V ˝ QM . We define FaM to be the projection of V ˝ QM onto
the sum of blocks C of Sk;q.r/ such that K.C -mod/ \ fa.K.B-mod// ¤ 0.

This recipe defines an exact endofunctor Fa on
L

r�0 Sk;q.r/-mod lifting the
action of fa on F . Let Ea be a left adjoint to Fa. Then Ea is also a right adjoint to
Fa, and Ea lifts the action of ea on F .

The adjoint pair .Ea; Fa/ may be used to define a sl2-categorification on A
[CR08]. We obtain as a result derived equivalences between blocks in Scopes pairs,
which are known to be perverse, by [CRa]. Here are the details: Let B be a block of
Sk;q.r/, and put PB D saB , a block of Sk;q.Pr/, for some Pr . Let ƒ and Pƒ be the sets
of partitions labelling simple modules in B and PB.

Proposition 9. There exists an equivalence G W Db.B-mod/
�! Db. PB-mod/ such

that

� G is perverse with respect to the filtrations

ƒj D f� 2 ƒ j F j
a L.�/ D 0g and Pƒj D f� 2 Pƒ j Ej

aL.�/ D 0g

and the perversity p.j / D j � 1.

� G induces the isomorphism sa W K.B-mod/
�! K. PB-mod/.

� G .and G�1/ are induced by complexes of functors, each of which is a direct
summand of a composition of Ea’s and Fa’s.

Remark 10. The filtrations above may also be defined by the formulas

ƒj D f� 2 ƒ j eF j
aL.�/ D 0g and Pƒj D f� 2 Pƒ j eEj

aL.�/ D 0g;

where eF a and eEa are the Kleshchev/Kashiwara operators:

eF a.M/ WD Soc.Fa.M//; eEa.M/ WD Soc.Ea.M//

[Kle95a, Kle95b, Kle96].

In very special cases, we can deduce Morita equivalences of a type first discov-
ered by Scopes for symmetric groups. The following corollary is a slight extension
of [EMS94] and [Don94, Sect. 5].

In [EMS94] and [Don94, Sect. 5], they dealt with 1-Schur algebras not for the
q-Schur algebras where q ¤ 1. But, the basic ideas given below are (at least at the
level of combinatorics) identical with theirs.

Corollary 11 (Scopes’s Morita equivalences). Fix d � 0. Suppose that for all
� 2 Pƒ, the d -bead abacus representation of � contains no beads in �i , where
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i � a C d modulo e. Then there is an equivalence B-mod
�! PB-mod between the

blocks B and PB of Sk;q.d; r/ and Sk;q.d; Pr/ corresponding to B and PB , sending
L.�/ to L.�a�/ .and�.�/ to �.�a�//.

Proof. Let G W Db.B-mod/
�! Db. PB-mod/ be the perverse equivalence provided

by Proposition 9. Then G restricts to an equivalence G1 W A1
�! PA1 between the

Serre subcategories

A1 WD fM 2 B-mod j FaM D 0g and PA1 WD fM 2 PB-mod j EaM D 0g:

Let � 2 ƒ. Then by the assumption that there are no beads in �i we have fa� D 0.
Thus �.�/ 2 A1, and ŒG1�.�/� D Œ�.�a�/�, since sa� D ˙�a� and the sign is
determined to beC as G1 is an equivalence. It follows by induction that for all � 2
ƒ, we have G1P.�/ Š P.�a�/. This implies the desired statements, sinceB and PB
are Morita equivalent to End

�

L

�2ƒ P.�/
�

and End
�

L

�2 Pƒ P.�/
�

, respectively.
ut

4.2 Inductive Step

Consider a Scopes pair of blocks B and PB D �aB . We assume that Theorem 2 is
true for B and aim to verify it for PB.

We shall also assume that all partitions in ƒ and Pƒ have at most d parts. Hence,
ƒ D ƒ, Pƒ D Pƒ, B D B and PB D PB . Let i 2 f0; : : : ; e � 1g so that i � a C d
mod e. We may assume that ˛ ¤ i mod e and therefore that PB 0 D �a0B 0, where
a0 2 f0; : : : ; e0 � 1g such that i � a0 C d mod e0. If ˛ D i < e, we reduce to
the case ˛ D i C 1 by the following observation: B 0̨ D �˛Ce0�e : : : �˛C1B

0̨ C1,

and there exists an equivalence B 0̨ C1-mod
�! B 0̨ -mod sending L0.�C;˛C1/ to

L0.�C;˛/ and �0.�C;˛C1/ to �0.�C;˛/ for all � 2 ƒ, obtained by e0 � e appli-
cations of Corollary 11. If ˛ D e and i D 0, we can reduce to the case ˛ D e � 1
by a similar argument.

By Proposition 9, we have a perverse equivalence G W Db.B-mod/
�! Db

. PB-mod/ specified by the filtration ƒj D f� 2 ƒ j F j
a L.�/ D 0g and the

perversity p.j / D j � 1. We have a parallel situation for B 0 and PB 0, a per-

verse equivalence G0 W Db.B 0-mod/
�! Db. PB 0-mod/ with respect to the filtration

ƒ0
j D f� 2 ƒ0 j F j

a0L
0.�/ D 0g and perversity p.j / D j � 1. Moreover

ŒG�.�/� D ˙Œ�.�a�/� for all � 2 ƒ. An analogous statement holds for G0.
By a result of Cline, Parshall and Scott [CPS82] (see also [PS88]), the exact

functor B 0-mod ! B 0-mod W M 7! fM induces an equivalence of triangulated
categories

Db.B 0-mod/

Db
E.B 0-mod/

�! Db.B 0-mod/;

where E is the Serre subcategory of B 0-mod generated by L.�/, � 2 ƒ0 n ƒ0. An
analogous statement holds for the dot versions.
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We claim that G0 restricts to an equivalence Db
E .B

0-mod/
�! Db

PE. PB 0-mod/.
An equivalent statement is that it restricts to an equivalence between the left per-
pendicular categories, i.e. the full triangulated subcategories of Db.B 0-mod/ and
Db. PB 0-mod/ generated by fP 0.�/ j � 2 ƒ0g and fP 0.�/ j � 2 Pƒ0g. To see that
this latter statement is true, recall (Proposition 9) that G0 is induced by a com-
plex of functors, each of which is a direct summand of a composition of powers of
Ea0 and Fa0 . Because of our assumption that all partitions in ƒ and Pƒ have at most
d parts, and that ˛ ¤ i mod e, the map between Grothendieck groups induced
by any such direct summand functor sends

P

�2ƒ0 ZŒ�0.�/� into
P

�2 Pƒ0 ZŒ�0.�/�,
and therefore

P

�2ƒ0 ZŒP 0.�/� into
P

�2 Pƒ0 ZŒP 0.�/�. A similar reasoning applies

to G0�1, and the claim follows.
Hence, G0 induces a perverse equivalence

G0 W Db.B 0-mod/
�! Db. PB 0

-mod/

with respect to the filtration ƒ0
j D f� 2 ƒ0 j F j

a L
0.�/ D 0g and the perversity

p.j / D j � 1.
By assumption, we have a Morita equivalence

F W B-mod
�! B 0-mod

such that FL.�/ Š L0.�C/ and F�.�/ Š �0.�C/ for all � 2 ƒ. Moreover by

Lemma 12, proved in the following subsection, the bijection ƒ
�! ƒ0 W � 7! �C

restricts to bijections ƒj

�! ƒ0
j for all j . By Proposition 8, we deduce that the

composition

G0FG�1 W Db. PB-mod/
�! Db. PB 0

-mod/

restricts to an equivalence

PF W PB-mod
�! PB 0

-mod :

Moreover, Œ PF�.�/� D Œ�0.�C/� for all � 2 Pƒ. By unitriangularity of the decom-
position matrices of B and B 0, it follows that PFL.�/ Š L0.�C/ for all � 2 Pƒ, and
therefore that PF�.�/ Š �0.�C/ for all � 2 Pƒ.

4.3 Comparison of Crystals

The aim of this subsection is to complete the inductive step by proving Lemma 12,
which was used above to get a good compatibility between filtrations.

Let a 2 f0; : : : ; e � 1g. For any partition �, we define

'a.�/ WD maxfk � 0 j .eF a/
k.L.�// ¤ 0g

D maxfk � 0 j Fa
k.L.�// ¤ 0g
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and similarly

'0
a.�/ WD maxfk � 0 j .eF a/

k.L0.�// ¤ 0g
D maxfk � 0 j Fa

k.L0.�// ¤ 0g

(cf. [HK02, p. 85]), where eF a is the Kleshchev/Kashiwara operator, defined in
Remark 10. Remember that L.�/ is a simple module over a Schur algebra with
parameter q, while for L0.�/ the parameter is q0.

Lemma 12. Let i 2 f0; : : : ; e � 1g and define a and a0 as in Sect. 4.2. Then

'a.�/ D '0
a0.�

C/

for any � 2 ƒ.

Proof. We explain below why the statement holds if � is e-restricted. But first we
shall assume the truth of this special case and deduce the statement for arbitrary �.

We can write any partition � uniquely as � D �e-res C e Q�, where �e-res is
e-restricted. In terms of the abacus, �e-res is obtained from � by repeatedly mov-
ing a bead up a runner, say from position h to h�e, where positions h�e; : : : ; h�1
are unoccupied. This description makes it clear that .�e-res/C D .�C/e0-res.

By Steinberg’s tensor product theorem [Don98, p. 65] (cf. [Lus89, 7.4], [DD91],
[PW91, 11.7]), we have L.�/ Š L.�e-res/˝L.e Q�/. More generally, tensoring with
L.e Q�/ sends modules over a block of Sq;k.r � ej Q�j/ to modules over the block
of Sq;k.r/ corresponding to the same e-core. Hence, for any k the isomorphism
V ˝k ˝ L.�/ Š V ˝k ˝ L.�e-res/ ˝ L.e Q�/, after a projection onto appropriate
blocks, gives an isomorphism Fa

k.L.�// Š Fa
k.L.�e-res// ˝ L.e Q�/. Thus we

deduce that 'a.�/ D 'a.�
e-res/.

Putting together the pieces, we have, for any �,

'a.�/ D 'a.�
e-res/ D ' 0

a0..�
e-res/C/ D ' 0

a0..�
C/e0-res/ D ' 0

a0.�
C/:

Now we return to the special case of e-restricted partitions. One can define a
summand FH;a W Hk;q.Sr�1/-mod! Hk;q.Sr /-mod of the induction functor be-
tween Hecke algebras of type A, analogous to Fa . One then has obvious analogues
eFH;a and 'H;a of eF a and 'a.

After Kleshchev’s branching rule appeared, Brundan [Bru98] extended
Kleshchev’s result to Hecke algebras of type A and showed that for any simple
Hk;q.Sr�1/-module L the Hk;q.Sr/-module eFH;a.L/ is simple. Since there is a
commutative diagram of functors

Fa W Sk;q.r � 1/-mod ! Sk;q.r/-mod
# #

FH;a W Hk;q.Sr�1/-mod! Hk;q.Sr /-mod
;

where the horizontal arrows are Schur functors, this implies that 'a.�/ D 'H;a.�/

for any e-restricted �.
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Brundan also showed that for e-restricted partitions, 'H;a.�/ is the number of
conormal indent a-nodes for �. We will not define this combinatorial notion here;
we just observe that his result implies that 'H;a.�/ depends only on the configu-
ration of beads on runners �i�1 and �i in the abacus representation of �, where
i 2 f0; : : : ; e�1g is such that i � aCd mod e. We deduce that for any e-restricted
partition �,

'a.�/ D 'H;a.�/ D ' 0
H;a0.�/ D ' 0

a0.�/;

as desired. ut

5 Rouquier Blocks

We now complete the proof of Theorem 2 by handling the base case: Rouquier
blocks.

5.1 Wreath Product Interpretation of Rouquier Blocks

In this subsection, we assume that ch.k/ D ` > w > 0, and that q is a prime
power not congruent to 0 or 1 modulo `. So e D e.q/ is the multiplicative order of
q � 1F` . We denote by L� the standard Levi subgroup of GLj�j.Fq/ corresponding
to the Young subgroup S�. In [Tur02, p. 250, Lemma 1 and p. 249, Theorem 1] and
[Miy01, p. 30, Lemma 5.0.6 and p. 31, Theorem 5.0.7] (cf. [Tur05, Theorem 71]),
the GLn.Fq/ analogue of the main theorem in [CK02, Theorem 2] is proved inde-
pendently:

Theorem 13. Suppose 
 is a Rouquier e-core with respect to w. Put r WD ewC j
 j
and G WD GLr .Fq/. Put L WD L.ew;j� j/, a Levi subgroup of G. Then L has a
parabolic complement P D LUL in G. Put I WD NG.L/ Š L Ì Sw: So, kŒI� Š
kŒL� Ì Sw.

There exists a .kŒG�;kŒI�/-bimoduleM such that

(1) M is a direct summand of kŒG=UL�˝kŒL� kŒI� as a .kŒG�;kŒI�/-bimodule.
(2) M ˝A] M

_ Š A and M_ ˝A M Š A], where A is the Rouquier unipotent
block of kŒG� with e-core 
 and A] is the unipotent block of kŒI� with .wC1/-
tuple of e-cores .;w; 
/.

(3) M is left projective as well as right projective.

5.2 Images of Some Modules via the Equivalence

In order to make a connection to q-Schur algebras we need to identify the im-
ages of modules under the equivalence in Theorem 13. We retain the assumptions
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on q and ` of the previous section. For � ` n, we denote by S.�/ the Specht
k GLn.Fq/-module corresponding to � (see [Jam84, Jam86]), by D.�/ its unique
simple quotient, by P.�/ the projective cover of D.�/ and by X.�/ the Young
k GLn.Fq/-module corresponding to � (see [DJ89] for the definition).

The labels of simple modules over the principal block B0.kŒGLe.Fq/ o Sw�/

are given by e-multipartitions of w, which we denote by MP.e;w/. This goes
as follows: The principal block B0.GLe.Fq// has e non-isomorphic simple mod-
ules fD.�/ j � is a hook partition of eg. For an e-tuple of non-negative integers
m D .m1; : : : ; me/ such that

P

i mi D w, define S.m/ to be the GLe.Fq/
w-module

�e
iD1.S.e � i C 1; 1i�1/�mi /. So, the Young subgroup Sm acts on S.m/. For an

e-multipartition (D e-tuple of partitions) � D .�.1/; : : : ; �.e//, putmi WD j�.i/j and
then define the Specht B0.kŒGLe.Fq/ oSw�/-module S.�/ by

IndGLe.Fq /oSw

GLe.Fq /wÌSm

 

e

�
iD1

.S.e � i C 1; 1i�1/�mi /˝k S
�.i/

!

:

If we replace S.?/ by D.?/ (resp. X.?/), then we obtain simple modules (resp.
Young modules) over GLe.Fq/ oSw.

So, the labels of simple modules over A] Š B0.kŒGLe.Fq/ oSw�/�B� , where
B� is the simple block algebra corresponding to the unipotent character indexed by
e-core 
 , are also given by MP.e;w/.

Define a map .�/\ WMP.e;w/!MP.e;w/ by

..�/
\
/i WD

�

�.i/ if i C e is even;
.�.i//tr otherwise:

Here, the 0th runner of an e-quotient is treated as the first entry of an e-
multipartition.

By Hida–Miyachi [HM00] the images of simple, Specht, Young and projective
indecomposable modules over A] via M are determined explicitly.

Theorem 14 (Hida–Miyachi). ForK 2 fD;S;X;P g and any � 2 ƒ,

K.�/ ŠM ˝A] K.�
\
/:

Remark 15. The proof of this result is given in the appendix, thanks to Akihiko
Hida’s permission. At the level of combinatorics of indices � for modules
S.�/;D.�/;X.�/; P.�/ the result above is identical with [CT03] up to replac-
ing p in Chuang–Tan by e in Hida–Miyachi.

For a finite group H with jHj�1 2 k, put

eH WD 1

jHj
X

h2H

h:

Let B (resp. BL) be a standard Borel subgroup of G (resp. L).
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Put B WD eBAeB and B] WD eBLA
]eBL . Then, by the origin of Iwahori-Hecke

algebras we can regardB (resp. B]) as a block of Hk;q.Sr/ (resp. .Hk;q.Se/
˝w Ì

kŒSw�/˝k Hk;q.Sj� j/).
By applying Schur functors, we obtain the Hecke algebra version of Theorem 14

(cf. [Tur05, Theorem 78]):

Corollary 16. Y � Š N ˝B] Y
.�/\ for any � 2 ƒ where Y � D eBXe.�/, Y � D

eBLX.	/ and N D eBM eBL .

Remark 17. Here, we label Young modules according to Dipper–James’s conven-
tion. Namely, Y � is a unique indecomposable direct summand of the q-permutation

module Ind
Hk;q .Sr /

Hk;q .S�/
.ind/ such that Y � contains S� as a unique submodule where

S� is Dipper–James’s q-Specht module and ind is the index representation.

5.3 Proof of the Main Theorem: Initial Step

In this subsection, our assumptions on k and q are as in the statement of Theorem 2:
q 2 F�

`
and ` > w, or q 2 C, i.e. we include the cases ch.k/ D 0 or

e D ch.k/ > w. Let 
 be the Rouquier e-core with respect to w > 0. Put
r D ew C j
 j. We denote by Aw (resp. Aw) the Rouquier block of Hk;q.Sr /

(resp. Sk;q.r/). We denoteB0.Hk;q.Se//
�w �kB

� (resp. B0.Sk;q.e//
�w �k B� )

by Bw (resp. Bw) where B� (resp. B� ) is the defect zero simple block algebra of
Hk;q.Sj� j/ (resp. Sk;q.j
 j/) corresponding to the e-core 
 . Sw acts on bothBw and
Bw by permuting the Hk;q.Se/-components and the Sk;q.e/-components, respec-
tively. We denote Bw Ì kŒSw� (resp. Bw Ì kŒSw�) by C w (resp. Cw). Similar to the
caseGLe.Fq/oSw, by Clifford theory we can construct a standardCw-module�.�/

for an e-multipartition �: �.�/ WD IndBwÌSw
BwÌSm

�

�e
iD1.�.i; 1

e�i/�mi /˝k S
�.i/
�

,

wheremi D j�.i/j for i D 1; : : : ; e.
By replacing� by any K 2 fL;r; P; I; T g, we can construct K.�/.
Now, we unify the results in [CT03] on Schur algebras, Theorem 14 on finite

general linear groups and a new result in characteristic zero into q-Schur algebras
as follows:

Theorem 18. There exists an .Aw; C w/-bimoduleM w such that

(1) M w is a direct summand of Aw ˝Bw C w,
(2) M w ˝C w � is an equivalence between Aw-mod and C w-mod,
(3) Y � ŠM w ˝C w Y .�/\ for any � such that AwS� ¤ 0.

So, we have an equivalence G W Aw-mod! Cw-mod such that G.K.�// Š K..�/\/
for anyK 2 fL;�;r; P; I; T g and any � so that Aw ��.�/ ¤ 0.

Proof. The case ch.k/ D e > 0 is already treated in [CT03], and the statement
is true. Next we look at the case ch.k/ > e > 0. However, this is nothing but
Theorem 13 and Corollary 16.
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The only remaining claim is to prove the statement for the case ch.k/ D 0. We
leave the proof of the existence of M w in characteristic zero to Sect. 6. There, by
considering a modular system .k;O;F/ where ch.k/ D 0, O is a complete discrete
valuation ring with maximal ideal � , O=.�/ Š F ; ch.F/ > 0, and q 2 k and
q D q C .�/ 2 F both have order e > 0, we shall realize M w as a lifting of an
.HF ;q.Sr /;HF ;q.Se/oSw �HF ;q.Sj� j//-bimoduleM w

F which satisfies statements
(1), (2) and (3). SinceAw,Bw andC w are liftings of the corresponding algebras over
F , statement (2) is clear. By statement (1), we can ensure that M w sends Young
modules to Young modules. So, statement (3) follows from a simple chasing of
characters, i.e. the weights (partitions) �. ut

Defineƒw to be the set of partitions whose e-weight is w and e-core is Rouquier
with respect to w. Similarly, defineƒ0

w for e0.
Define � to be the embedding MP.e;w/ into MP.e0;w/ by �.	/iCe0�e WD .	/i

for i D 1; : : : ; e and .	/j D ; for j � e0 � e.
Next, we define an embedding � ofƒw intoƒ0

w by �.�/ WD 	 where the e0-quotient
of 	 is �.�/.

From now on, we suppose that e0 is the quantum characteristic of q0 � 1F` in k so
that e0 � e, 
 0 is a Rouquier e0-core with respect to w. Put r 0 D e0wC j
 0j.
Lemma 19. (1) Let f be an idempotent of C 0

w such that if �.i/ D ; for all i D
1; : : : ; e0 � e, then fL0.�/ ¤ 0, otherwise fL0.�/ D 0. Then, f C 0

wf is Morita
equivalent to Cw.

(2) There exists an idempotent 
 of A0
w such that 
L0.�.�// ¤ 0 for any � 2 ƒw

and 
A0
w
 is Morita equivalent to Aw.

Proof. Recall the definition of C 0
w D B 0

w Ì Sw Š .B0.Sk;q0.e0// oSw/� B� . Put
B 0 (resp. B) to be B0.Sk;q0.e0// (resp. B0.Sk;q.e//). Take an idempotent 
 of B 0
such that 
L0.i; 1e0�i / D 0 for any i � e0 � e and 
L0.j; 1e0�j / ¤ 0 for any
j > e0 � e. Then, 
B 0
 is Morita equivalent to B . Indeed, we can show this by
the fact that both B and B 0 are Brauer line tree algebras with no exceptional vertex.
Let f WD 
 � � � �� 
 � 1� be the idempotent of B�w � B� . So, fB 0

wf is Morita
equivalent to Bw. Now, by taking wreath products, we know that (1) is clear.

By Theorem 18, we have an idempotent j of C 0
w corresponding to 
 so that

j �G.L.�.�/// ¤ 0 for any �. By definition of � we know that for � 2 ƒw, �.i/ D 0
for all 0 � i � e0 � e � 1 if and only if � D �.�/ for some � 2 ƒ. So, this means
that j satisfies the condition of (1). ut

Define B;B 0; B; B 0; ƒ;ƒ0; ƒ;ƒ0 as in Sect. 2, taking ˛ to be 0.
Let f 00 be an idempotent of A0

w corresponding to
L

ƒ2ƒ P.�.�//.
By an argument similar to Corollary 11, one can show the following:

Lemma 20. Suppose B D Aw. Then there exists an equivalence

H W f 00A0
wf

00-mod! B 0-mod;
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such that

H.f 00�0.�.�/// Š �0.�C/ and H.f 00L0.�.�/// Š L0.�C/ for any � 2 ƒ:

Proposition 21. Suppose that Aw D B . There exists an equivalence F W B-mod!
B 0-mod, such that F.�.�// Š �0.�C/ and F.L.�// Š L0.�C/ for any � 2 ƒ.
Namely, the main theorem is true for Rouquier blocks.

Proof. By Lemma 19, we know that there exists an idempotent 
 of A0
w

such that 
L0.�C/ ¤ 0 for any � 2 ƒ and 
A0
w
 is Morita equivalent

to Aw. Let f be the idempotent of Aw such that fAwf is a subalgebra of
Sk;q.d; r/, i.e. f kills L.�/ for l.�/ > d and fL.�/ ¤ 0 for l.�/ � d .
Similarly, we can find that the property of an idempotent f 00 of A0

w defined
above is that f 00A0

wf
00 is a subalgebra of Sk;q.d; r

0/, i.e. f 00 kills L0.�/ for
l.�/ > d and f 00L0.�/ ¤ 0 for l.�/ � d and 
 D f 00 C 
0 for some
idempotent 
 0. Let T be a functor from fAwf -mod to f 00A0

wf
00-mod such

that T.f�.�// Š f 00�0.�.�//, i.e. T is a restriction of the equivalence of
Lemma 19.

Since maxfl.�/ j� 2 ƒg D maxfl.�C/ j� 2 ƒg D d by Theorem 18 and by
definition of �, we know that fL.�/ ¤ 0 if and only if f 0L0.�.�// ¤ 0 , and we
know that the dominance order of ƒ is preserved by the � map and the dominance
order ofƒ0 is preserved by theCmap. Therefore, the composition of equivalences T
and H in Lemma 20 is an equivalence between B-mod and B 0-mod, which satisfies
the conditions on the images of �-sections. ut

6 Lifting Morita Equivalences

In this section, we supply a missing argument for the proof of Theorem 18. We will
choose an appropriate modular system to work in with the help of the following
lemmas.

Let �n D exp.2�i=n/ 2 C, and denote by ˆn.x/ 2 ZŒx� the nth cyclotomic
polynomial.

Lemma 22. Suppose that a 2 ZŒ�e�, a ¤ 0 and e > 1. Then, there exists a prime
number ` and a homomorphism N� W ZŒ�e�! F` such that q WD �e is a primitive eth
root of unity in F` and so that a ¤ 0.

Proof. Choose f .x/ 2 ZŒx� such that f .�e/ D a. Then, a ¤ 0 implies ˆe.x/ −
f .x/. Since ˆe.x/ is monic, there exist Q.x/ and r.x/ ¤ 0 in ZŒx� so that

(1) deg.r/ < deg.ˆe/,
(2) f .x/ D Q.x/ˆe.x/C r.x/.
By Dirichlet’s theorem, there exist infinitely many prime numbers ` > 0 such that
e j `�1. Choose one such ` so that r.x/ ¤ 0. We complete the proof of the lemma by
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showing that there exists a primitive eth root of unity q in F` satisfying f .q/ ¤ 0. If
not, .x�q/ divides f .x/ in F`Œx� for all primitive eth roots of unity q. Hence,ˆe.x/

divides f .x/ in F`Œx�. So, by (2) above, we deduce that ˆe.x/ divides r.x/ ¤ 0 in
F`Œx�, contradicting (1). ut
Lemma 23. Let � be a ZŒ�e�-algebra, free and of finite rank over ZŒ�e�, and let X
be a �-lattice of finite rank. There exists a prime ` and a homomorphism N� W ZŒ�e�!
F` such that q WD �e is a primitive e-root of unity in F` and

dim EndQ.�e/˝ZŒ�e�	
.Q.�e/˝ZŒ�e � X/ D dim EndF`˝ZŒ�e�	

.F` ˝ZŒ�e � X/:

Proof. Let N� W ZŒ�e�! F` be a homomorphism, and for R 2 fQ.�e/;ZŒ�e�;F`g put
RX D R˝ZŒ�e �X andR� D R˝ZŒ�e �� . Let I be a finite set of generators for � as
a ZŒ�n�-algebra (we could, for example, take I to be a basis). Then, EndR �.RX/

is the kernel of the R-homomorphism fR of EndR.RX/ into
L

g2I EndR.RX/

defined by

fR.x/g WD x ı g � g ı x 2 EndR.RX/:

Let Mf be the matrix representing fZŒ�e� with respect to some chosen ZŒ�e�-bases.
Let a 2 ZŒ�e� be the product of all nonzero minors of Mf . By Lemma 22, we may
choose N� W ZŒ�e� ! F` such that �e is a primitive e-root of unity in F` and a ¤ 0.
Then the ranks of Mf as a matrix over Q.�e/ and over F` are the same, and it
follows that EndF`	.F`X/ and EndQ.�e/	.Q.�e/X/ have the same dimension. ut

We are ready to return to Theorem 18. Let 
 be a Rouquier e-core with re-
spect to w. Put r D ew C j
 j. For any domain R and any � 2 R�, let AR;� D
HR;� .Sr/, BR;� D HR;� .S.ew;�// and CR;� D BR;� Ì RŒSw�. Furthermore, let
�R;� D AR;� ˝R CR;� , and let XR;� be the �R;� -module AR;� ˝BR;� CR;� .

Now consider in particular � D �ZŒ�e �;�e andX D XZŒ�e�;�e , and choose a prime
` and a homomorphism N� W ZŒ�e�! F` according to Lemma 23. Note that X is free
over ZŒ�e� since A D AZŒ�e�;�e and C D CZŒ�e�;�e are free over B D BZŒ�e �;�e .

Let O be the completion of ZŒ�e� at the kernel of N� , so that O is a complete
discrete valuation ring. By Lemma 23, the natural embedding F` End	.X/ ,!
End	F`;q

.XF`;q/ must be an isomorphism. We saw in the proof of Theorem 18 that
there exists a summand MF`;q of XF`;q with certain good properties. A projection
onto this summand determines an idempotent of End	F`;q

.XF`;q/, which we may
lift to an idempotent of End	.X/. We obtain in this way a summand M of X , with
the property that F`M Š MF`;q. Passing now to the quotient field k of O, we obtain
a �k;�e -module kM that settles Theorem 18 in the characteristic 0 case.

We end this section by remarking that the lifting technique we have used is appli-
cable in some other situations involving ‘Rouquier-like’ blocks in Hecke algebras
of other types. The set up is as follows:

Let W be a finite Weyl group. Let WL be a parabolic subgroup of W . Take a
subgroupN 	 NW .WL/=WL.

Let AR;� D HR;�.W /, BR;� D HR;� .WL/ and CR;� D BR;� Ì RŒN �. Ex-
actly as above we let �R;z D AR;� ˝R CR;� , and let XR;� be the �R;� -module
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AR;� ˝BR;� CR;� . Recall that the classification of blocks of AR;� , where R is a
field, only depends on the multiplicative order of � provided that the characteristic
of R is either 0 or sufficiently large [FS82, FS89, DJ87, DJ92, GR97].

Proposition 24. We fix e. Let A be a block of AQ.�2e/;�e and C be a block of
CQ.�2e/;�e . Suppose that for all sufficiently large primes ` there exist a primitive
eth root of unity q in F` and an .AF`;q ; CF`;q/-bimoduleM` such that

(1) M` is a direct summand of XF`;q

(2) M` induces a Morita equivalence between the blocks of AF`;q and CF`;q that
correspond to A and C.

Then, there exists a direct summandM0 ofXQ.�2e/;�e inducing a Morita equivalence
between A and C.

Example 25. Let W.Xr/ be the finite Weyl group of type Xr . Put � WD p�1, a
primitive 4th root of unity. Put AR;� D HR;�.W.E6//, BR;� D HR;�.W.D4//, and
CR;� D HR;�;1.W.F4// D BR;� ÌRŒS3� where the parameters of HR;�;1.W.F4//

are � and 1. Define �R;� and XR;� as above. Suppose that q � 1F` 2 F`, ` j q2 C 1,
and ` is sufficiently large.2 Then, by Geck’s result on Schur index [Gec03] and the
equivalence on blocks for finite Chevalley groups E6.q/ and D4.q/ Ì S3 .D4.q/

with a triality automorphism group/ in [Miy08], there exists an .AF`;q; CF`;q/-
bimoduleM` such that

(1) M` is a direct summand of XF`;q .
(2) M` induces a Morita equivalence between the principal blocks of AF`;q and

CF`;q .

So, by Proposition 24, we have the corresponding result in characteristic zero.

7 Quantized Enveloping Algebras

7.1 Guessing an Analogue of the Main Theorem

The main theorem suggests an analogous statement for quantized enveloping
algebras. Before stating it, we introduce the necessary notation, following Jantzen
[Jan03].

Let g be a reductive complex Lie algebra. Let k be a commutative ring and q an
invertible element of k. Let Uq;k D UA ˝A k, where A D ZŒv; v�1� and UA is the
divided powers integral form of the quantized enveloping algebra of g.

2 Here, the assumption ‘` : sufficiently large’ is used to make sure that F` is a splitting field for
the principal `-blocks of corresponding finite Chevalley groups E6.q/ and D4.q/. So, we require
[Gec03]. The claimed equivalence in finite Chevalley groups does always exist in characteristic
` > 3 such that ` j q2 C 1 by some extension of F`.
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Assume that k is a field of characteristic 0, and q is a primitive eth root of
unity, where e is odd and 3 does not divide e if g has a component of type G2.
Let Uq;k-mod be the category of finite-dimensional Uq;k-modules of type I (see
[Jan03, p. 523] for definition).

For each dominant weight � 2 X.T /C, there is a simple Uq;k module Lq.�/ of
type I with highest weight �, which is unique up to isomorphism. Every object of
Uq;k-mod has a composition series with factors of the form Lq.�/.

Let We be the affine Weyl group, acting on X.T /˝Z R. Let

NCe D f� 2 X.T /˝Z R j 0 � h�C �; ˛_i � e for all ˛ 2 RCg

be the closure of the standard e-alcove (see [Jan03, p. 233]); it is a fundamental
domain for this action.

Let q0 be a primitive e0th root of unity in k, and let Uq0;k be the corresponding
quantum group in obvious fashion. We place the same restrictions on e0 as we do on
e above, and further we assume e0 � e.

There is an isomorphism f W We ! We0 sending sˇ;ne to sˇ;ne0 for all ˇ 2 R and
n 2 Z. Here, we use the notation sˇ;r of [Jan03, p. 232, 6.1]. Note that the actions
of w 2 We and f .w/ 2 We0 on X.T / are different!

The inclusion of NCe into NCe0 sends some walls of NCe into the interior of NCe0 ,
so that affine Weyl group stabilizers are not preserved. To ‘correct’ this, consider a
injective map � W NCe ,! NCe0 with the property that for all � 2 NCe and ˛ 2 RC,
we have h� C �; ˛_i D h�.�/ C �; ˛_i unless h� C �; ˛_i D e, in which case
h�.�/ C �; ˛_i D e0. Such a map always exists and is unique if G is semisimple.
Moreover, we can always choose it to be the identity map on the interior of NCe.

Lemma 26. Let � 2 X.T / \ NCe and w 2 We. Then w � � 2 X.T /C if and only if
f .w/ � �.�/ 2 X.T /C.

Guess 27. There is a full k-linear embedding

F W Uq;k-mod! Uq0;k-mod

such that for all � 2 X.T / \ NCe and w 2 We with w � � 2 X.T /C, we have

F.Lq.w � �// Š Lq0.f .w/ � �.�//:

The image of F is a sum of blocks of Uq0;k-mod.

7.2 The Case gld

The aim of this section is to confirm that Guess 27 is correct for g D gld .
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7.2.1 Weights, Abaci and Affine Weyl Group Actions

We begin by making a link, in the gld case, between the map w 7! f .w/ appearing
above and the James–Mathas operation � 7! �C. To this end we describe the dot
actions of the affine Weyl group on weights in terms of abaci. We keep the notation
in 7.1, taking the usual presentation

X.T /C D f� D �1"1 C � � � C �d "d 2 X.T / j �1 � � � � � �d g

for the set of dominant weights for gld .
The weights lying in the closure of the standard e-alcove are

X.T /\ NCe D f� 2 X.T / j 0 � .�i C d � i/� .�j C d � j / � e for all i < j g:

Here, � is usually taken to be half the sum of the positive weights. But it does no
harm to work with a normalized version that has the same inner products with roots;
so we have taken � D .d � 1/"1 C .d � 2/"2 C � � � C 0"d :

We fix a �-shifted identification of X.T / with Zd , sending � D �1"1 C � � � C
�d"d 2 X.T / to .�1 C d � 1; �2 C d � 2; : : : ; �d / 2 Zd . This leads to an iden-

tification NCe
�! fˇ 2 Zd j ˇ1 � � � � � ˇd and ˇ1 � ˇd � eg. In this picture, the

action of the affine Weyl groupWe Š Zd�1 Ì Sd on X.T / D Zd is as follows:

�:.ˇ1; : : : ; ˇd / D .ˇ
.1/; : : : ; ˇ
.d//

.m1; : : : ; md�1/:.ˇ1; : : : ; ˇd / D .ˇ1 C em1; ˇ2 C em2 � em1; : : : ; ˇd � emd�1/

where � 2 Sn, .m1; : : : ; md�1/ 2 Zd�1 and .ˇ1; : : : ; ˇd / 2 Zd . This is conve-
niently represented using James’s abacus, with e runners and with d beads labelled
by 1; : : : ; n. The action of Sd is given by permutating the labels, and that of Zd�1

by moving beads up and down runners. From this description, the following lemma,
making the combinatorial connection between Theorem 2 and Guess 27, is imme-
diate. We say that a weight � 2 X.T / is polynomial if � is dominant and �d � 0,
i.e. if .�1; : : : ; �d / is a partition.

Lemma 28. Let � 2 X.T / \ NCe and w 2 We, and suppose that w:� D � � .me �
�d /.1

d / for some polynomial weight � and some integer m. Then, f .w/:�.�/ D
�C;e � .me0 � �d /.1

d /.

7.2.2 Proof for gld

Here, we shall confirm Guess 27 for g D gld by appealing to Theorem 2. We
denote by Pe

0 the category of polynomial representations over Uq;k.gld /, i.e. the
full subcategory of Uq;k.gld /-mod consisting of modules with composition factors
of the form Lq.�/ where � is a polynomial weight.
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Tensoring with the representation det�m D L.�m; : : : ;�m/ induces a self-
equivalence of Uq;k.gld /-mod sending L.�/ to L.� � m.1d //; denote by Pe

m the
essential image of Pe

0 under this equivalence. Then, we have an exhaustive filtration
Pe

0 	 Pe
1 	 � � � of Uq;k.gld /-mod.

It is known that Pe
0 is equivalent to

L1
rD0 Sk;q2.d; r/-mod, in a way preserving

labels on simple modules. Hence by Theorem 2, there exists a full embedding G0 W
Pe

0 ,! Pe0

0 sending Lq.�/ to Lq0.�C/ for all polynomial weights �.
We get for each m � 0 a corresponding embedding Gm W Pe

me ! Pe0

me0 , such
thatGm.L.��me.1d /// Š L.�C �me0.1d // for any polynomial weight �. Since
�C �me0.1d / D .��me.1d //C, we have a commutative diagram:

Gm W Pe
me ,! Pe0

me0

[ [
Gm�1 W Pe

.m�1/e
,! Pe0

.m�1/e0
:

By taking the limit m!1, we have a full embedding

G WD lim
m!1Gm W Uq;k.gld /-mod D

1
[

mD0

Pe
me ! Uq0;k.gld /-mod D

1
[

mD0

Pe0

me0 :

This is not quite the functor we want; a slight adjustment is required. By the
linkage principle, Uq;k.gld /-mod DL

�2 NC \X.T / MWe :�, where MWe :� is the full
subcategory consisting of modules with composition factors of the form Lq.w:�/.
Let Z be the self equivalence of Uq;k.gld /-mod whose restriction to MWe :� is
tensoring with det�d . One can define a self equivalenceZ0 of Uq0;k.gld /-mod anal-
ogously.

Let F WD Z0GZ�1 W Uq;k.gld /-mod ! Uq0;k.gld /-mod. Then for each � 2
X.T / \ NCe , the functor F restricts to an equivalence MWe:�

�! MWe0 :� sending
Lq.�� .me � �d /.1

d // to Lq0.�C � .me0 � �d /.1
d // for any polynomial weight

�. By Lemma 28, this implies that F.Lq.w:�// Š Lq0.f .w/:�.�//, as desired.





Appendix:
Module Correspondences in Rouquier Blocks
of Finite General Linear Groups3

Akihiko Hida and Hyohe Miyachi

Abstract In this chapter we shall consider `-modular represenations of finite gen-
eral linear groups in non-defining characteristic ` > 0. We focus the nicest `-block
algebras in this representation theory, which are also known as unipotent Rouquier
blocks.

Let Bw;� be the unipotent `-block algebra of a general linear group over the finite
field with q elements associated with an e-weight w > 0 and a Rouquier e-core �
with respect to w where e is the multiplicative order of q modulo ` > 0. (See the
second paragraph of Sect. A for the definition of �.)

We assume that Bw;� has an abelian defect, ie, ` > w. It is known that there ex-
ists a Morita equivalence F between Bw;� and the wreath product block B1;; oSw.
This result is obtained by W. Turner and the second author independently. The both
methods are completely identical each other and are very similar to J. Chuang and
R. Kessar’s method on symmetric groups.
In this chapter, under the equivalence F we shall determine the explicit correspon-
dences of the simple, the Young and the Specht modules over the Rouquier block
Bw;� and the local subgroup block B1;; oSw. The result is used to prove the intial
condition of runner removal Morita equivalence theorem.
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A Introduction

Let ` be a prime number. Let O be a complete discrete valuation ring with fraction
field K of characteristic 0 and residue field k D O=J.O/ of characteristic `. We
assume thatK is big enough for all groups in this chapter. LetGLn.q/ be the general
linear group over field of q elements, where q is a prime power. We assume that `
does not divide q. Let e be the multiplicative order of q in k. The unipotent blocks of
OGLn.q/ are parametrized by e-weights (semisimple parts) and e-cores (unipotent
parts) [FS82]. Let Bw;� be the unipotent block of OGLn.q/ with e-weight w and
e-core �.

Let � be an e-core satisfying the following property: � has an (e-runner) abacus
representation such that �i�1 C w � 1 � �i where �i is the number of beads on
the i th runner [Rou98, CK02]. Let m D ew C j�j. Let Nw D .GLe.q/ o Sw/ �
GLj�j.q/. Let f be the block idempotent of B0.O.GLe.q/ o Sw// ˝ B0;�, where
B0.O.GLe.q/ o Sw// is the principal block of the wreath product GLe.q/ o Sw.
Let D be a Sylow `-subgroup of GLe.q/ o Sw. Then, as an O.GLm.q/ � Nw/-
module, Bw;�f has a unique indecomposable direct summand Xw with vertex
�D D f.d; d/ j d 2 Dg. Turner [Tur02] proved the following which is analo-
gous to the result of Chuang and Kesser for symmetric groups [CK02].

Theorem A.1. If w < `, then a .Bw;�;ONwf /-bimodule Xw induces a Morita
equivalence between ONwf and Bw;�.

This result was proved by the second author independently [Miy01].
Note that using this result, combining with [Mar96,Rou95] and [Chu99], one can

prove Broué’s conjecture [Bro90, Bro92] for weight two unipotent blocks of finite
general linear groups very easily.

In this chapter, we consider the correspondences of various modules under the
equivalence above. In Sect. 3, we consider simple modules. In Sect. 4, we treat
Young modules and Specht type modules. Throughout the chapter, we assume
w < `. The main results of this chapter, namely, Corollary C.3 and Theorem D.9,
enable us to calculate not only decomposition numbers of Bw;� but also the radical
series of Specht type modules lying in Bw;�. These graded decomposition numbers
are calculated in [Miy01] explicitly in terms of the Littlewood–Richardson coeffi-
cients. (Moreover, we can also calculate the Loewy layers for Young modules lying
in Bw;�.) The second author conjectured that under the condition “w < `” these
graded decomposition numbers lying in Bw;� are coincident with crystallized de-
composition numbers introduced in [LT96] (see, also [LLT96]). This conjecture is
proved by [LM02].

B Modules for the Wreath Product

In this chapter, modules always mean finitely generated right modules, unless
stated otherwise. Let � ` n. In [Jam86], James defined a KŒGLn.q/�-module
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(resp. kGLn.q/-module) SK.�/ (resp. Sk.�//. SK.�/ is simple and affords an
irreducible unipotent character. On the other hand, Sk.�/ has a unique simple
quotient D.�/. Moreover, fD.�/ j � ` m; e-core of � is �g is a complete set
of representatives of isomorphic classes of simple k ˝ Bw;�-modules [DJ86]. Let
XO.�/ be the Young OGLn.q/-module corresponding to � [DJ89]. Then, XO.�/
is an indecomposable direct summand of a permutation OGLn.q/-module induced
from a parabolic subgroup. For R 2 fK;kg, let XR.�/ be R ˝O XO.�/. Let
� D .�0; : : : ;�e�1/ be a multipartition of w. Let R 2 fK;O;kg. For each �i ,
we write S�i

R for the Specht RSj�i j-module corresponding to �i . Note that, since
w < `, S�i

k is simple projective. Hence, there is a unique projective OSj�i j-module
S�i
O which is a lift of S�i

k . Moreover, S�i
K D K˝S�i

O . Let 	i D .iC1; 1e�1�i / ` e
for 0 � i � e�1. Let TR be one ofXK ,Xk, SK , Sk andD. Then TR.	i /

˝j�i j˝S�i
R

is an RŒGLe.q/ oSj�i j�-module [15]. We set,

QTR.�/ D IndGLe.q/oSw
GLe.q/oS�

 

e�1
O

iD0

TR.	i /
˝j�i j ˝ S�i

R

!

˝ SR.�/;

where SO.�/ is a projective indecomposableB0;�-module (note thatB0;� has defect
zero), SR.�/ D R˝ SO.�/ is a simple RŒNw�f -module for R D K;k. Then

f QD.�/ j � W e-tuple partition of wg

is a complete set of isomorphism classes of simple kNwf -modules.
Let P.�;w/ be the set of all partitions of m with e-core �. Let � 2 P.�;w/.

Using the abacus representation of � mentioned in Introduction, we can consider
the e-quotient of � [15]. We denote the e-quotient of � by

N� D .�.0/; : : : ; �.e�1//:

The correspondence
�$ N�

gives a bijection between P.�;w/ and the set of all e-tuples partitions of w. Hence,

f QD. N�/ j � 2 P.�;w/g

is a complete set of representatives of isomorphism classes of simple kNwf -
modules.

For ˛ 2 P.�;w � 1/, let

�.˛; i/ D f� 2 P.�;w/ j ˛.i/ 
 �.i/; �.j / D ˛.j / .i ¤ j /g:

On the other hand, let P.w/ be the set of all partitions of w and let P˛.w/ D f� 2
P.w/ j ˛ 	 �g for ˛ ` w � 1. We need the following combinatorial lemma.
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Lemma B.1. .1/ Let � and � be bijections from P.w/ to P.w/. Suppose w > 2. If
�.P˛.w// D �.P˛.w// for any ˛ ` w � 1, then � D � .
.2/ Let � and � be bijections from P.�;w/ to P.�;w/. Suppose w > 2. If �.�
.˛; i// D �.�.˛; i// for any ˛, i , then � D � .

Proof. (1) Let � D .�1; �2; : : : / ` w. Suppose that �i > �iC1 � � � � � �j > 0 for
some i ¤ j . We define two partitions ˛, ˇ as follows:

˛ D .˛1; ˛2; : : : /; ˛i D �i � 1; ˛k D �k .k ¤ i/

ˇ D .ˇ1; ˇ2; : : : /; ˇj D �j � 1; ˇk D �k .k ¤ j /:
Then P˛.w/\ Pˇ .w/ D f�g, and �.�/ D �.�/.
So we may assume that � D .�m

1 /. Let 
 D .�m�1
1 ; �1�1/. Then �.�/ D �.�/

for � 2 P� .w/ other than � by the above argument. Hence, we have
�.�/ D �.�/.

(2) Let � 2 P.�;w/. If there exists i such that �.j / D ; for any j ¤ i , then
�.�/ D �.�/ by (1). So we may assume that �.i/ ¤ ;, �.j / ¤ ; for some
i ¤ j .
Take ˛; ˇ 2 P.�;w � 1/ satisfying:

˛.i/ 	 �.i/; ˇ.j / 	 �.j /:

Then �.˛; i/ \ �.ˇ; j / D f�g, and �.�/ D �.�/. ut

C Simple Modules

Definition

Groups: Let G be GLn.q/ and let G0 be a Levi subgroup of G correspond-
ing to a composition .e; n � e/, which is isomorphic to GLe.q/ �
GLn�e.q/. Let N DNw (resp. N 0) be the normalizer of a Levi sub-
group corresponding to a composition .ew; j�j/ in G (resp. G0), which
is isomorphic to GLe.q/ oSw �GLj�j.q/ (resp. GLe.q/ �Nw�1).

Blocks: Let B0 be the principal block of OGLe.q/. Let b be the block idem-
potent of Bw;�. Let f (resp. f 0) be the the block idempotent of
B0.OŒGLe.q/oSw�/˝B0;� (resp.B0˝B0.OŒGLe.q/oSw�1�/˝B0;�).
For a block ideal B of OH for some subgroup H of G, we denote
k˝ B by NB .

Functors: For a finite dimensional algebra A, we denote by mod-A the category
of finitely generated right A-modules. For any Levi subgroup L of G,
we denote by RG

L (resp. �RG
L ) the Harish-Chandra induction (resp. re-

striction) functor for G and L. Let X_
w be HomBw;� .Xw; Bw;�/. Define

functors Fw; .Fw/K and NFw as follows:
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Fw D �˝ONf X
_
w W mod-ONf �! mod-Bw;�

.Fw/K D �˝KŒN �f .K ˝X_
w / W mod-KŒN �f �! mod-K ˝ Bw;�

NFw D �˝kN Nf
NX_

w W mod-kN Nf �! mod- NBw;�

For F 2 fFw; .Fw/K ; NFwg, we denote the inverse of F by F �.

Lemma C.1. ResG�N
G0�N 0.Xw/ Š bRG�N

G0�N 0.B0 ˝Xw�1/.

Proof. First,

IndG�N 0

N 0�N 0.ON 0f 0/ Š RG�N 0

G0�N 0.B0 ˝Xw�1/˚ V;

where V is a direct sum of indecomposable modules with vertex not conjugate of
�D. On the other hand, ResG�N

G�N 0 .Xw/ is a direct summand of IndG�N 0

N 0�N 0.ON 0f 0/.
Since ResG�N

G�N 0 .Xw/ is indecomposable by [Tur02], ResG�N
G�N 0 .Xw/ is a direct sum-

mand of RG�N 0

G0�N 0.B0 ˝Xw�1/. Since

.Fw/K.IndN
N 0.KŒN

0�f 0// Š b.RG
G0 /.id˝ .Fw�1/K/.KŒN

0�f 0/

by [Tur02],
K ˝Xw Š bRG�N 0

G0�N 0.K ˝ .B0 ˝Xw�1//

as KŒG�-modules. Hence,

ResG�N
G0�N 0.Xw/ Š bRG�N

G0�N 0.B0 ˝Xw�1/:

ut
In order to compare the labels of some NBw;�-modules with that of some kNf -
modules, the following definition will be important.

Definition Let L� 2 P.�;w/ be the partition such that

L�.i/ D
(

�.i/ if e C i W odd;
�.i/0

if e C i W even.

Theorem C.2. .Fw/K. QSK. N�// Š SK. L�/.
Proof. We proceed by induction on w. The case w D 2 is proved in [Tur02]. So we
assume w > 2. Define a bijection � W P.�;w/ �! P.�;w/ by

.Fw/K. QSK. N�// Š SK.�.�//:
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It suffices to show that �.�/ D L�. By the Littlewood–Richardson rule,

.Fw/K.IndN
N 0SK.	i /˝ QSK. N̨ // D .Fw/K

0

@

M

�2	.˛;i/

QSK. N�/
1

A D
M

�2	.˛;i/

SK.�.�//

for ˛ 2 P.�;w�1/ and 0 � i � e � 1. On the other hand,

bRG
G0.id˝ .Fw�1/K/.SK.	i /˝ QSK. N̨ // D bRG

G0.SK.	i /˝ SK. L̨ //
D

M

�2	. L̨ ;i/

SK.�/ D
M

�2	.˛;i/

SK. L�/

by induction and [Tur02]. Since these two modules are isomorphic byLemma C.1,
we have �.�.˛; i// D .�.˛; i//_. Hence �.�/ D L� by Lemma B.1. ut
Corollary C.3. NFw. QD. N�// Š D. L�/ for � 2 P.�;w/.
Proof. Let � 2 P.�;w/. We will show that NFw. QD. NL�// Š D.�/ by induction on �.
Suppose that NFw. QD. NL�// Š D.�/ for any � 2 P.�;w/; � > �. Suppose that
NFw. QD. NL	// Š D.�/ for 	 2 P.�;w/. We write V $ W if modules V and W have

the same composition factors. Then

Sk.�/$
0

@

M

�>�

d��D.�/

1

A˚D.�/

for some nonnegative integers d��. By Theorem C.2,

QSk.
NL�/$

0

@

M

�>�

d��
QD. NL�/

1

A˚ QD. NL	/:

Since QSk.
NL�/ has QD. NL�/ as a composition factor by definition, we have 	 D �. ut

D Young Modules

Recall that

QXR.�/ D IndGLe.q/oSw
GLe.q/oS�

 

e�1
O

iD0

XR.	i/
˝j�i j ˝ S�i

R

!

˝ SR.�/

and QSR.�/ is a submodule of QXR.�/ by definition.

Lemma D.1. Œ QXk.�/ W QD.�/� D 1.
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Proof. By Mackey’s decomposition theorem, we know

ResGLe.q/oSw
GLe.q/�w IndGLe.q/oSw

GLe.q/oS�
.V / Š

M

g2ŒS� nSw�

.Res
GLe .q/oS�
GLe .q/�w .V //g

for any RŒGLe.q/ oS� �-module V . Here, ŒS�nSw� is a set of the right coset repre-
sentatives of S�nSw.

In particular,
ResGLe.q/oSw

GLe.q/�w .D.�//

Š
 

e�1
Y

iD0

dimR S
�i
k

!

�
M

g2ŒS� nSw�

 

e�1
O

iD0

.D.	i //
˝j�i j

!g

˝ Sk.�/: (1)

Comparing the composition factors of Res
GLe .q/oS�
GLe .q/�w

Ne�1
iD0Xk.	i /

˝j�i j˝S�i
k with

Ne�1
iD0D.	i /

˝j�i j, we get

"

Res
GLe .q/oS�
GLe .q/�w

e�1
O

iD0

Xk.	i /
˝j�i j ˝ S�i

k W
e�1
O

iD0

D.	i /
˝j�i j

#

D
e�1
Y

iD0

dimk S
�i
k :

Therefore, by (1) we have Œ QXk.�/ W QD.�/� D 1. ut
Let �� (resp. �� ) be the character afforded by QXO.�/ (resp. QSK.�/).
For e-tuple multipartitions � and �, we define a total order � � � by

� � �; if there exists m such that �m > �m and �j D �j for j > m:

Then, by definition clearly the following holds:

Proposition D.2. h�� ; �� i D 1 and h�� ; ��i D 0 if � � �.

In particular, we know the following:

Corollary D.3. If � ¤ �, then QXk.�/ 6Š QXk.�/.

Lemma D.4. Soc. QXk.�// D Soc. QSk.�//

Proof. Since the functor IndGLe.q/oSw
GLe.q/oS�

preserves the Loewy layers of modules,

Soc. QXk.�// D IndGLe.q/oSw
GLe.q/oS�

 

e�1
O

iD0

.Soc.Xk.	i ///
˝j�i j ˝ S�i

k

!

˝ Sk.�/:
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Similarly, we have

Soc. QSk.�// D IndGLe.q/oSw
GLe.q/oS�

 

e�1
O

iD0

.Soc.Sk.	i ///
˝j�i j ˝ S�i

k

!

˝ Sk.�/:

However, Soc.Xk.	i // D Soc.Sk.	i // for i D 0; : : : ; e � 1. Hence, we are done.
ut

Since QSk.�/ is indecomposable, by Lemma D.1 we immediately know

Corollary D.5. QXk.�/ is indecomposable.

Lemma D.6. NF �
w .Xk.�// Š QXk. N	/ for some 	 2 P.�;w/.

Proof. Let L WD L.ew;�/ be the Levi subgroup of G corresponding to the compo-
sition .ew; �/ ˆ m. ResN

L .
NF �
w .V // is a direct summand of bw � �RG

L .V / for any
NBw;�-module V . Any indecomposable direct summand of ResN

L .
NF �
w .Xk.�/// has

the following shape:
w
O

iD1

X.	m.i//˝ Sk.�/:

Here, m.i/ is an element of f0; 1; 2; : : : ; e � 1g for any i 2 f1; 2; : : : ;wg. Hence,
any indecomposable direct summand of NF �

w .Xk.�// is a direct summand of

 

IndN
L

 

e�1
O

iD0

X.	i/
˝ni

!!

˝ Sk.�/

for some .n0; n1; : : : ; ne�1/ ˆ w. Since NF �
w is an equivalence, we get

NF �
w .Xk.�// Š QXk.	/ for some 	:

ut
Theorem D.7. NFw. QXk. N�// Š Xk. L�/ for any � 2 P.�;w/.
Proof. It suffices to show that

NF �
w .Xk.�// Š QXk.

NL�/ (2)

for any � 2 P.�;w/. We proceed by induction on .>;P.�;w//. By Corollary C.3,
we have already shown (2) for the maximal element of P.�;w/. Suppose that the
claim (2) holds for any � � �. By Lemma D.6, there exists 	 2 P.�;w/ such that

NF �
w .Xk.�// Š QXk. NL	/:

In particular, QXk. NL	/ must have QD. NL	/ as a composition factor. So, we deduce by
Corollary C.3 that Xk.�/ Š NFw. QXk. NL	// must have D.	/ Š NFw. QD. NL	// as a
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composition factor. Hence, by [Jam84, 16.3] we deduce 	 D �. Suppose that 	 � �.
By the assumption of induction, we have

NF �
w .Xk.	// Š QXk. NL	/:

In other words, we have

NF �
w .Xk.	// Š NF �

w .Xk.�//:

Therefore, we have 	 D � and get a contradiction. ut
Let P.�/ (resp. QP . N�/) be the projective indecomposable module corresponding

toD.�/ (resp. QD. N�/). Then, Specht type modulesSk.�/; QSk. N�/ and Young modules
Xk.�/; QXk. N�/ enjoy the following properties:

Lemma D.8. (1) If � 2 HomkG.P.�/;Xk.�// satisfies Top.�.P.�/// Š D.�/,
then �.P.�// Š Sk.�/.

(2) If  2 HomkN . QP. N�/; QXk. N�// satisfies Top. . QP . N�/// Š QD. N�/, then
 . QP . N�// Š QSk. N�/.

Proof. (1) is clear by [DJ89]. (2): By Lemma D.1, we have already known Œ QXk. N�/ WQD. N�/� D 1. Moreover, QSk. N�/ is a submodule of QXk. N�/ and have its unique top
QD. N�/. So,  . QP . N�// must be isomorphic to QSk. N�/. ut

By Corollary C.3, Theorem D.7 and Lemma D.8, we have

Theorem D.9. NFw. QSk. N�// Š Sk. L�/ for any � 2 P.�;w/.
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[Gre80] J. A. Green. Polynomial Representations of GLn, volume 830 of Lecture Notes in
Mathematics. Springer, Berlin, 1980

[HM00] A. Hida and H. Miyachi. Module correspondences in some blocks of finite general
linear groups. available at Benson’s archive, 2000 (unpublished)

[HK02] J. Hong and S.-J. Kang. Introduction to quantum groups and crystal bases, volume 42
of Graduate Studies in Mathematics. Amer. Math. Soc., RI, 2002

[Jam84] G. D. James. Representations of general linear groups. London Mathematical Society
Lecture Notes 94. Cambrige Universitiy Press, London, 1984



Module Correspondences in Rouquier Blocks of Finite General Linear Groups 91

[Jam86] G. D. James. The irreducible representations of the finite general linear groups. Proc.
London Math. Soc., 52:236–268, 1986

[Jam90] G. D. James. The decomposition matrices of GLn.q/ for n � 10. Proc. London Math.
Soc., 60(3):225–265, 1990

[JK81] G. D. James and A. Kerber. The representation theory of the symmetric group.
Encyclopedia of Mathematics and its Applications 16. Cambrige University Press,
London, 1981

[JM02] G. D. James and A. Mathas. Equating decomposition numbers for different primes.
J. Algebra, 258:599–614, 2002

[Jan03] J. C. Jantzen. Representations of Algebraic Groups, volume 107 of Mathematical Sur-
veys and Monographs, second edition. Amer. Math. Soc., RI, 2003

[Kas90] M. Kashiwara. Crystalizing the q-analogue of universal enveloping algebras. Commun.
Math. Phys., 133:249–260, 1990

[Kas91] M. Kashiwara. On crystal bases of the q-analogue of universal enveloping algebras.
Duke Math. J., 63:465–516, 1991

[Kle95a] A. Kleshchev. Branching rules for modular representations of symmetric groups I.
J. Algebra, 178(2):493–511, 1995

[Kle95b] A. Kleshchev. Branching rules for modular representations of symmetric groups II.
J. Reine Angew. Math., 459:163–212, 1995

[Kle96] A. Kleshchev. Branching rules for modular representations of symmetric groups III.
J. London. Math., 54(2):163–212, 1996

[LLT96] A. Lascoux, B. Leclerc, and J.-Y. Thibon. Hecke algebras at roots of unity and crystal
bases of quantum affine algebras. Commun. Math. Phys., 181:205–263, 1996

[Lec02] B. Leclerc. Symmetric functions and the Fock space. In Symmetric functions 2001:
surveys of developments and perspectives, volume 74 of NATO Sci. Ser. II Math. Phys.
Chem., pages 153–177. Kluwer, Dordrecht, 2002

[LM02] B. Leclerc and H. Miyachi. Some closed formulas for canonical bases of Fock spaces.
Represent. Theor., 6:290–312 (electronic), 2002

[LT96] B. Leclerc and J.-Y. Thibon. Canonical bases of q-deformed Fock space. Int. Math.
Res. Notices, pages 447–498, 1996

[Lus80] G. Lusztig. Some problems in the representation theory of finite Chevalley groups. In
The Santa Cruz Conference on Finite Groups .Univ. California, Santa Cruz, Calif.,
1979/, volume 37 of Proc. Sympos. Pure Math., pages 313–317. Amer. Math. Soc., RI,
1980

[Lus89] G. Lusztig. Modular representations and quantum groups. In Classical groups and re-
lated topics .Beijing, 1987/, volume 82 of Contemp. Math., pages 59–77. Amer. Math.
Soc., RI, 1989

[Lus93] G. Lusztig. Introduction to quantum groups, volume 110 of Progress in Mathematics.
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Quantum gln, q-Schur Algebras and Their
Infinite/Infinitesimal Counterparts

Jie Du and Qiang Fu

Abstract We present a survey of recent developments of the Beilinson–Lusztig–
MacPherson approach in the study of quantum gln, infinitesimal quantum gln,
quantum gl1 and their associated q-Schur algebras, little q-Schur algebras and in-
finite q-Schur algebras. We also use the relationship between quantum gl1 and
infinite q-Schur algebras to discuss their representations.

Keywords Quantum group � Quantum Schur algebras � Infinite q-Schur algebras �
Representations
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1 Introduction

Almost at the same time when Ringel discovered the Hall algebra realization [24]
of the positive part of the quantum enveloping algebras associated with finite di-
mensional semisimple complex Lie algebras, Beilinson, Lusztig and MacPherson
discovered a realization [1] for the entire quantum gln via a geometric setting of
quantum Schur algebras (or q-Schur algebras). This remarkable work has many
applications. For example, it provides a crude model for the introduction of modi-
fied quantum groups as introduced in [21], it leads to the settlement of the integral
Schur–Weyl reciprocity and, hence, the reciprocity at any root of unity [6, 10], and
it has also provided a geometric approach to study quantum affine gln [14, 22]. The
BLM work has also been used to investigate the presentations of q-Schur algebras
[9], infinitesimal quantum gln and their associated little q-Schur algebras [11], and
quantum gl1, infinite q-Schur algebras and their representations [7]. This chapter
presents a brief account of these developments.
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We organize the chapter as follows. Section 2 collects the definitions of quantum
gl� for any consecutive (finite or infinite) segment � of Z, the q-Schur algebras and
the infinitesimal quantum gl� . In Sect. 3, we generalize the geometric setting in [1]
for q-Schur algebras to introduce the algebras K.�; r/, for any �, and discuss the
stabilization property for K.�; r/. This property allows us to define a new algebra
K.�/ over Q.v/ of which a certain completion bK.�/ of K.�/ contains a subalgebra
isomorphic to the quantum group U.�/ D Uv.gl�/. This is the BLM realization

which is discussed in Sect. 4. When � is an infinite segment, the completion bK.�; r/
of K.�; r/ contains a subalgebra V.�; r/ which is isomorphic to a homomorphic
image U.�; r/ of U.�/. In Sect. 5, we use the integral version K.�/ of K.�/ to
obtain its specialization K.�/k at a root of unity, and then to construct a subal-
gebra W of the completion bK.�/k of K.�/k . The algebra W is isomorphic to the
infinitesimal quantum gl� . From Sect. 6 onwards, we present various applications.
In Sect. 6, q-Schur algebras are investigated via their presentations. In particular,
we display several bases and mention a nice application to Hecke algebras. Parallel
to the infinitesimal theory for quantum gln, little q-Schur algebras are discussed in
Sect. 7. For the rest of the chapter, we focus on the case when � D Z. In Sect. 8, we
discuss presentations of the algebras U.1; r/. Infinite q-Schur algebras S.1; r/
are introduced and the relations between S.1; r/ and quantum gl1 are discussed
in Sect. 9. In particular, we show that U.1; r/ is a proper subalgebra of S.1; r/.
We end the chapter by discussions on the representation theory of quantum gl1.
We discuss the highest weight representations in Sect. 10 and their polynomial type
representations in Sect. 11.

2 Quantum gl�, Infinitesimal Quantum gl�

and q-Schur Algebras

Let � � Z be a consecutive segment of Z. In other words, � is a subset of the
form Œm; n� WD fi 2 Z j m 6 i 6 ng or one of the sets .�1; m�; Œn;1/ and Z,
where m; n 2 Z. Let �a D � n fmax.�/g if � has an upper bound, and �a D �

otherwise. We also denote by M�.R/ (resp. R�) the set of all matrices .ai;j /i;j2�
(resp. all sequences .ai /i2�) with all entries in a set R of numbers, and will always
abbreviate the sub-/supscript � by n if � D Œ1; n�, and by1 if � D Z. Moreover, we
also assume that if � is infinite, then the elements in M�.R/ (resp. R�) have finite
support, i.e. all ai;j D 0 (resp. ai D 0) but finitely many of them.

Let U.�/ WD Uv.gl�/ be quantum gl� defined over Q.v/. Then, U.�/ is the alge-
bra over Q.�/ presented by generators

Ei ; Fi .i 2 �a/; Kj ; K�1
j .j 2 �/

and relations

(a) KiKj D KjKi ; KiK�1
i D 1I

(b) KiEj D �ıi;j �ıi;j C1EjKi I
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(c) KiFj D �ıi;j C1�ıi;j FjKi I
(d) EiEj D EjEi ; FiFj D FjFi when ji � j j > 1I
(e) EiFj � FjEi D ıi;j eKi �eK�1

i

����1 , where eK i D KiK�1
iC1I

(f) E2i Ej � .� C ��1/EiEjEi C EjE2i D 0 when ji � j j D 1I
(g) F 2i Fj � .� C ��1/FiFjFi C FjF 2i D 0 when ji � j j D 1:

When � is an infinite segment, U.�/ can be regarded as the quantum enveloping
algebra associated with an1�1 Cartan matrix.

We also set

U.�/ D
(

U.n/; if � D Œ1; n�I
U.1/; if � D Z:

Clearly, we have natural algebra embedding U.Œ�n; n�/ � U.Œ�n � 1; nC 1�/ for
all n > 0. Hence, obtain an algebra isomorphism

U.1/ Š lim�!
n

U.Œ�n; n�/: (2.0.1)

We will see in Sect. 4 that U.�/ can be reconstructed as a vector space together with
a given basis and certain explicit multiplication formulas between basis elements
and generators.

Let Z D ZŒv; v�1� and let U.�/0 (resp. U.�/C, U.�/�) be the Z-subalgebra of

U.�/ generated by all Kj ; K�1
j ,

�

Kj I c
t

�

(resp. E.m/i , F .m/i ), where

E
.m/
i D Emi

Œm�Š
; F

.m/
i D Fmi

Œm�Š
; and

�

Kj I c
t

�

D
t
Y

sD1

Kj�
c�sC1 �K�1

j ��cCs�1

�s � ��s

with Œm�Š D Œ1�Œ2� � � � Œm� and Œt � D �t ���t

����1 . Also, let U.�/ D U.�/CU.�/0U.�/�.

By [25, Sect. 3] and [20, 2.3 (g9)(g10)], all

� QKj I c
t

�

2 U.�/. Thus, U.�/ is a Z-

subalgebra of U.�/ and there is a triangular decomposition

U.�/ D U.�/C ˝ U.�/0 ˝ U.�/�:

Let �� be a free Z-module with basis f!igi2�. Let �� D �� ˝ Q.v/. Then
U.�/ acts on �� naturally defined by

Ka!bD�ıa;b!b .a; b 2 �/; Ea!bDıaC1;b!a; Fa!bDıa;b!aC1 .a2�a; b2�/:

This action extends to the tensor space �˝r
� (r > 1) via the coalgebra structure �

on U.�/ defined by

�.Ei / D Ei ˝ QKi C 1˝Ei ; �.Fi / D Fi ˝ 1C QK�1
i ˝Fi ; �.Kj / D Kj ˝Kj :
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Thus, we have a Q.v/-algebra homomorphism

�r W U.�/! End.�˝r
� /: (2.0.2)

Restriction induces a Z-algebra homomorphism

�r jU.�/ W U.�/! End.�˝r
� /: (2.0.3)

Let
U.�; r/ D im.�r / and U.�; r/ D im.�r jU.�//: (2.0.4)

If � is finite, both U.�; r/ and U.�; r/ are called q-Schur algebras at �; see [16].
Note that q-Schur algebras can be described as the endomorphism of the tensor
space regarded as a module of the Hecke algebra associated with the symmetric
groups on r letters (see Sect. 9 for more details).

Let U.�/k D U.�/˝Z k, where k is a field containing an l 0th primitive root " of
1 (l 0 > 3), and is regarded as an Z-module via the specialization of � to ". We will
denote the images of E.m/i ˝ 1, etc. in U.�/k by the same letters. Clearly, (2.0.1)
induces a k-algebra isomorphism

U.1/k D lim�!
n

U.Œ�n; n�/k (2.0.5)

We now follow [20] to introduce infinitesimal quantum gl� . Let Quk.�/ be the
k-subalgebra of U.�/k generated by the elements Ei , Fi , K˙1

j for all i; j , and
define Quk.�/C, Quk.�/0 and Quk.�/�. Similarly, we have an inherited triangular
decomposition

Quk.�/ D Quk.�/C Quk.�/0 Quk.�/� Š Quk.�/C ˝ Quk.�/0 ˝ Quk.�/�:

Moreover, we have
Quk.1/ D lim�!

n

Quk.Œ�n; n�/ (2.0.6)

We may further introduce the so-called infinitesimal quantum group uk.�/ when
l 0 is odd. Let

l D
(

l 0; if l 0 is odd

l 0=2; if l 0 is even
: (2.0.7)

Thus, "l � "�l D 0 and further Eli D 0 D F li and K2l
j D 1 in U.�/k . If l 0 is

odd, then the elements K l
i � 1 .i 2 �/ are central in Quk.�/ (and in U.�/k). These

elements generate an ideal hK l
i � 1 j i 2 �i of Quk.�/. Define

uk.�/ D Quk.�/=hK l
i � 1 j i 2 �i:

Call uk.�/ the infinitesimal quantum gl� .
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An alternative way to see the algebra Quk.�/ and uk.�/ is using the De Concini–
Kac quantum group (see [3]). Let Uk.�/ be the algebra over k with generators Ei ,
Fi and K˙1

j .i 2 �a; j 2 �/ and the relations (a)–(g) where � is replaced by "
(noting our assumption on l 0 in the definition of uk.�/). This algebra is a gl� version
of a De Concini–Kac quantum group. Clearly, there is an algebra homomorphism
ı W Uk.�/! U.�/k mapping the generators of Uk.�/ to their counterparts in U.�/k .
The image of ı is the algebra Quk.�/.

The following result is given in [11, 2.5] and [13, 2.1] (the proof for an infinite �
is entirely similar).

Proposition 2.1. (1) Let I be the .two-sided/ ideal of Uk.�/ generated by
E li ; F

l
i ; K

2l
j � 1, i 2 �a; j 2 �. Then there is an algebra isomorphism

Uk.�/=I Ï! Quk.�/:

In other words, Quk.�/ is the k-algebra defined by generators

Ei ; Fi ; Kj .i 2 �a; j 2 �/

and relations (a)–(g) with � replaced by ", together with the relations:
.Qh/ E li D 0, F li D 0 andK2lj D 1.

(2) If l 0 be odd, then uk.�/ is the k-algebra defined by generators

Ei ; Fi ; Kj .i 2 �a; j 2 �/

and relations (a)–(g) with � replaced by ", together with the relations:
(h) E li D 0; F li D 0 andKlj D 1:

In Sect. 5, we will discuss the realizations of Quk.�/ and uk.�/.

3 The Algebra K.�; r/ and the Stabilization Property

For a matrix A D .aij / 2 M�.N/ (resp. j D .ji / 2 N�), let jAj D P

i;j aij
(resp. jjj D P

i ji ). Let „.�/ D M�.N/, „.�; r/ D fA 2 „.�/ j r D jAjg and
e„.�/ D f.aij / 2M�.Z/ j aij > 0 8i ¤ j g.

Let V be a vector space of dimension r over a field k. An �-step flag is a col-
lection f D .Vi/i2� of subspaces of V such that V D S

i2� Vi , Vi � ViC1 for all

i 2 �a and Vi D 0 for i � 0 if � has no lower bound. Let F be the set of �-step
flags. The group G D G.k/ WD GL.V / acts naturally on F with orbits being the
fibres of the map F ! ƒ.�; r/ WD f� 2 N� j r D j�jg given by

.Vi /i2� 7! .dimVi=Vi�1/i2�;
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where Vmin.�/�1 D 0 if � is bounded below. If F� denotes the inverse image of
� 2 ƒ.�; r/, then F D S

�2ƒ.�;r/ F�, a disjoint union of G-orbits. If f 2 F� and
P� is the stabilizer of f in G, then F� Š G=P�.

Let V D V.k/ D F � F and let G act on V diagonally. For .f; f0/ 2 V where
f D .Vi /i2� and f0 D .V 0

i /i2�, the subspaces

Xi;j D Xi;j .f; f0/ D Vi�1 C .Vi \ V 0
j /

(where i; j 2 �) form an .� � �/-flag:

� � � � Xi;j � Xi;jC1 � � � � � XiC1;j � XiC1;jC1 � � � � � V:

Let ai;j D dimXi;j=Xi;j�1. Setting ‰.f; f0/ D .ai;j / defines a map ‰ W V !
„.�/. Then „.�; r/ D im‰. The G-orbits OA, A 2 „.�; r/, in V are the fibres
of ‰.

When k D Fq is a finite field of q elements, then the action of G.q/ WD G.k/ on
V.q/ WD V.k/ induces a permutation module ZV.q/. Let E�;r .q/ be the Z-algebra
with basis feAgA2„.�;r/ and multiplication: for A;A0 2 „.�; r/,

eA � eA0 D
X

A002„.�;r/
cA;A0;A00eA00

where, for fixed .f1; f2/ 2 OA00 ,

cA;A0;A00 D ff 2 V.q/ j .f1; f/ 2 OA; .f; f2/ 2 OA0g:

Note that if � is finite, then

E�;r.q/ D EndZG.q/.ZV.q//op:

Thus, E�;r.q/ has an identity. This is not the case if � is infinite.
It is well known that there are polynomials fA;A0;A00 such that fA;A0;A00.q/ D

cA;A0;A00 for all A;A0; A00 2 „.�; r/. Thus, we define a Z-algebra K.�; r/ with
basis f	BgB2„.�;r/ and multiplication

	A � 	A0 D
X

A00

fA;A0;A00.v2/	A00 :

For any n > 1, we may embed „.Œ�n; n�; r/ into „.Œ�n � 1; n C 1�; r/ by
adding zeros in rows and columns labelled with �n � 1 or nC 1. This induces an
algebra embedding K.Œ�n; n�; r/ into K.Œ�n � 1; nC 1�; r/ as a centralizer subal-
gebra eK.Œ�n� 1; nC 1�; r/e for an idempotent e. Thus, we obtain a direct system
fK.Œ�n; n�; r/gn>1.
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Lemma 3.1. (1) Let ZŒ
p
q;
p
q�1� be the subring of C generated by Z andp

q;
p
q�1, and let K.�; r/jpq be the specialization of K.�; r/ at v D pq.

Then we have an algebra isomorphism

K.�; r/jpq Š E�;r.q/˝Z ZŒ
p
q;
p
q

�1
�:

(2) We have an algebra isomorphism:

K.1; r/ D lim�!
n

K.Œ�n; n�; r/:

For any A D .ai;j / 2 e„.�/, let row .A/ D �P

j2� ai;j
�

i2� and col .A/ D
�P

i2� ai;j
�

j2� be the sequences of row and column sums of A. Note that row .A/
and col .A/ are well defined for any A 2M1.Z/ since A has a finite support.

Let Z1 be the subring of Q.�/Œ� 0� generated by vj .j 2 Z/ and the elements

Y

i2Œ1;t �

v�2.a�i/v02 � 1
v�2i � 1

for all a 2 Z and t > 1. For n > n0 and A 2 „.Œ�n0; n0�/, define AŒ�n;n� 2
„.Œ�n; n�/ by adding zeros at the .i; j /-position for all i < �n0 or i > n0 or
j < �n0 or j > n0.

The following stabilization property is a slight modification of the result [1, 4.2]
for q-Schur algebras; see [7, Sect. 3] for more details.

Theorem 3.2. For B 2 „.�; r/ let d.B/ D P

i>k;j<l bij bkl . The basis

fŒB� WD v�dB	BgB2„.�;r/ for K.�; r/ satisfies the following property: if A;B 2
e„.Œ�n0; n0�/ for some n0 > 1 with col .A/ D row .B/, then there exist
gA;B;C .v; v0/ 2 Z1 with C 2 e„.Œ�n0; n0�/ such that

ŒpA
Œ�n;n�� � ŒpB Œ�n;n�� D

X

C2e„.Œ�n0;n0�/

gA;B;C .v; v
�p/ŒpC Œ�n;n��

for all large p and n > n0, where pC Œ�n;n� D pIŒ�n;n�CC Œ�n;n� and IŒ�n;n� is the
identity matrix in „Œ�n; n�.

4 The BLM Construction of U.�/

Beilinson–Lusztig–MacPherson [1] used the stabilization property of the q-Schur
algebras to define an algebra over Z1 with a basis indexed by e„.n/, and then, by
specializing v0 to 1, to obtain an algebra K free over Z with a basis fŒA�g

A2e„.n/.
The quantum group U.n/ is realized as a subalgebra of a certain completion of
K WD K ˝ Q.v/. In this section, we state the result with respect to a consecutive
segment � of Z. We refer [7] for the treatment of the case when � D Z.
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Let K�.v; v0/ be the free Z1-module with basis fA j A 2 Q„.�/g. Define a multi-
plication � on K�.v; v0/ by linearly extending the products on basis elements:

A � A0 WD
8

<

:

P

A002„.�/
gA;A0;A00A00; if col .A/ D row .A0/

0; otherwise

for all A;A0 2 Q„.�/. K�.v; v0/ is an associative algebra without 1 by Theorem 3.2.
Let K.�/ D K�.v; v0/ ˝Z1

Z and K.�/ D K�.v; v0/ ˝Z1
Q.v/ where v0 7! 1.

Then K.�/ and K.�/ are associative algebras with basis fŒA� WD A˝1 j A 2 Q„.�/g.
We also have

K.1/ D lim�!
n

K.Œ�n; n�/; K.1/ D lim�!
n

K.Œ�n; n�/: (4.0.1)

Let bK.�/ be the vector space of all formal (possibly infinite) Q.v/-linear com-
binations

P

A2 Q„.�/ ˇAŒA� which have the following properties: for any x 2 Z� ,

the sets
fA 2 e„.�/ j ˇA ¤ 0; row .A/ D xg
fA 2 e„.�/ j ˇA ¤ 0; col .A/ D xg are finite. (4.0.2)

In other words, for any �;
 2 Z� , the sums
P

A2 Q„.�/ ˇAŒdiag.�/� � ŒA� and
P

A2 Q„.�/ ˇAŒA� � Œdiag.
/� are finite. We can define the product of two elements
P

A2 Q„.�/ ˇAŒA�,
P

B2 Q„.�/ �B ŒB� in bK.�/ to be
P

A;B ˇA�B ŒA� � ŒB�. This de-

fines an associative algebra structure on bK.�/. This algebra has an identity element
P

�2Z� Œdiag.�/�, the sum of all ŒD� with D a diagonal matrix in Q„.�/. K.�/ is
naturally a subalgebra of bK.�/ (without 1).

Note that one may define bK.�; r/ similarly. However, if j�j < 1, then K.�; r/
is finite dimensional and bK.�; r/ D K.�; r/. If � D Z, then K.1; r/ is infinite
dimensional. We will see in Sect. 9 that the algebra U.1; r/ defined in (2.0.4) is
embedded in the completion algebra bK.1; r/.

Let „˙.�/ be the set of all A 2 „.�/ whose diagonal entries are zero, and let
„C.�/ (resp.„�.�/, Q„.�/0) denote the subset of Q„.�/ consisting of those matrices
.ai;j /with ai;j D 0 for all i > j (resp. i 6 j , i ¤ j ). For anyA 2 „.�/, there exist
uniqueAC 2 „C.�/, A� 2 „�.�/ andA0 2 „.�/0 such thatA D ACCA0CA�.

Given r > 0, A 2 „˙.�/ and j D .ji /i2� 2 Z� , we define

A.j/ D A.j/� D
X

D2e„.�/0
�
P

i diji ŒACD� 2 bK.�/;

A.j; r/ D A.j; r/� D
X

D2„.�/0

jACDjDr

�
P

i diji ŒACD� 2 bK.�; r/;

where „.�/0 denotes the subset of diagonal matrices in „.�/ and di are diagonal
entries of D.
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Let V.�/ (resp. V.�; r/) be the subspace of bK.�/ (resp. bK.�; r/) spanned by

B.�/ D fA.j/ j A 2 „˙.�/; j 2 Z�g

.resp.;B.�; r/ D fA.j; r/ j A 2 „˙.�; r/; j 2 Z�g/: Note that V.�; r/ D
bK.�; r/K.�; r/ if j�j <1.

The following results are proved using the multiplication formulas given in
[1, Lemma 5.3]. The details in the infinite case can be found in [7, 3.3]. For
1 6 i; j 6 n, let Ei;j 2 „.�/ be the matrix .ak;l / with ak;l D ıi;kıj;l .
Theorem 4.1. Let � � Z be a consecutive segment of Z.

(1) V.�/ is a subalgebra of bK.�/ with Q.�/-basis B.�/. It is generated by
Eh;hC1.0/, EhC1;h.0/ and 0.j/ for all h 2 �a and j 2 Z�.

(2) There is an algebra monomorphism � W U.�/! bK.�/ satisfying

Eh 7! Eh;hC1.0/; Kj1

1 K
j2

2 � � �Kjn
n 7! 0.j/; Fh 7! EhC1;h.0/:

Hence, im.�/ D V.�/.
(3) For any positive integer r , there is an algebra homomorphism 
r W U.�/ !

bK.�; r/ satisfying

Eh 7! Eh;hC1.0; r/; Kj1

1 K
j2

2 � � �Kjn
n 7! 0.j; r/; Fh 7! EhC1;h.0; r/

such that V.�; r/ D im.
r / is a subalgebra of bK.�; r/. In particular, V.�; r/ is
generated by the elements Eh;hC1.0; r/; EhC1;h.0; r/; and 0.j; r/ for all h 2
�a and j 2 N�.

(4) By identifying U.�/ with V.�/ via �, the algebra homomorphism 
r in .3/ satis-
fies 
r .A.j// D A.j; r/, for any A 2 „˙.�/, j 2 Z�.

Remarks 4.2. (1) From Theorem 4.1 (2), U.�/ Š V.�/ gives a realization of quan-
tum gl� . This realization provides explicit multiplication formulas between the
generators and basis elements A.j/; see [1, 5.3].

(2) It is known U.�; r/ Š V.�; r/ if � is finite. We shall see in Sect. 9 that
U.1; r/ Š V.1; r/. In particular, V.1; r/ is a realization of U.1; r/.

5 Constructions of uk.�/

In this section, we discuss the realizations of Quk.�/ and uk.�/. As set in Sect. 2, k is
a field and " 2 k is an l 0th primitive root of 1.

Let Q„l.�/ be the set of all A D .ai;j / 2 Q„.�/ such that ai;j < l for all i ¤ j .
Let „˙

l
.�/ be the set of all A 2 Q„l .�/ whose diagonal entries are zero. In other
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words,„˙
l
.�/ D „˙.�/\ e„l .�/. Define„C

l
.�/ and„�

l
.�/ similarly. Let „l;l 0.�/

be the set of all n � n matrices A D .ai;j / with ai;j 2 N; ai;j < l for all i ¤ j

and ai;i 2 Zl 0 WD Z=l 0Z for all i . We have an obvious map pr W Q„l.�/! „l;l 0.�/

defined by reducing the diagonal entries modulo l 0.
Let K.�/k D K.�/˝Z k. Mimicking the construction of bK.�/, we define bK.�/k

to be the k-vector space of all formal (possibly infinite) k-linear combinations
P

A2e„.�/ ˇAŒA� satisfying the property (4.0.2) with a similar multiplication. This
is an associative algebra with an identity: the sum of all ŒD� with D a diagonal
matrix in e„.�/. The elements A.j/ defined earlier becomes

A.j/ D
X

z2Z�

"j�zŒAC diag.z/� 2 bK.�/k ;

where j � z D †iji zi . Clearly, A.j/ D A.j0/ whenever Nj D Nj0. Here N W Z� !
.Zl 0/� is the map defined by .j1; j2; : : : ; jn/ D . Nj1; Nj2; : : : ; Njn/: Thus, we shall
write A.Nj/ WD A.j/. Similarly, we shall use A.Nj; r/ WD A.j; r/ to denote the element
defined earlier with � replaced by " for the algebra bK.�; r/k D bK.�; r/˝ k over k.

Let W be the subspace of bK.�/k spanned by

Bk D fA.Nj/ j A 2 „˙
l .�/;

Nj 2 .Zl 0/�g:

We have clearly dimW 6 .l 0/nln2�n if j�j D n.
We remark that all the results given below are stated for an arbitrary �. Their

proofs for an infinite � is entirely similar to the proofs given in [11] (when l 0 is odd)
and in [13] (when l 0 is even).

The following result is [11, 4.4] and [13, 4.1].

Lemma 5.1. (1) W is a subalgebra of bK.�/k .
(2) The elements Eh;hC1.N0/, EhC1;h.N0/, 0. Nei / .for h 2 �a and i 2 �/ generate W

as an algebra.

Given A 2 „˙
l
.�/ and j D .ji /i2� 2 Z�, we rewrite

A.Nj/ WD
X

z2Z�

"j�zŒAC diag.z/� 2 bK.�/k

D
X

Nz2.Zl0 /�

"j�Nz X

x2Z�

NxDNz

ŒAC diag.x/�

D
X

Nz2.Zl0 /�

"j�NzŒŒAC diag.Nz/��;

where "j�Nz D "j�z and

ŒŒAC diag.Nz/�� D
X

x2Z�

NxDNz

ŒAC diag.x/� 2 bK.�/k :
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Note that A C diag.Nz/ 2 „l;l 0.�/ and the elements ŒŒA��, A 2 „l;l 0.�/, are linearly
independent. Thus, we have the following; see [11, 13].

Lemma 5.2. (1) The set fA.j/ j A 2 „˙
l
.�/; j 2 .Zl 0/�g forms a k-basis for W .

(2) If n D j�j is finite, then the set fŒŒA�� j A 2 „l;l 0.�/g forms a k-basis for W and

dimW D .l 0/nln2�n.

Assume that � is a finite segment of Z. Following [1, 6.3], let K.�/ be the
k-subspace of K.�/k spanned by the elements ŒA� with A 2 Q„l .�/. It is proved
that K.�/ is a subalgebra of K.�/k .

Let K0.�/ be the free k-module with basis elements ŒA� in bijection with the
elements A 2 „l;l 0.�/. There is an algebra structure on K0.�/ given, for A;A0 2
„l;l 0.�/, by

ŒA� � ŒA0� D
(

0; if col .A/ 6D row .A0/ in Zl 0 ;
P

� QA00 Œpr. QA00/�; otherwise,

where � QA00 and QA00 are determined by a product in K.�/: Œ QA� � Œ QA0� D P

� QA00 Œ QA00�
for any QA; QA0 2 Q„l .�/ satisfying col . QA/ D row . QA0/ (in Z), pr. QA/ D A and
pr. QA0/ D A0. Unlike K.�/ or K.�/, the algebra K0.�/ has an identity element: the
sum

P

�2Z�

l0

Œdiag.�/�.
We now have the following results.

Theorem 5.3 ([11], [13]). (1) Assume that � is finite. There is an algebra isomor-

phism  WW Ï! K0.�/ satisfying ŒŒA�� 7! ŒA� for A 2 „l;l 0.�/.
(2) There is an algebra epimorphism ' W Quk.�/ � W satisfying Eh 7! Eh;hC1.N0/,

Fh 7! EhC1;h.N0/, Kj 7! 0. Nej /.
(3) If l 0 is even, ' is an isomorphism, and if l 0 is odd, then ' induces isomorphism

N' W uk.�/ Ï!W .

Corollary 5.4 ([1]). Assume that � is finite. If l 0 D l is odd, then we have an
algebra isomorphism uk.�/ Š K0.�/.

6 Bases for q-Schur Algebras

In this section, we first describe the Drinfeld–Jimbo type presentations for q-Schur
algebras at � D Œ1; n�, and then we introduce several resulting bases.

Theorem 6.1. The q-Schur algebra U.n; r/ over Q.�/ has the following presenta-
tions with

(1) [4] generators

ei ; fi .1 6 i 6 n � 1/; kj .1 6 j 6 n/
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and relationsW
(S1) kikj D kjki I
(S2) kiej D �ıi;j �ıi;j C1ejki ; kifj D �ıi;j C1�ıi;j fjki I
(S3) eiej D ejei ; fifj D fjfi , when ji � j j > 1I
(S4) e2i ej � .� C ��1/eiejei C eje2i D 0, when ji � j j D 1I
(S5) f2i fj � .� C ��1/fifjfi C fjf2i D 0, when ji � j j D 1I
(S6) eifj � fjei D ıij eki �eki

�1

����1 , where eki D kik�1
iC1I

(S7) k1 � � �kn D vr and, for all 1 6 i 6 n, .ki � 1/.ki � v/ � � � .ki � vr / D 0.

(2) [9] generators
ei ; fi ; kj .1 6 i 6 n � 1/

and relations (S1)–(S6) together with

(S0) Œk1I t1�ŠŒk2I t2�Š � � � Œkn�1I tn�1�Š D 0 for ti 2 N such that t1C� � �Ctn�1D
r C 1;

where ŒX I t �ŠD .X�1/.X�v/ � � � .X�vt�1/, and knD�rk�1
1 � � �k�1

n�1 in (S6).

Proof. Let eU.n; r/ be the algebra with either of the described presentations. Then
there exist an algebra epimorphism

Q�r W U.n/ � eU.n; r/:

The algebra epimorphism �r W U.n/ � V.n; r/ D U.n; r/ given by

Eh 7! Eh;hC1.0; r/;Ki 7! 0.ei ; r/; Fh 7! EhC1;h.0; r/;

where ei D .: : : ; 0; 1
i
; 0; : : :/, induces an epimorphism eU.n; r/ � U.n; r/. Thus,

the result follows if we could prove that dimeU.n; r/ 6 dim U.n; r/.
We prove this inequality by constructing some integral monomial bases below.

ut
We first display an integral monomial basis for U.n/. For A D AC C A� 2

„˙.n/, where AC 2 „C.n/ and A� 2 „�.n/, and j 2 Zn, let

M .A; j/ D E.AC/ �K.j/ � F .A�/ 2 U.n/;

where E.A
C/ D Q16i6h<j6nE

.ai;j /

h
, F .A

�/ DQ16j6h<i6n F
.ai;j /

h
and

K.j/ D Kı1

1 � � �Kın
n

�

K1I 0
jj1j

�

� � �
�

KnI 0
jjnj

�

;

where ıi D 0 (resp. 1) if ji > 0 (resp. ji < 0). The order in the productsE.A
C/ and

F .A
�/ is taken as follows: For the j th column (reading upwards) aj�1;j ; : : : ; a1;j
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(2 6 j 6 n) ofAC, fix the reduced expression for the longest word of the symmetric
group Sj on j letters:

w0;j WD sj�1.sj�2sj�1/ � � � .s1s2 � � � sj�1/

and put

Mj D E.aj �1;j /

j�1 .E
.aj �2;j /

j�2 E
.aj �2;j /

j�1 / � � � .E.a1;j /

1 E
.a1;j /

2 � � �E.a1;j /

j�1 /:

Similarly, for the j th row (reading to the right) aj;1; : : : ; aj;j�1 (2 6 j 6 n) of A�,
put

M 0
j D .F .aj;1/

j�1 � � �F .aj;1/

2 F
.aj;1/

1 / � .F .aj;j �2/

j�1 F
.aj;j �2/

j�2 /F
.aj;j �1/

j�1 :

Then E.A
C/ D MnMn�1 � � �M2 and F .A

�/ DM 0
2M

0
3 � � �M 0

n.

Lemma 6.2. ([19]) The set

fM .A; j/ j A 2 „˙.n/; j 2 Zng

forms a Z-basis for U.n/.

We want to construct a similar basis for eU.n; r/. Let

e.A
C/ D Q�r .E.AC//; f.A

�/ D Q�r.F .A�// and

�

ki I 0
t

�

D Q�r
��

Ki I 0
t

��

;

and put, for � 2 Nn,

k� D
n
Y

iD1

�

ki I 0
�i

�

: (6.2.1)

Lemma 6.3. We have, for any � 2 Nn,

k� D
(

Œdiag.�/�; if j�j D r;
0; otherwise.

The following result is proved in [9].

Theorem 6.4. Let

M D fm.A/ WD e.A
C/k� .A/f

.A�/ j A 2 „.n; r/g;
where � .A/ D .�1.A/; : : : ; �n.A// with �i .A/ D ai;i CP16j<i.ai;j Caj;i /. Then

M is a spanning set and, hence, forms a Q.v/-basis foreU.n; r/. .So we may identify
eU.n; r/ with U.n; r/, and �r with Q�r ./ Moreover, M gives a Z-basis for the integral
q-Schur algebra U.n; r/.
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We call M an integral monomial basis. This basis leads to several other bases
for U.n; r/ which we now describe.

Fix the reduced expression

i D .i1; i2; : : : ; i�/ D .n � 1; : : : ; 2; 1; : : : ; n � 1; n � 2; n � 1/ (6.4.1)

of the longest word w0 of the symmetric group Sn, that is, w0 D si1si2 � � � si� . For
any c D .c1; : : : ; c�/ 2 N� , define monomials in root vectors Ec

i and F c
i as in [19,

2.2] (using braid group actions). Let ec
i D �r .Ec

i / and fc
i D �r.F c

i /.
For any A 2 „˙.n/, let c.AC/ D .c1; : : : ; c�/ 2 N� , where the first n � 1

components of c.AC/ is the nth column of AC reading upwards, and the next n� 2
components is the .n � 1/st column and so on, i.e.

c1 D an�1;n; : : : ; cn�1 D a1;n; cn D an�2;n�1; : : : :

Define c.A�/ symmetrically.

Theorem 6.5 ([11, 13]). We list the following Q.v/-bases for the q-Schur algebra
U.n; r/. Let i0 be a fixed integer with 1 6 i0 6 n.

(1) The monomial basis:

Ni0 D
n

e.A
C/kjf.A

�/
ˇ

ˇ A 2 „˙.n/; j 2 Nn; ji0 D 0; jjj C jAj 6 r
o

I

(2) The BLM basis:

Bi0 D
˚

A.j; r/
ˇ

ˇ A 2 „˙.n/; j 2 Nn; ji0 D 0; jjj C jAj 6 r
�I

(3) The PBW basis:

Pi0 D
˚

ec.AC/
i kjfc.A�/

i

ˇ

ˇ A 2 „˙.n/; j 2 Nn; ji0 D 0; jjj C jAj 6 r
�

:

We end this section with an application. We identify the Hecke algebra part of
the monomial basis M. We assume now n D r though all results hold for n > r .
Let

$ D .1; 1; : : : ; 1/ 2 Nn;

and let H D k$U.n; n/k$ and H D k$U.n; n/k$ . For any w 2 Sn, let Aw 2
„.n; n/ be the permutation matrix defined inductively by Aw D AyAsi , where
w D ysi with y < w and si D .i; i C 1/ for some i .

Lemma 6.6 ([9, 9.1]). The algebra H is free over Z with basis

M$ D fm.Aw/ j w 2 Sng:

Let Ci D m.Asi
/ D e.A

C

si
/k�.Asi

/f
.A�

si
/
; and let Ti D Ci � v�1:
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Theorem 6.7 ([9, 9.3–9.4]). (1) The elements Ti , 1 6 i 6 n � 1, satisfy the
following relations:

8

ˆ

ˆ

<

ˆ

ˆ

:

(a) .Ti � v/.Ti C v�1/ D 0I
(b) TiTj D TjTi ; ji � j j > 1I
(c) TiTiC1Ti D TiC1TiTiC1; 1 6 i 6 n � 2:

In particular, Ti is invertible and T �1
i D Ci � v.

(2) For any w 2 Sn, there is a reduced expression w D si1 � � � sil satisfying

m.Aw/ D Ci1 � � �Cil :

Therefore, H is isomorphic to the Hecke algebra over Z associated with Sn.

Remark 6.8. (1) Some commuting relations between the ei and fi and the quantum
Serre relations give rise to the braid relations (b) and (c).

(2) Using the notation in [17], Ci corresponds to C 0
si

, and Ts D v�1Tsi .

7 Little q-Schur Algebras

In this section, we continue to assume � D Œ1; n�. By restricting the map �r W
U.n/ � U.n; r/ defined in (2.0.2) to the Z-form U.n/, we obtain a surjective
map �r W U.n/ � U.n; r/ (see [6]).

As in Sect. 2, let k be a field which is a Z-module via v 7! ", where " is an l 0th
primitive root of 1. Then base change induces a surjective homomorphism

�r;k WD �r ˝ 1 W U.n/k � U.n; r/k

and hence, a map
�r;k W Quk.n/! U.n; r/k

by restriction. The image �r;k.Quk.n//, denoted uk.n; r/, is called a little q-Schur
algebra. Note that if l 0 is odd, then �r;k.K l

i � 1/ D 0 for all i . Hence, �r;k induces
a surjective map, the version of �r over k,

�r;k W uk.n/ � uk.n; r/:

Let uk.n; r/C D �r;k.Quk.n/C/, uk.n; r/� D �r;k.Quk.n/�/, uk.n; r/0 D
�r;k.Quk.n/0/. By abuse of notation, we shall continue to denote the images of
the generators Ei , Fi , Kj for Quk.n/ by the same letters ei , fi , kj used for U.n; r/.

We first have the following.

Theorem 7.1 ([11, 7.6]). The set fe.A/ j A 2 „C
l
.n/; jAj 6 rg .resp. ff.A/ j A 2

„�
l
.n/; jAj 6 rg/ forms a k-basis of uk.n; r/C .resp. uk.n; r/�/:
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For any � 2 ƒ.n; r/, let � be the image in .Zl 0/n obtained by reducing every
entry modulo l 0. Let, for A 2 „˙

l
.n/ with jAj 6 r and � 2 ƒ.n; r � jAj/,

ŒŒAC diag.�/; r�� D
X

�2ƒ.n;r�jAj/

�D�

ŒAC diag.
/� 2 Uk.n; r/:

We also set ƒ.n; r/l 0 D f� 2 .Zl 0/n j � 2 ƒ.n; r/g. For � 2 .Zl 0/n, define

p� D
8

<

:

P

�2ƒ.n;r/;�D�
k� if � 2 ƒ.n; r/l 0 ;

0 otherwise:

Let Nn
l 0
D f� 2 Nn j �i < l 0 8ig. In contrast with Theorems 6.4 and 6.5, we

have the following bases for uk.n; r/.

Theorem 7.2 ([11, 8.2, 8.5]). Fix any integer i0 with 1 6 i0 6 n. Each of the
following sets forms a k-basis for uk.n; r/.

(1) Lk WD fŒŒAC diag.�/; r�� j A 2 „˙
l
.n/; jAj 6 r; � 2 ƒ.n; r � jAj/gI

(2) Mk WD fe.AC/p
�
f.A

�/ j A 2 „˙
l
.n/; � 2 ƒ.n; r/; �i > �i .A/ 8igI

(3) Ni0;k D
˚

e.A
C/kjf.A

�/ j A 2 „˙
l
.n/; j 2 Nn

l 0
; ji0 D 0; jjj C jAj 6 r

�I
(4) Bi0;k D

˚

A.j; r/ j A 2 „˙
l
.n/; j 2 Nn

l 0
; ji0 D 0; jjj C jAj 6 r

�I
(5) Pi0;k D

˚

ec.AC/
i kjfc.A�/

i j A 2 „˙
l
.n/; j 2 Nn

l 0
; ji0 D 0; jjj C jAj 6 r

�

.

We may use the bases to derive certain dimension formulas. Let, for n > m > 1,

ƒ.n; r Im/ D f� 2 ƒ.n; r/ j 0 6 �2; : : : ; �m < l
0; 0 6 �mC1; : : : ; �n < lg:

Then #ƒ.n; r I 1/ D #ƒ.n; r/l and #ƒ.n; r In/ D #ƒ.n; r/l 0 . By Theorem 7.1, we
have dim uk.n; r/˙ D #ƒ.N; r I 1/, where N D �

n
2

� C 1, while, by Theorem 7.2,
dim uk.n; r/ D #ƒ.n2; r In/. More explicitly, we have the following dimension
formulas.

Theorem 7.3 ([11, 13]). We have, for 1 6 m 6 n,

#ƒ.n; r Im/ D
X

s>0
.�1/sCt

 

m � 1
s

! 

n �m
t

! 

nC r � tl � sl 0 � 1
n � 1

!

:

In particular, we have

(1) dim uk.n; r/0 D
P

s>0.�1/s
�

n�1
s

��

nCr�sl 0�1
n�1

�

;

(2) dim uk.n; r/C D
P

s>0.�1/s
�

N�1
s

��

NCr�sl�1
N�1

�

with N D �n
2

�C 1;

(3) dim uk.n; r/ D
P

s;t>0.�1/sCt
�

n�1
s

��

n2�n
t

��

n2Cr�t l�sl 0�1
n2�1

�

.
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There is a simpler description of the number dim uk.n; r/ if l 0 D l is odd. For
any A D .ai;j / 2 Mn.Z/, let NA D .ai;j / D . Nai;j / where Nai;j 2 Zl , and let
„.n; r/ D f NA j A 2 „.n; r/g. Then it is easy to see that all the sets „.n; r/,
ƒ.n2; r I 1/ and ƒ.n2; r/l have the sane cardinality. Hence, we have

dim uk.n; r/ D #„.n; r/ D
X

s>0
.�1/s

 

n2 � 1
s

! 

n2 C r � sl � 1
n2 � 1

!

:

Remark 7.4. Infinitesimal Schur/q-Schur algebras were introduced in [2, 5] as the
dual algebras of the homogeneous components of the infinitesimal thickening (by
the torus) of the Frobenius kernel of the quantum coordinate algebra of GLn. It is
proved in [12] that the subalgebra ofU.n; r/k generated by the little q-Schur algebra
uk.n; r/ and

	ki I0
t




(1 6 i 6 n, t 2 N) is isomorphic to the infinitesimal q-Schur
algebra investigated in [2].

8 Presenting V.1; r/

Recall from Sect. 4 the Q.v/-algebra V.1; r/. By Theorem 4.1 (3) for � D Z, it is
generated by the elements

ei D Ei;iC1.0; r/; fi D EiC1;i.0; r/; and ki D 0.ei ; r/

for all i 2 Z, where ei 2 Z1 has 1 as the i th component and 0 elsewhere.
For any � 2 N1, since � has finite support, the product (cf. (6.2.1))

k� D
1
Y

iD�1

�

ki I 0
�i

�

;

is well defined, and a result similar to Lemma 6.3 holds. We also introduce the
products e.A

C/ and f.A
�/. Bases similar to those given in Theorem 6.5 exist for

V.1; r/.
Lemma 8.1 ([7, 4.8–4.9]). Each of the following sets forms a basis for V.1; r/:
(1) N1 D

n

e.A
C/kjf.A

�/
ˇ

ˇ A 2 „˙.1/; j 2 N1; jjj C jAj 6 r
o

I
(2) B1 D

˚

A.j; r/
ˇ

ˇ A 2 „˙.1/; j 2 N1; jjj C jAj 6 r
�

:

We remark that a basis similar to the PBW basis 6.5 (3) can also be constructed.
In order to avoid the dependence of the sequence i defined in (6.4.1), we may simply
use the PBW basis constructed in [8, 4.6].

We now present V.1; r/ by generators and relations; cf. Theorem 6.1. The proof
of the following theorem relies on the basis N1.
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Theorem 8.2 ([7, 4.7]). The algebra V.1; r/ over Q.�/ has the following presen-
tations with generators

ei ; fi ; ki ; i 2 Z

and relations: for i; j 2 Z,

(1) kikj D kj ki I
(2)

Q

i2ZŒki I ti �Š D 0 for all t D .ti / 2 N1 with jtj DPi2Z ti D r C 1I
(3) kiej D �ıi;j �ıi;j C1 ejki ; ki fj D �ıi;j C1�ıi;j fj ki I
(4) eiej D ejei ; fi fj D fj fi when ji � j j > 1I
(5) e2i ej � .� C ��1/eiejei C eje2i D 0 when ji � j j D 1I
(6) f2i fj � .� C ��1/fi fj fi C fj f2i D 0 when ji � j j D 1I
(7) ei fj � fjei D ıij eki �eki

�1

����1 , where eki D kik�1
iC1:

We rewrite ei etc. as ei;r etc. if different r’s are under consideration.

Corollary 8.3. For r 2 N , there is an epimorphism from V.1; r C 1/ to V.1; r/
by sending ei;rC1 to ei;r , fi;rC1 to fi;r and ki;rC1 to ki;r for i 2 Z.

We shall see in the next section that V.1; r/ is isomorphic to U.1; r/. Thus, we
obtain the so-called transfer maps from U.1; r C 1/ to U.1; r/ (cf. [23]) which is
useful in the study of the polynomial representation category Cr in Sect. 11.

Let V.1; r/ D 
r .U.1// be the integral Z-form of V.1; r/, where 
r is de-
fined in Theorem 4.1 (3). Then we have the following integral basis for V.1; r/; cf.
Theorem 6.4.

Proposition 8.4 ([7, 4.12]). The set

M1 D fe.AC/k�f.A
�/ j A 2 „˙.1/; � 2 N1; � > � .A/; j�j 6 rg:

forms a basis for V.1; r/, where � > � .A/ means �i > �i.A/ for all i .
Moreover, the subset fe.AC/k� .A/f.A

�/ j A 2 „.1; r/g of M1 forms a basis
for K.1; r/.

Note that the last assertion is seen from [7, (3.6.1)].

Remarks 8.5. (1) Since the relation (S7) from Theorem 6.1 does not hold in
V.1; r/, there is no natural homomorphism from the q-Schur algebra
U.Œ�n; n�; r/ to V.1; r/. However, there is a natural homomorphism from
a Borel subalgebra U.Œ�n; n�; r/>0 or U.Œ�n; n�; r/60 into V.1; r/ (sending
1 to 1). Thus, the identity element 1 of V.1; r/ is a finite sum of orthogonal
idempotent elements labelled by the elements in the set ƒ.Œ�n; n�; r/. This fact
is useful in the proof of Theorem 8.2.

(2) It is interesting to point out that the Doty–Giaquinto type presentation described
in Theorem 6.1 (1) does not exist for V.1; r/.
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9 Infinite q-Schur Algebras and Their Elementary Structure

In this section, we first introduce the q-Schur algebra S.�; r/ at �. We will mainly
focus on the structure of infinite q-Schur algebras.

Let H be the Hecke algebra over Z associated with the symmetric group Sr

on r letters. Then H as a Z-algebra has a basis fTwgw2Sr
subject the relations (cf.

Theorem 6.7): for all w 2 Sr and s 2 S WD f.i; i C 1/ j 1 6 i 6 n � 1g,

TsTw D
(

Tsw; if sw > w;

.v � v�1/Tw C Tsw; if sw < w:

Let H D H˝Q.v/.
Let � be a consecutive segment of Z. Let �� be a free Z-module with basis

f!igi2� and let �� D �� ˝Q.v/. H acts on �˝r
� from the right by “place permu-

tations”:

.!i1 � � �!ir /T.j;jC1/D

8

ˆ

ˆ

<

ˆ

ˆ

:

!i1 � � �!ij C1
!ij � � �!ir ; if ij <ijC1I

v!i1 � � �!ir ; if ij D ijC1I
.v�v�1/!i1 � � �!irC !i1 � � �!ij C1

!ij � � �!ir ; if ij >ijC1:

The algebras

S.�; r/ WD EndH.�˝r
� /; S.�; r/ WD EndH.�˝r

� /

are called q-Schur algebras at �. Note that S.n; r/ WD S.�; r/ for � D Œ1; n� is the
q-Schur algebra we discussed before. Clearly, if � is finite, S.�; r/ Š S.j�j; r/ and
S.�; r/ Š S.�; r/ ˝Z Q.v/. When � D Z, the algebras S.1; r/ WD S.Z; r/ and
S.1; r/ are called infinite q-Schur algebras.

Since the H-action commutes with the action of U.�/, it follows that U.�; r/ �
S.�; r/. Hence, we obtain algebra homomorphisms

�r W U.�/! S.�; r/; �r jU.�/ W U.�/! S.�; r/: (9.0.1)

These homomorphisms are surjective whenever � is finite. In particular, we have
U.n; r/ D S.n; r/ and U.n; r/ D S.n; r/ for all n; r > 1.

Since �˝r
Œ�n;n� is a direct summand of the H-submodule �˝r

Œ�n�1;nC1� for all
n > 1, it follows that we may embed S.Œ�n; n�; r/ as a centralizer subalgebra of
S.Œ�.nC 1/; nC 1�; r/. Hence, we obtain a direct limit system fS.Œ�n; n�; r/gn>1.
By Lemma 3.1 (2), we have

K.1; r/ Š lim�!
n

S.Œ�n; n�; r/; K.1; r/ Š lim�!
n

S.Œ�n; n�; r/:

This isomorphism implies immediately the second isomorphism in the following.
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Proposition 9.1. The H-module �˝r1 is isomorphic to the H-module
L

�2ƒ.1;r/ x�H. Thus, we have the following algebra isomorphisms

S.1; r/ Š
Y

�2ƒ.1;r/

M

�2ƒ.1;r/

HomH.x�H; x�H/;

K.1; r/ �Š
M

�2ƒ.1;r/

M

�2ƒ.1;r/

HomH.x�H; x�H/:

Here the multiplication in
Q

�2ƒ.1;r/

L

�2ƒ.1;r/ HomH.x�H; x�H/ is given as
follows:

�P

� g�;	
�

	

�P

� f�;�
�

�
D �P�

P

� g�;�f�;�
�

�
;

where f�;�; g�;� 2 HomH.x�H; x�H/ for all �;
:

Similar results hold with S, �, H, K replaced by S, �, H, K, respectively.

The second isomorphism can also be made more explicit. For any � 2 ƒ.1; r/,
let S� be the corresponding Young subgroup, and let D� be the set of distinguished
right Sr -coset representatives. We also put D�� D D� \ D�1

� . This is the set of
distinguished double .S�;S�/-coset representatives. We also define, for any w 2
D�;�, a map

	w
�� W

M

�2ƒ.1;r/

x�H!
M

�2ƒ.1;r/

x�H

by setting 	w
��
.x�h/ D ı�;�Px2S�wS�

h: It is well known (see, e.g., [15, (1.3.10)])
that there is a bijection

| W f.�;w; 
/ j �;
 2 ƒ.1; r/;w 2 D�;�g �! „.1; r/:

Corollary 9.2. The isomorphism � is induced by | . In other words, if
|.�;w; 
/ D A, then �.	A/ D 	w

��
.

We will identify the two bases under � .
Let $ 2 ƒ.1; r/ such that $i D 1 if 1 6 i 6 r and $i D 0 otherwise. The

following describe some elementary structure of S.1; r/. Part (1) follows from
Lemma 6.3, and Part (4) shows that the Hecke algebra H is always a centralizer
subalgebra of S.1; r/.
Lemma 9.3. Let �;
 2 ƒ.1; r/.
(1) k� D Œdiag.�/� D 	diag.�/ D 	1�� for all � 2 ƒ.1; r/;
(2) S.1; r/k� D K.1; r/k�;
(3) k�S.1; r/k� D k�K.1; r/k� D HomH.x�H; x�H/;
(4) We have H Š k$S.1; r/k$ Š EndS.1;r/.�

˝r1 / Š EndU.1/.�
˝r1 /.

Similar results hold for the algebras over Q.v/.
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We continue to use boldface fonts for objects over the field Q.v/. The identifi-
cation of EndH.�˝r1 / with

Q

�2ƒ.1;r/

L

�2ƒ.1;r/ HomH.x�H; x�H/ gives rise

to a natural injective algebra homomorphism N�r W K.1; r/ ! EndH.�˝r1 /. By
9.1 and the definition of bK.1; r/, we know that N�r induces naturally an injective
algebra homomorphism

N�r W bK.1; r/! EndH.�˝r1 /;

sending
P

A2„.1;r/ ˇAŒA� D
P

�2ƒ.1;r/.
P

col .A/D�
A2„.1;r/

ˇAŒA�/ to .
P

col .A/D�
A2„.1;r/

ˇAŒA�/�2ƒ.1;r/. We will view bK.1; r/ as a subalgebra of EndH.�˝r1 /.
Recall from Theorem 4.1 (3) the algebra homomorphism 
r W U.1/! V.1; r/.

We are now ready to identify U.1; r/ with V.1; r/.
Theorem 9.4 ([7, 5.4]). The map �r W U.1/ ! EndH.�˝r1 / factors through N�r W
V.1; r/! EndH.�˝r1 /. In other words, we have �r D N�r ı 
r . Hence, U.1; r/ D
V.1; r/.
Remark 9.5. (1) The injective map N�r W bK.1; r/! EndH.�˝r1 / is not surjective;

see [7, 5.4]. Thus, unlike the (finite) q-Schur algebra case, the homomorphism
�r from U.1/ to the infinite q-Schur algebra S.1; r/ is not surjective, i.e. the
algebra U.1; r/ is a proper subalgebra of S.1; r/.

(2) It can be proved (see [7, 6.9]) that the epimorphism �r W U.1/ ! U.1; r/
can be extended to an algebra epimorphism O�r W bK.1/! bK.1; r/ by sending
P

A2e„.1/
ˇAŒA� to

P

A2„.1;r/ ˇAŒA�. Thus, we obtain an algebra homomor-

phism �r W bK.1/! EndH.�˝r1 /.
(3) It is possible to introduce a new algebra bK
.1/ which has the infinite q-Schur

algebra as a homomorphic image. Let bK
.1/ be the vector space of all formal
(possibly infinite) Q.v/-linear combinations

P

A2e„.1/
ˇAŒA� which have the

following properties: for any x 2 Z1,

the set fA 2 e„.1/ j ˇA ¤ 0; col .A/ D xg is finite. (9.5.1)

In other words, for any
 2 Zn, the sum
P

A2e„.1/ ˇAŒA��Œdiag.
/� is finite. We
can define the product of two elements

P

A2e„.1/ ˇAŒA�,
P

B2e„.1/ �B ŒB� in
bK
.1/ to be

P

A;B ˇA�B ŒA� � ŒB�. This defines an associative algebra structure

on bK
.1/. This algebra has an identity element
P

�2Z1 Œdiag.�/�: the sum

of all ŒD� with D a diagonal matrix in Q„.1/. One proves that the map �
r W
bK
.1/ ! EndH.�˝r1 / sending

P

A2e„.1/
ˇAŒA� to

P

A2„.1;r/ ˇAŒA� is an
epimorphism; see [7, 6.9].
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10 Highest Weight Representations of U.1/

In this section, we discuss the “standard” representation theory of U.1/. This in-
cludes the category C of weight modules, the category Chi of weight modules with
highest weights, the category C int of integrable modules and the category O, all of
which are full subcategories of the category U.1/-Mod of U.1/-modules.

Let X.1/ D f� D .�i /i2Z j �i 2 Zg be the weight lattice, and let

XC.1/ D f� 2 X.1/ j �i > �iC1 for all i 2 Zg

be the set of dominant weights. For i 2 Z, let as before e i D .: : : ; 0; 1
i
; 0; : : :/

and ˛i D e i � eiC1. Then R.1/ D fei � ej j i 6D j g is the root system of
gl1, and RC.1/ D fei � ej j i < j g is the associated positive system. Let
….1/ D f˛i j i 2 Zg be the set of all simple roots, and let 6 be the partial ordering
on X.1/ defined by setting, for all �;
 2 X.1/, 
 6 � if � � 
 2 N….1/.

For a U.1/-module M and � 2 X.1/, let M� D fx 2 M j Kix D
��ix for i 2 Zg. If M� 6D 0, then � is called a weight of M and M� is called a
weight space; if M DL�2X.1/M�, then M is called a weight module.

Let wt.M/ D f� 2 X.1/ j M� 6D 0g denote the set of the weights of M . It is
clear that for a U.1/-moduleM and i 2 Z, we have

EiM� �M�C˛i
and FiM� �M��˛i

: (10.0.2)

Let C denote the full subcategory of U.1/-Mod consisting of all weight mod-
ules, and let Chi be the full subcategory of C whose objects are the weight U.1/-
module M with the property that, for any x 2 M , there exists n0 > 1 such that
u�x D 0 whenever u is a monomial in the Ei ’s having degree at least n0.

An integrable U.1/-module M is a weight module satisfying that, for any x 2
M and any i 2 Z, there exists n0 > 1 such that Eni x D F ni x D 0 for all n > n0.
Let C int be the full subcategory of C consisting of integrable U.1/-modules.

The category O is the full subcategory of C each of whose objects M has finite
dimensional weight spaces and has weight set wt.M/ �Ss

iD1.�1; �.i/� for some
�.1/; : : : ; �.s/ 2 X.1/. Here, for � 2 X.1/, .�1; �� WD f
 2 X.1/ j 
 6 �g.

We first observe the following; see [7, Sect. 7].

Proposition 10.1 ([7, 7.2]). The category O is a full subcategory of Chi. Thus, we
have the following flowchart for various chains of full subcategories:

C
���

� ���
�

Chi

��
��

C int

O
��

� Chi \ Cint

��
�

O \ C int
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For a U.1/-moduleM , if there exist a � 2 X.1/ and a nonzero vector x0 2M�

such that Eix0 D 0, Kix0 D ��ix0 for all i 2 Z and U.1/x0 D M , then M is
called a highest weight module. The vector x0 is called a highest weight vector.
Using a standard argument (for finite dimensional highest weight modules), one
sees easily that a highest weight U.1/-module with highest weight � is a weight
module and M D L

�6�M�. Moreover, dimM� D 1 and M contains a unique
maximal submodule.

For � 2 X.1/, let

M.�/ D U.1/=
 

X

i2Z

U.1/Ei C
X

i2Z

U.1/.Ki � ��i /

!

;

which is called a Verma module. This is a highest weight module with the highest
weight vector 1�, the image of the 1. Thus, M.�/ has a unique irreducible quotient
module L.�/. Clearly, the modules M.�/ and L.�/ are all in the category Chi and
in the category O.

We have the following classification of irreducible modules in the category Chi.

Theorem 10.2 ([7, 7.4]). There is a bijection � 7! L.�/ between X.1/ and the
set of isomorphism classes of irreducible U.1/-modules in the category Chi .resp.
in the category O/.

The classification of irreducible integrable modules seems very hard. However,
it is possible to classify all irreducible integrable modules in Chi, i.e. all irreducible
modules in Chi \ C int. We shall see in the next section that there exist irreducible
integrable modules which are not in Chi.

For � 2 XC.1/, let I.�/ be the submodule ofM.�/ generated by F
.�i ��iC1C1/
i

(i 2 Z). By the commutator formula [18, 4.1 (a)]:

E
.k/
i F

.l/
i D

min.k;l/
X

tD0
F
.l�t/
i

" QKi I 2t � k � l
t

#

E
.k�t/
i ;

we deduce I.�/ DPi2Z U�.1/F .�i ��iC1C1/
i 1�. Hence I.�/ is a proper submod-

ule of M.�/. Let QL.�/ DM.�/=I.�/. By [21, 3.5.3], we have the following.

Lemma 10.3. For � 2 XC.1/, the module eL.�/ is an integrable U.1/-module.
Hence, as a homomorphic image of eL.�/, the module L.�/ is an integrable U.1/-
module.

We now have the following classification theorem whose proof requires the fact
that, if M is a object in C int and 0 ¤ x0 2 M� satisfying Eix0 D 0 for all i 2 Z,
then � 2 XC.1/.
Theorem 10.4 ([7, 7.6 and 7.7]). The map � 7! L.�/ defines a bijection between
XC.1/ and the set of isomorphism classes of irreducible U.1/-modules in the
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category C int\Chi. Hence, it also defines a bijection between XC.1/ and the set of
isomorphism classes of irreducible U.1/-modules in the category C int \O. More-
over, we have L.�/ Š eL.�/ for all � 2 XC.1/.
Remarks 10.5. It can be proved (see [7, 7.7]) that, for � 2 XC.1/, L.�/ is iso-
morphic to the direct limit of finite dimensional irreducible U.Œ�n; n�/-module
L.�Œ�n;n�/, where �Œ�n;n� D .�i /�n6i6n, if � D .�i /i2Z. However, for a non-
dominant weight �, we could not prove that a similar isomorphism holds.

The following result shows that there are not many finite dimensional weight
U.1/-modules. Let Cfd be the category of finite dimensional weight U.1/-
modules.

Theorem 10.6 ([7, 7.10]). The category C fd is a completely reducible category,
and the modulesL.m1/ .m 2 Z/, where 1 D .: : : ; 1; 1; : : : ; 1; : : :/ 2 X.1/, are all
non-isomorphic irreducible U.1/-modules in Cfd.

11 Polynomial Type Representations of U.1/

Polynomial representations of U.n/ are obtained via q-Schur algebra representa-
tions and are all highest weight modules. In this section, we will see that the
U.1/-modules arising from weight modules over infinite q-Schur algebras are in
general not highest weight modules. Thus, we obtain a “nonstandard” representation
theory for U.1/.

Let r be a positive integer, and let Cr be the full subcategory of C consisting of
U.1; r/-modules which are weight modules when regarded as U.1/-modules via
�r W U.1/! U.1; r/. We also define Cpol to be the full subcategory of C consisting
of weight U.1/-modules M such that wt.M/ � N1. (Recall that the elements of
N1 have finite support.) We call the objects in Cpol polynomial representations.

There is a close connection between polynomial representations and weight
S.1; r/-modules. By definition, an S.1; r/-module M is called a weight
S.1; r/-module if M D L

�2ƒ.1;r/ k�M . (Recall from Lemma 9.3 (1) that
k� D 	1

��
.) Let S.1; r/-mod be the category of weight S.1; r/-modules. Since

the quantum group U.1/ maps to S.1; r/, every S.1; r/-module is naturally a
U.1/-module. Moreover, we have the following (which justifies the terminology
of weight S.1; r/-modules).

Lemma 11.1. Let M be a weight S.1; r/-module regarded naturally as a U.1/-
module. Then, for any � 2 ƒ.n; r/, k�M D M�. Hence, M is a weight U.1/-
module. Moreover,M is also an integrable U.1/-module.

We may define the category K.1; r/-mod of weight K.1; r/-modules. By
regarding U.1; r/ as a subalgebra of S.1; r/, we may define U.1; r/-mod simi-
larly. Note that U.1; r/-mod is a full subcategory of Cr .
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Since every weight K.1; r/-module induces naturally a weight S.1; r/-
module using the fact that for any x 2 S.1; r/ and � 2 ƒ.1; r/, xk� 2 K.1; r/,
we have immediately the following category isomorphisms.

Lemma 11.2 ([7, 8.2]). The category K.1; r/-mod, and hence the category
U.1; r/-mod, is isomorphic to the category S.1; r/-mod.

Thus, S.1; r/-mod can be regarded as a subcategory of C.
We want to classify the irreducible modules in S.1; r/-mod. Let

�.1; r/ WD S.1; r/k$ . Since S.1; r/k� D K.n; r/k� for all � 2 ƒ.1; r/
(see 9.3), it follows that �.1; r/ is a weight S.1; r/-module. Moreover, it is an
(S.1; r/,H)-bimodule.

Proposition 11.3. The .S.1; r/,H/-bimodule �.1; r/ is isomorphic to �˝r1 .

For �;
 2 ƒ.1; r/, we say that � and 
 are associated if 
 can be derived
from � by reordering the parts of �. Let ƒC.r/ D f� 2 ƒ.1; r/ j �i D
0 for i 6 0 and �i > �iC1 for i > 1g. This is the set of all partitions of r . We de-
fine a map from ƒ.1; r/ to ƒC.r/ by sending � to �C where �C is the unique
element in ƒC.r/ which is associated with �.

For � 2 ƒ.1; r/, let �0 be the partition dual to �C. Let y�0 D
P

w2S�0
.�q/�l.w/Tw and z� D 	1�$Tw�

y�0 where q D �2 2 Q.�/ and w� 2 D�;�0

satisfying S� \ w�S�0w�1
�
D f1g. Let S� D z�H be the Specht module of H as-

sociated with �, and let W.1; �/ D S.1; r/z�. We call W.1; �/ the Weyl module
of S.1; r/.

The following results classify irreducible representations of three relevant
categories.

Theorem 11.4. Let � 2 ƒ.1; r/.
(1) [7, 8.4]W.1; �/ Š W.1; �C/ as S.1; r/-modules;
(2) [7, 8.8 (1)] the set fW.1; �/ j � 2 ƒC.r/g forms a complete set of irreducible

modules in S.1; r/-mod;
(3) [7, 9.3 (1)] the set fW.1; �/ j � 2 Sr

iD0ƒC.i/g forms a complete set of
irreducible modules in Cr ;

(4) [7, 9.3 (2)] the set fW.1; �/ j � 2 S1
iD0ƒC.i/g forms a complete set of

irreducible modules in Cpol.

The proof for Part (3) requires the following facts: (1) there is a surjective ho-
momorphism, the transfer map, from U.1; r C 1/ to U.1; r/ (see 8.3); (2) every
irreducible polynomial representation of U.1/ is an irreducible weight S.1; r/-
module for some r .

Finally, we mention the following result.

Theorem 11.5 ([7, 8.8 (2)]). Every weight S.1; r/-module is completely re-
ducible.
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It would be interesting to point out that the category of finite dimensional
weight U.n/-modules possesses a quite rich structure. It covers all finite dimen-
sional S.n; r/-modules which form a major constituent. As a contrast, the category
Cfd of finite dimensional U.1/-representations is more or less trivial. However, the
infinite dimensional U.1/-module categories Chi, C int, O and S.1; r/-mod have
inherited some of the features from their (finite dimensional) U.n/ counterparts.
For example, the complete reducibility continue to hold in S.1; r/-mod, and the
irreducible objects in Chi \ C int are indexed by “dominant weights.”
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Cherednik Algebras for Algebraic Curves

Michael Finkelberg and Victor Ginzburg

Abstract For any algebraic curve C and n � 1, Etingof introduced a “global”
Cherednik algebra as a natural deformation of the cross product D.C n/ Ì Sn; of
the algebra of differential operators on C n and the symmetric group. We provide
a construction of the global Cherednik algebra in terms of quantum Hamiltonian
reduction. We study a category of character D-modules on a representation scheme
associated with C and define a Hamiltonian reduction functor from that category to
category O for the global Cherednik algebra.

In the special case of the curve C D C�, the global Cherednik algebra reduces to
the trigonometric Cherednik algebra of type An�1; and our character D-modules be-
come holonomic D-modules onGLn.C/�Cn. The corresponding perverse sheaves
are reminiscent of (and include as special cases) Lusztig’s character sheaves.

Keywords D-modules � Character sheaves � Cherednik algebras

Mathematics Subject Classifications (2000): 20Gxx (20C08)

1 Introduction

1.1 Global Cherednik Algebras

Associated with an integer n � 1 and an algebraic curve C , there is an interest-
ing family, H�; , of sheaves of associative algebras on C .n/ D C n=Sn; the nth
symmetric power of C . The algebras in question, referred to as global Cherednik
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algebras, see Sect. 3.1, are natural deformations of the cross-product D .C n/Ì Sn,
of the sheaf of (twisted) differential operators1 on C n and the symmetric group Sn
that acts on D .C n/: The algebras H�; were introduced by Etingof, [E], as “global
counterparts” of rational Cherednik algebras studied in [EG].

The global Cherednik algebra H�; contains an important spherical subalgebra
eH�; e, where e denotes the symmetriser idempotent in the group algebra of the
group Sn. We generalize [GG] and prove that the algebra eH�; e may be obtained
as a quantum Hamiltonian reduction of Dn�; .repnC � Pn�1/, a sheaf of twisted
differential operators on repnC � Pn�1, cf. Theorem 3.3.3.

Our result provides a strong link between categories of Dn�; .repnC � Pn�1/-
modules and H�; -modules. Specifically, following the strategy of [GG], Sect. 7,
we construct an exact functor

H W Dn�; .repnC � Pn�1/-mod �! H�; -mod; (1.1.1)

called the functor of Hamiltonian reduction.

1.2 Character Sheaves

In mid 1980s, Lusztig introduced an important notion of character sheaf on a re-
ductive algebraic group G. In more detail, write g for the Lie algebra of G and use
the Killing form to identify g� Š g. Let N � g� be the image of the set of nilpotent
elements in g; and let G �N � G � g� D T �G be the nil-cone in the total space
of the cotangent bundle on G.

Recall further that, associated with any perverse sheaf M on G, one has its
characteristic variety SS.M/ � T �G. A character sheaf is, by definition, an AdG-
equivariant perverse sheaf M; on G; such that the corresponding characteristic
variety is nilpotent, i.e. such that we have SS.M/ � G �N :

We will be interested in the special case G D GLn. Motivated by the geometric
Langlands conjecture, Laumon, [La1], generalized the notion of character sheaf on
GLn to the “global setting” involving an arbitrary smooth algebraic curve. Given
such a curve C , Laumon replaces the adjoint quotient stack G=AdG by CohnC ; a
certain stack of length n coherent sheaves on C: He then defines a global nilpotent
subvariety of the cotangent bundle T �CohnC ; cf. [La2], and considers the class of
perverse sheaves M on CohnC such that SS.M/ is contained in the global nilpotent
subvariety.

In this chapter, we introduce character sheaves on repnC �Pn�1. Here, the scheme
repnC is an appropriate Quot scheme of length n sheaves on C , a close cousin of
CohnC , and Pn�1 is an n � 1-dimensional projective space. In Sect. 4.4, we define a
version of “global nilpotent variety” Mnil � T �.repnC �Pn�1/, and introduce a class

1 We refer the reader to [BB] and [K] for the basics of the theory of twisted differential operators.
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of D-modules on repnC �Pn�1, called character D-modules, which have a nilpotent
characteristic variety, i.e. are such that SS.M/ �Mnil, see Definition 4.5.2.

The group G D GLn acts on both repnC and Pn�1 in a natural way. In analogy
with the theory studied by Lusztig and Laumon, perverse sheaves associated with
character D-modules via the Riemann–Hilbert correspondence are locally constant
along G-diagonal orbits in repnC � Pn�1.

A very special feature of the G-variety repnC � Pn�1 is that the corresponding
nilpotent variety, Mnil; turns out to be a Lagrangian subvariety in T �.repnC �Pn�1/.
This follows from a geometric result saying that the group GLn acts diagonally
on N � Cn with finitely many orbits, [GG], Corollary 2.2. These orbits may be
parametrised by the pairs .�; �/; of arbitrary partitions � D �1 C � � � C �p and
� D �1 C � � � C �q , with total sum �C � D n, see [AH, T].

1.3 The Trigonometric Case

Character D-modules play an important role in representation theory of the global
Cherednik algebra H�; . In more detail, there is a natural analogue, O.H�; /; of
the Bernstein–Gelfand–Gelfand category O for the global Cherednik algebra, see
Definition 4.6.1. We show (Proposition 4.6.2) that the Hamiltonian reduction functor
(1.1.1) sends character D-modules to objects of the category O.H�; /; moreover,
the latter category gets identified, via the functor H, with a quotient of the former
by the Serre subcategory Ker H.

In the special case of the curveC D C�, the global Cherednik algebra reduces to
H� , the trigonometric Cherednik algebra of type An�1; see Sect. 5.1 for definitions,
and the sheaves considered by Laumon become Lusztig’s character sheaves on the
group GLn. Similarly, our character D-modules become (twisted) D-modules on
GLn � Pn�1.

Given a character sheaf on GLn in the sense of Lusztig, one may pull-back the
corresponding D-module via the first projectionGLn�Pn�1 ! GLn: The resulting
D-module on GLn � Pn�1 is a character D-module in our sense. However, there
are many other quite interesting character D-modules onGLn�Pn�1 which do not
come from Lusztig’s character sheaves on GLn:

Sometimes, it is more convenient to replace GLn by its subgroup SLn. In that
case, we prove that cuspidal character D-modules correspond, via the Hamiltonian
functor, to finite dimensional representations of the corresponding Cherednik alge-
bra, cf. Corollary 4.6.6 and Theorem 5.5.1.

1.4 Convention

The trigonometric Cherednik algebra depends on one complex parameter, to be de-
noted � 2 C. Such an algebra corresponds, via the quantum Hamiltonian reduction
construction, to a sheaf of twisted differential operators on SLn � Pn�1, which
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is also labelled by one complex parameter, to be denoted c 2 C. Throughout the
chapter, we will use the normalization of the above parameters � and c, such that the
sheaf of TDO with parameter c gives rise to the trigonometric Cherednik algebra
with parameter

� D c=n: (1.4.1)

2 A Representation Scheme

2.1 Basic Definitions

In this chapter, we work over C and write Hom D HomC, End D EndC ,˝ D ˝C :

Let Y be a scheme with structure sheaf OY and coordinate ring O.Y /:
Definition 2.1.1. Let V be a finite dimensional vector space, F a finite length (tor-
sion) OY -sheaf, and # W V �!�.Y;F/; a vector space isomorphism. Such a data
.V;F ; #/ are called representation of OY in V:

Proposition 2.1.2. .i/ For each n � 1; there is a GLn.C/-scheme repnY , of finite
type, that parametrizes representations of OY in Cn:

.ii/ If Y is affine, then we have repnY D repnO.Y /, the affine scheme that
parametrizes algebra homomorphisms O.Y /! EndCn.

Proof. The scheme repnY may be identified with an open subscheme of Grothen-
dieck’s Quot-scheme that parametrizes surjective morphisms Cn ˝OY � F such
that the composition Cn ,! �.Y;Cn ˝ OY / � �.Y;F/ is an isomorphism. The
group GLn acts on repnY by base change transformations, that is, by changing the
isomorphism Cn Š �.Y;F/. ut

Below, we fix n � 1, let V D Cn; and GL.V / D GLn.C/. Given a representa-
tion .F ; #/ in V , the isomorphism # W V �!�.Y;F/ makes the vector space V an
O.Y /-module. We often drop # from the notation and write F 2 repnY .

Example 2.1.3. For Y WD A1, we have O.Y / D CŒt �; hence, repnY D repnCŒt � D
EndV .

For Y WD C�, we have O.Y / D CŒt; t�1�; hence, repnY D repnCŒt; t�1� D
GL.V /. In these examples, the action of the groupGL.V / is the conjugation-action.

2.2 Factorization Property

From now on, we will be concerned exclusively with the case where Y D C is a
smooth algebraic curve (either affine or complete).
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Let Sn denote the symmetric group. Write C n and C .n/ D C n=Sn for the nth
cartesian and symmetric power of C , respectively. Taking support cycle of a length
n coherent sheaf on C gives a natural map

$ W repnC �! C .n/; F 7! SuppF : (2.2.1)

It is straightforward to see that the map $ is an affine and surjective morphism
of schemes, and that the groupGL.V / acts along the fibres of $ .

The collection of morphisms (2.2.1) for various values of the integer n enjoys an
important factorization property. Specifically, let k;m; be a pair of positive integers
and D1 2 C .k/; D2 2 C .m/, jD1j \ jD2j D ;; a pair of divisors with disjoint
supports, that is, a pair of unordered collections of k andm points ofC , respectively,
which have no points in common. The factorization property says that there is a
natural isomorphism

$�1.D1 CD2/ Š GLkCm
GLk�GLm� �

$�1.D1/ �$�1.D2/
�

:

The factorization property also holds in families. To explain this, let ~C .k;m/ �
C .k/�C .m/ be the open subset formed by all pairs of divisors with disjoint support.
There is a natural composite projection ~C .k;m/ ,!C .k/ � C .m/ � C .kCm/.

The family version of the factorization property reads

repkCm
C �

C .kCm/

~C .k;m/ '
�

GLkCm
GLk�GLm� .repkC � repmC /

�

�
C .k/�C .m/

~C .k;m/:
(2.2.2)

2.3 Tangent and Cotangent Bundles

Let�C be the sheaf of Kähler differentials onC . Given a finite length sheafF we let
F_ WD Ext1.F ; �C /, denote the Grothendieck–Serre dual of F . Let | W C ,! NC be
an open imbedding of C into a complete curve. Then we have natural isomorphisms

�.C;F_/ D Ext1. NF ; � NC / Š Hom.O NC ; NF/� D �.C;F/�; (2.3.1)

where we write NF D |�F and where the isomorphism in the middle is provided by
the Serre duality. In particular, for any F 2 repnC , one has canonical isomorphisms

�.C 2;F � F_/ D �.C;F/˝ �.C;F_/
#
�! V ˝ V � D EndV: (2.3.2)

Let� � C 2 WD C �C denote the diagonal divisor. Thus, onC 2, we have a triple
of sheaves OC2.��/ ,!OC2 ,!OC2.�/. For any F 2 repnC , let KerF denote the
kernel of the composite morphism V ˝OC �!�.C;F/˝OC � F :
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Lemma 2.3.3. The scheme repnC is smooth. For the tangent, resp. cotangent, space
at a point F 2 repnC ; there are canonical isomorphisms:

TF .repnC / Š Hom.KerF ;F/ Š �
�

C 2; .F � F_/.�/
�

; resp:

T �
F .repnC / Š Ext1.F ;KerF ˝�C / Š �

�

C 2; .F � F_/.��/�:

Proof. It is well known that the Zariski tangent space to the scheme param-
etrizing surjective morphisms V ˝ OC � F is equal to the vector space
Hom.KerF ;F/. This proves the first isomorphism. From this, by Serre duality
one obtains T �

F.repnC / Š Ext1.F ;KerF ˝�C /.
To complete the proof, it suffices to prove the second formula for the tangent

space TF .repnC /; the corresponding formula for T �
F.repnC / would then follow by

duality.
To prove the formula for TF.repnC /, we may assume that C is affine and put

A D O.C /. Also, let V D �.C;F/ and K D �.C;KerF/. Thus, we have
Hom.KerF ;F/ D HomA.K; V /.

The sheaf extension KerF ,!V ˝ OC � F yields a short exact sequence of
A-modules

0! K �! A˝ V act�! V ! 0;

where act is the action-map.
The action of A on V makes the vector space EndV an A-bimodule. We write

DerA.A;EndV / for the space of derivations of the algebraAwith coefficients in the
A-bimodule EndV . Further, given an A-module map f W K ! V , for any element
a 2 A we define a linear map

ıf .a/ W V ! V; v 7! f .a˝ v � 1˝ av/:

It is straightforward to see that the assignment a 7! ıf .a/ gives a derivation ıf 2
DerA.A;EndV /. Moreover, this way, one obtains a canonical isomorphism

HomA.K; V /
�!DerA.A;EndV /; f 7! ıf :

The above isomorphism provides a well-known alternative interpretation of the
tangent space to a representation scheme in the form TF .repnC / Š DerA.A;EndV /:

We observe next that for any a 2 A, one has a˝1�1˝a 2 �.C 2;OC2.��// �
A˝ A. Further, for any section s 2 ��C 2; .F � F_/.�/

�

; the map

A �! �
�

C 2;F �F_/ D V �˝V D EndV; a 7! 	s.a/ WD s � .a˝ 1� 1˝ a/

is easily seen to be a derivation. Moreover, one shows that any derivation has the
form 	s for a unique section s.

Thus, combining all the above, we deduce the desired canonical isomorphisms

TF .repnC / Š HomA.K; V / Š DerA.A;EndV / Š ��C 2; .F � F_/.�/
�

:
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In particular, for any F 2 repnC , we find that

dimTF .repnC / D dim�
�

C 2; .F � F_/.�/
� D dim.V ˝ V �/ D n2

is independent of F . This implies that the scheme repnC is smooth. ut

2.4 Example: Formal Disc

Given a formal power series f D f .t/ 2 CŒŒt ��, we define the difference-derivative

of f as a power series Df.t 0; t 00/ WD f .t 0/ � f .t 00/
t 0 � t 00 2 CŒŒt 0; t 00��.

For any X 2 EndV; write LX ; RX W EndV ! EndV , for the pair of linear
maps of left, resp. right, multiplication byX in the algebra EndV . These maps com-
mute, hence, for any polynomial f 2 CŒt �, there is a well-defined linear operator
Df.LX ; RX / W EndV ! EndV: For instance, in the special case where f .t/ D tm,
we find Df.LX ; RX /.Y / D Xm�1Y CXm�2YX C � � � CXYXm�2 C YXm�1:

Let Cx be the completion of a smooth curve C at a point x 2 C , a formal
scheme. A choice of local parameter on Cx amounts to a choice of algebra isomor-
phism O.Cx/ D CŒŒt ��: Thus, for the corresponding representation schemes, we
obtain repnO.Cx/ Š repnCŒŒt �� D bN , the completion of EndV along the closed
subscheme N � EndV , of nilpotent endomorphisms.

The tangent space at a point of repnO.Cx/ D bN may be therefore identified
with the vector space EndV . More precisely, the tangent bundle T .repnO.Cx// is
the completion of EndV � EndV along N � EndV . Abusing the notation slightly,
we may write a point in the tangent bundle as a pair .X; Y / 2 EndV �EndV , where
X 2 repnO.Cx/ D bN ; and Y is a tangent vector at X . Thus, associated with such a
point .X; Y / and any formal power series f 2 CŒŒt ��; there is a well-defined linear
operatorDf.LX ; RX/, acting on an appropriate completion of EndV .

Now, let t and u be two different local parameters on the formal scheme Cx .
Thus, one can write u D f .t/, for some f 2 CŒŒt ��. We have

Lemma 2.4.1. The differential of f acts on the tangent bundle T .repnO.Cx// by
the formula

df W .X; Y / 7! �

f .X/; Df .LX ; RX /.Y /
�

: ut
Remark 2.4.2. In the special case where f .t/ D et , writingˆ.t/ WD .et � 1/=t , we
compute

f .t 0/� f .t 00/
t 0 � t 00 D et

0 � et 00
t 0 � t 00 D

et
0�t 00 � 1
t 0 � t 00 �e

t 00 D ˆ.t 0 � t 00/�et 00 :
Therefore, for the differential of the exponential map X 7! expX; using the lemma
and the notation adX.Y / WD XY �YX D .LX�RX /.Y /, one recovers the standard
formula

d exp W .X; Y / 7! �

f .X/; Df .LX ; RX /.Y /
� D

�

eX ; ˆ.adX/.Y /�eX
�

: ˙
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2.5 Étale Structure

The assignment C 7! repnC is a functor. Specifically, for any morphism of curves
p W C1 ! C2; the push-forward of coherent sheaves induces a GLn-equivariant
morphism repp W repnC1 ! repnC2 ; F 7! p�F :

The following result says that for any smooth curveC , the representation scheme
repnC is locally isomorphic, in étale topology, to repn

A1
D gln; the corresponding

scheme for the curve C D A1.

Proposition 2.5.1. For any smooth curve C and n � 1; one can find a finite collec-
tion of open sub-curves Cs � C; s D 1; : : : ; r; such that the following holds.

For each s D 1; : : : ; r; there is a Zariski open subset Us � repnCs ; and a diagram
of morphisms of curves

C Cs� �
qs�� ps �� A1; s D 1; : : : ; r;

which gives rise to a diagram of representation schemes

repnC repnCs � Us� �
repqs�� repps �� repn

A1
D gln:

The above data satisfy, for each s D 1; : : : ; r; the following properties:

� The map qs is an open imbedding, and repnC D .repq1/.U1/[ � � � [ .repqs/.Us/
is an open cover;

� The map ps is étale and the restriction of the morphism repps to Us is étale as
well.

This proposition is an immediate consequence of two lemmas below. Fix a
smooth curve C .

Lemma 2.5.2. Given a collection of pairwise distinct points c1; : : : ; cN 2 C there
is an open subset C 0 � C and an étale morphism p W C 0 ! A1 such that
c1; : : : ; cN 2 C 0 and all the values p.c1/; : : : ; p.cN / are pairwise distinct.

Proof. Pick a point x 2 C X fc1; : : : ; cN g. Then C X fxg is affine. Choose an
embedding 
 W C X fxg ,! Am. Then the composition of 
 with a general linear
projection Am ! A1 is the desired p; while C 0 is the complement of the set of
ramification points of p in C X fxg. ut

Given an étale morphism of curves p W C ! A1 define

0C .n/ WD f.c1; : : : ; cn/ 2 C .n/
ˇ

ˇ p.ci / D p.cj / iff ci D cj ; i; j D 1; : : : ; ng:

This is clearly a Zariski open subset in C .n/. Let $�1.0C .n// be its preimage in
repnC ; cf. (2.2.1).
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Lemma 2.5.3. The morphism below induced by the map p W C ! A1 is étale,

repp W $�1.0C .n//! repnA1 D gln:

Proof. To simplify notation, write U WD $�1.0C .n// and p� WD repp:
We must check that the differential of p� on the tangent spaces is invertible.

Let c D .k1c1 C � � � C klcl/ 2 0C .n/ (so that c1; : : : ; cl are all distinct). Then
p.c1/; : : : ; p.cl/ are all distinct. If F 2 U , and $F D c, then p�F 2 repn

A1
, and

$.p�F/ D .k1p.c1/C � � � C klp.cl //. As we know, TF repnC D Hom.KerF ;F/.
Let Cci (resp. A1

p.ci /
) stand for the completion of C at ci (resp. A1 at p.ci /). Let

.KerF /ci (resp. .F/ci ) denote the restriction of KerF (resp. F ) to Cci . Then the
restriction to these completions induces an isomorphism

Hom.KerF ;F/ D
M

1�i�l
Hom..KerF /ci ; .F/ci /:

Similarly, we have

Hom.Kerp
�
F ; p�F/ D

M

1�i�l
Hom..Kerp

�
F /p.ci /; .p�F/p.ci //:

The map p being étale at ci , it identifies Cci with A1
p.ci /

. Under this identi-
fication .F/ci gets identified with .p�F/p.ci /, and .KerF/ci gets identified with
.Kerp

�
F /p.ci /. Note that the latter identification is provided by the differential of

the morphism repp at the point F 2 repnC . The lemma follows. ut

3 Cherednik Algebras Associated with Algebraic Curves

3.1 Global Cherednik Algebras

For any smooth algebraic curveC , Etingof defined in [E], 2.19, a sheaf of Cherednik
algebras on the symmetric power C .n/; n � 1.

To recall Etingof’s definition, for any smooth variety Y , introduce a length two

complex of sheaves �1;2Y WD Œ�1Y
d! .�2Y /closed�, concentrated in degrees 1 and 2.

The sheaves of algebraic twisted differential operators (TDO) on Y are known to be
parametrized (up to isomorphism) by elements of H 2.Y;�

1;2
Y /; the second hyper-

cohomology group, cf. e.g., [K].

Remark 3.1.1. For an affine curve C , we have H 2.C;�
1;2
C / D 0; for a projective

curve C , we have H 2.C;�
1;2
C / Š C; where a generator is provided by the first

Chern class of a degree 1 line bundle on C . ˙
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Now, let C be a smooth algebraic curve. Given a class  2 H 2.C;�
1;2
C /,

write  �n 2 H 2.C n; �
1;2
Cn /

Sn for the external product of n copies of  . Pull-
back via the projection C n � C .n/ induces an isomorphism H 2.C .n/; �

1;2

C .n/
/

�!
H 2.C n; �

1;2
Cn/

Sn � H 2.C n; �
1;2
Cn/. Let  n 2 H 2.C .n/; �

1;2

C .n/
/ denote the preim-

age of the class  �n via the above isomorphism.
For any n � 1; � 2 C; and  2 H 2.C;�

1;2
C /, Etingof defines the sheaf of

global Cherednik algebras, as follows, cf. [E], 2.9. Let � be a 1-form on C n such
that for the cohomology class � 2 H 2.C n; �

1;2
Cn/ one has d� D  �n: Next, for any

i; j 2 Œ1; n�, let �ij � C n be the corresponding .ij /-diagonal, with equal i th and
j th coordinates. Thus, �n D S

i¤j �ij , is the big diagonal, and the image of �n
under the projection C n � C .n/ is the discriminant divisor, D � C .n/:

Given a vector field v onC n, for each pair .i; j /, choose a rational function f v
ij on

C n whose polar part at�ij corresponds to v, as explained in loc. cit. 2.4. Associated
with such a data, Etingof defines in [E], 2.9, the following Dunkl operator

Dv WD LievChv; �i C � �n�
X

i¤j
.sij � 1/˝ f v

ij 2 D n.C
n X�n/ Ì Sn:

Here Liev stands for the Lie derivative with respect to the vector field v, and the
cross-product algebra D n .C

n X �n/ Ì Sn on the right is viewed as a sheaf of
associative algebras on C .n/ XD.

The sheaf of Cherednik algebras is defined as a subsheaf of the sheaf
| �D n .C

nX�n/Ì Sn; where | W C .n/XD ,!C .n/ stands for the open imbedding.
Specifically, following Etingof, we have

Definition 3.1.2. Let H�; n , the sheaf of Cherednik algebras, be the sheaf, on C .n/,
of associative subalgebras, generated by all regular functions on C n and by the
Dunkl operatorsDv, for all vector fields v and f v

ij as above.

Next, let e 2 CŒSn� be the idempotent projector to the trivial representation.
The subalgebra eH�; ne � H�; n is called spherical subalgebra. This is a sheaf
of associative algebras on C .n/ that may be identified naturally with a subsheaf of
D n .C

.n//.
The following is a global analogue of a result due to Gordon and Stafford [GS],

and Bezrukavnikov and Etingof [BE] in the case where C D A1.

Proposition 3.1.3. For any � 2 C X Œ�1; 0/; the functor below is a Morita equiva-
lence

H�; n-mod �! eH�; ne-mod; M 7! eM:

Proof. It is a well-known fact that the Morita equivalence statement is equivalent to
an equality H�; n D H�; n�e�H�; n : In any case, on C .n/, one has an exact sequence
of sheaves

0! H�; n �e�H�; n ! H�; n ! H�; n=H�; n �e�H�; n ! 0: (3.1.4)
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Proving that the sheaf on the right vanishes is a “local” problem. Thus, one can
restrict (3.1.3) to an open subset in C .n/. Then, we are in a position to use the
above-cited result of Gordon and Stafford saying that Proposition 3.1.3 holds for
the curve C D A1. In effect, by Proposition 2.5.1, each point in C .n/ is contained
in an open subset U with the following property. There exists an étale morphism
f W U ! .A1/.n/ such that the pull-back via f of the sheaf on the right of (3.1.3)
for the curve A1 is equal to the corresponding sheaf for the curve C . ut

The sheaf H�; n comes equipped with an increasing filtration arising from the
standard filtration by the order of differential operator, cf. [EG, E]. The filtration on
H�; n induces, by restriction, an increasing filtration, F �.eH�; ne/; on the spherical
subalgebra. Etingof proved a graded algebra isomorphism, cf. [E],

grF .eH�; ne/ Š p�OY ; Y WD .T �C/.n/ D .T �.C n//=Sn; (3.1.5)

where p W .T �C/.n/ ! C .n/ denotes the natural projection.

3.2 The Determinant Line Bundle

We fix a curve C , an integer n � 1, and let V D Cn. Set Xn WD repnC �V; a smooth
variety. Let X cyc

n � Xn D repnC � V be a subset formed by the triples .F ; #; v/
such that v is a cyclic vector, i.e. such that the morphism OC ! F ; f 7! f v is
surjective. It is clear that the set X cyc

n is a GL.V /-stable Zariski open subset of Xn.
Choose a basis of V , and identify V D Cn, and GL.V / D GLn, etc. Assume

further that our curve C admits a global coordinate t W C ,!A1: Then, associated
with each pair .F ; #; v/ 2 X cyc

n , there is a matrix g.F ; #; v/ 2 GLn, whose kth row
is given by the n-tuple of coordinates of the vector tk�1.v/ 2 Cn D V D �.C;F/;
k D 1; : : : ; n.

Lemma 3.2.1. .i/ The map $ W X cyc
n ! C .n/, cf. (2.2.1), makes the scheme X cyc

n

a GL.V /-torsor over C .n/.
.ii/ Given a basis in V and a global coordinate t W C ,!A1; the map

g �$ W X cyc
n

�!GLn � C .n/; .F ; #; v/ 7! �

g.F ; #; v/; SuppF�; (3.2.2)

provides a GL.V /-equivariant trivialization of the GL.V /-torsor from .i/:

Proof. The action ofGL.V / on repnC �V is given by g.F ; #; v/ D .F ; # ıg�1; gv/.
To prove (i), we observe that the quotient GL.V /nX cyc

n is the moduli stack of
quotient sheaves of length n of the structure sheaf OC . However, this stack is just
the Grothendieck Quot scheme QuotnOC isomorphic to C .n/. Part (i) follows. Part
(ii) is immediate. ut

On Xn D repnC � V; we have a trivial line bundle det with fibre ^nV . This line
bundle comes equipped with the naturalGL.V /-equivariant structure given, for any
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a 2 ^nV , by g.F ; #; vI a/ D .F ; # ıg�1; gvI .detg/ �a/. We define a determinant
bundle to be the unique line bundle L on C .n/ such that $�L, the pull-back of L
via the projection X cyc

n � C .n/; is isomorphic to det jXcyc
n
:

The square of determinant bundle L2 has a canonical rational section ı, de-
fined as follows. Let .c1; : : : ; cn/ be pairwise distinct points of C , and F D
OC=OC .�c1� � � �� cn/D Oc1 ˚� � �˚Ocn ; a point in Xcyc

n . The fibre of L2 at the
point$.F/ 2 C .n/ is identified with the vector space L2

F D .Oc1 ˝� � �˝Ocn/˝2:
We define ı.c1; : : : ; cn/ WD .1c1 ^ � � � ^ 1cn/2, where 1cr 2 Ocr stands for the unit
element.

We have the finite projection map p W C n � C .n/, the (big) diagonal divisor,
�n � C n, and the discriminant divisor, D � C .n/. Note that, set theoretically, we
have jDj D p.j�nj/I however, for divisors, one has an equation p�D D 2�n.

Next, we put X reg
n WD X

cyc
n \$�1.C .n/ X D/. Clearly, we have X reg

n � X cyc
n �

Xn: Given a global coordinate t W C ,!A1; we write

�.c/ WD
Y

1�i<j�n

�

t.ci /� t.cj /
�

; 8c D .c1; : : : ; cn/ 2 C n:

for the Vandermonde determinant. Thus, �2.c/ is a regular function on C .n/.

Proposition 3.2.3. .i/ For any smooth connected curve C , we have

Xn XX reg
n D $�1.D/ [ .Xn X X cyc

n /;

a union of two irreducible divisors.
.ii/ There exists a regular function f 2 O.X reg

n / such that

� It has a zero of order 2 at the divisor Xn X X cyc
n ; and a pole of order 1 at

the divisor$�1.D/;
� It is a GLn-semi-invariant, specifically, we have

f.g � x/ D .detg/2 � f.x/; 8g 2 GLn; x 2 X reg
n :

.iii/ The function f is defined uniquely up to multiplication by the pull back of
an invertible function on C .n/. Furthermore, in a trivialization as in Lemma
3.2.1 (ii), one can put

f.x/ D �det g.x/ � �.$.x//�2; x 2 X reg
n :

Proof. The uniqueness statement follows from the semi-invariant property of f. To
prove the existence, recall the definition of the line L. By that definition, a section
of L is the same thing as a semi-invariant section of the trivial bundle with fibre
^nV , on X cyc

n . We let f be the rational section of the latter bundle corresponding,
this way, to the rational section ı of L. A choice of base in V gives a basis in ^nV ,
and hence allows to view f as a semi-invariant rational function.

The order of zero of f at Xn X X cyc
n is a local question, so we may assume the

existence of a local coordinate t on C , trivializing our torsor as in 3.2.1 (ii). Then the
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divisorXnXX cyc
n is given by an equation detg.x/ D 0, so we see that the zero of f

atXnXX cyc
n indeed has order 2. The statement that f has a pole of order 1 at$�1.D/

immediately follows from the next lemma. In the presence of a local coordinate t ,
the explicit formula for the function g then follows from the uniqueness statement.

ut
Lemma 3.2.4. There is a canonical isomorphism L˝2 ' OC .n/.D/.
Proof. We have to construct an Sn-equivariant section of p�L˝2 which is regular
nonvanishing on C n � �n, and has a second order pole at (each component of)
�n. Clearly, ı is a Sn-invariant regular nonvanishing section of p�L˝2jCnX�n . To
compute the order of the pole of ı at the diagonal ci D cj , it suffices to consider the
case where C D A1; n D 2. In the latter case, a straightforward calculation shows
that ı has a second-order pole. ut

3.3 Quantum Hamiltonian Reduction

The goal of this section is to provide a construction of the sheaf of spherical Chered-
nik subalgebras in terms of quantum Hamiltonian reduction, in the spirit of [GG].

Let c1.L/ 2 H 2.C n; �
1;2

C .n/
/Sn denote the image of the first Chern class of the

determinant line bundle L. For a complex number �, we will sometimes denote the
class � � c1.L/ 2 H 2.C n; �

1;2
Cn/

Sn simply by �, if there is no risk of confusion. Let
 2 H 2.C;�

1;2
C /Sn . Note that if C is affine, then  D 0, and if C is projective,

then  is proportional to the first Chern class c1.L / of a degree one line bundle
L on C , so that  D k � c1.L /. The line bundle L �n on C n is Sn-equivariant.
Let L .n/ denote the subsheaf of Sn-invariants in p�L �n, the direct image sheaf
on C .n/.

We set n D k�c1.L .n// 2 H 2.C .n/; �
1;2

C .n/
/, and let$�. n/ 2 H 2.Xn; �

1;2
Xn
/,

be its pull-back via the support-morphism (2.2.1), cf. [E], 2.9. Let D n.Xn/ denote
the sheaf on Xn D repnC � V , of twisted differential operators associated with the
class $�. n/.

We have a GLn-action along the fibres of the support-morphism. Therefore,
the TDO associated with a pull-back class comes equipped with a natural GLn-
equivariant structure. More precisely, [BB], Lemma 1.8.7, implies that the pair
.D n.Xn/; GLn/ has the canonical structure of a Harish–Chandra algebra on Xn,
in the sense of [BB], Sect. 1.8.3. It follows, in particular, that there is a natural Lie al-
gebra morphism gln ! D n .Xn/; u 7! !u , compatible with theGLn-action onXn.

For any � 2 C; the assignment u 7! !

u � � � t r.u/ � 1 gives another Lie algebra
morphism gln ! D n .Xn/. Let g� � D n.Xn/ denote the image of the latter
morphism. Thus, g� is a Lie subalgebra of first-order twisted differential operators,
and we write D n .Xn/g� for the left ideal in D n.Xn/ generated by the vector
space g� .

Let D n.X
cyc
n / be the restriction of the TDO D n.Xn/ to the open subset

X
cyc
n � Xn. Let $ �D n.X

cyc
n / denote the sheaf-theoretic direct image, a sheaf
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of filtered associative algebras on C .n/ equipped with a GLn-action. We have the
left ideal D n.X

cyc
n /g� , in D n .X

cyc
n /, and the correspondingGLn-stable left ideal

$ �D n.X
cyc
n /g� � $ �D n.X

cyc
n /.

The TDO D .Xn/ may be identified with a subsheaf of the direct image of
D .X

cyc
n / under the open embedding X cyc

n ,! Xn. This way, one obtains a re-
striction morphism

r W $ �D .Xn/=$ �D .Xn/g� ! $ �D .X
cyc
n /=$ �D .X

cyc
n /g� :

We are now going to generalize [GG] formula (6.15), and construct, for any
� 2 C;  2 H 2.C n; �

1;2
C /, a canonical “radial part” isomorphism

rad W �$ �D n.X
reg
n /=$ �D n.X

reg
n /g�

�GLn �!D n .C
.n/ XD/; u 7! ı

u� ;
(3.3.1)

of sheaves of filtered associative algebras on X reg
n =GLn D C .n/ X D:

To this end, assume first that the class  D c1.L / is the first Chern class of
a line bundle L on C . Then, we have  n D c1.L .n//. Furthermore, we have the
pull-back$�L .n/, a line bundle on Xcyc

n equipped with a natural GLn-equivariant
structure. Write D.C .n/;L .n//; resp. D.X cyc

n ;$�L .n// for the sheaf of TDO on
C .n/; acting in the line bundle L .n/; resp. TDO on X reg

n ; acting in the line bundle
$�L .n/:

It is clear that, on X reg
n ; one has a sheaf isomorphism

L .n/ �! eL .n/; s 7! f�$�.s/;
where eL .n/ WD fes 2 $�$�L .n/

ˇ

ˇ g.es/ D .detg/�es; 8g 2 GLng:

Note further that for any GLn-invariant twisted differential operator u 2
D.X

reg
n ;$�L .n//, we have u.eL .n// � eL .n/: We deduce that for any � 2 C;

and any GLn-invariant twisted differential operator u 2 D.X
reg
n ;$�L .n//, the

assignment
ı

u� W L .n/ ! L .n/; s 7! f �� �u.f � �s/;

is well-defined and, moreover, it is given by a uniquely determined twisted differ-
ential operator

ı

u� 2 D n .C
.n/ X D/:

The above construction of the map u 7! ı

u� may be adapted to cover the general
case, where the class  is not necessarily of the form c1.L / for a line bundle L .
The map u 7! ıu� is, by definition, the radial part homomorphism rad that appears
in (3.3.1).

The group Sn acts freely on C n X�n, and we have .C n X�n/=Sn D C .n/ XD.
Hence, D n.C

.n/ X D/ ' D �n.C n X �n/Sn . The lift of the determinant line

bundle L to C n has a canonical rational section ı
1
2 . The restriction of this section

to C n X�n is invertible, and we let twist W D n.C .n/ XD/
�!D nC1.C .n/ XD/ be

an isomorphism of TDO induced via conjugation by ı
1
2 .
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Combining all the above, we obtain the following morphism of sheaves of filtered
algebras on C .n/, where j stands for the open embedding C .n/ XD ,! C .n/:

twistı radı r W
�

$ �D .Xn/

$ �D .Xn/g�

�GLn

�! j�D nC1.C .n/ XD/: (3.3.2)

Here, the algebra on the left is the quantum Hamiltonian reduction of D .X
reg
n / at

the point � � t r 2 gl�n.
Our main result about quantum Hamiltonian reduction reads

Theorem 3.3.3. The image of the composite morphism in (3.3.2) is equal to the
spherical Cherednik subalgebra. Moreover, this composite yields a filtered algebra
isomorphism

�

$ �D n.Xn/=$ �D n .Xn/g�
�GLn �! eH�; nC1e;

as well as the associated graded algebra isomorphism

gr
�

$ �D n.Xn/=$ �D n.Xn/g�
�GLn �!gr.eH�; nC1e/:

3.4 Proof of Theorem 3.3.3

It will be convenient to introduce the following simplified notation. Let Hn;�; �
j�D nC1.C .n/ X D/ be the image of the composite morphism in (3.3.2) (note the
shift  n C 1 on the right); also, for the spherical subalgebra, write

An;�; WD eH�; nC1e: (3.4.1)

We will use the factorization isomorphism (2.2.2) for k C m D n. Write
j W ~C .k;m/ ,! C .k;m/ WD C .k/ � C .m/ for the open imbedding and pr W
~C .k;m/ ,!C .k;m/ � C .n/ for the composite projection.

A natural factorization property for the determinant bundle gives rise to a canon-
ical isomorphism of sheaves of TDO,

pr�D nC1.C .n// ' j �.D kC1.C .k//� D mC1.C .m///:

Lemma 3.4.2. The above isomorphism restricts to the isomorphism of subalgebras
pr�Hn;�; ' j�.Hk;�; � Hm;�; /.

Proof. Let .F1; v1/ 2 Xk and .F2; v2/ 2 Xm be such that the sheaves F1 and F2
have disjoint supports. Then, the stabilizer inGLn of the point .F1˚F2, v1˚v2/ 2
Xn; n D kCm; is equal to the product of the stabilizers of .F1; v1/ and .F2; v2/ in
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GLk and GLm, respectively. This yields the following factorization isomorphism,
cf. (2.2.2),

�

GLkCm
GLk�GLm� .Xk �Xm/

�

�
C .k/�C .m/

~C .k;m/ ' Xn �C .n/ ~C .k;m/;

.g;F1; #1; v1;F2; #2; v2/ 7�! .F1 ˚ F2; .#1 ˚ #2/ ı g�1; g.v1 ˚ v2//:

Now, the desired isomorphism of subalgebras in the statement of the lemma is a
particular case of the following situation. We have a subgroupG0 � G00 (in our case
G0 D GLk � GLm; G 00 D GLn), and a G0-variety X 0 with a TDO D 0 equipped
with an action of G0 (in our case X 0 D .Xk � Xm/ �

C .k/�C .m/
~C .k;m/, and D 0 D

j �.D k � D m /). We have a G00-invariant linear functional 
00 on the Lie algebra
g00 whose restriction to g0 is denoted by 
0 (in our case 
00 D .� � 1/ � t r). We set

X 00 D G00 G0

� X 0; it is equipped with the TDO D 00 lifted from X 0, acted upon by G00
(in our case X 00 D Xn�C .n/ ~C .k;m/, and D 00 D pr�D n). Then it is easy to show
that one has .D 00=D 00g00

�00
/G

00 ' .D 0=D 0g0
�0
/G

0

. ut

Lemma 3.4.3. Let U � C .n/ be an open subset and let D1 2 �.U;Hn;�; / �
D nC1.U /, resp. D2 2 �.U;An;�; /, be a pair of second-order twisted differential
operator on U with equal principal symbols.

Then, the differenceD1�D2 is a zero-order differential operator; more precisely,
it is the operator of multiplication by a regular function on U .

Proof. It is enough to prove the statement of the lemma in the formal neighbourhood
of each point c D .k1c1 C � � � C klcl / 2 U � C .n/, where c1; : : : ; cl are pairwise
distinct and k1 C � � � C kl D n. By induction in n, we are reduced to the diagonal
case c D .nc/. Then it suffices to take the formal disk around c for C . In the latter
case, our claim follows from the explicit calculation in [GGS], Sect. 5, and the proof
of Proposition 2.18 in [E]. ut
Proof of Theorem 3.3.3. We equip the sheaf Hn;�; , defined above (3.1.5), with
the standard increasing filtration induced by the standard increasing filtration on
D n .Xn/; by the order of differential operator. Let grHn;�; denote the associated
graded sheaf. We also have the increasing filtration on the algebra An;�; ; cf. (3.1.5).
Furthermore, Lemma 3.4.3 yields F2An;�; D F2Hn;�; .

Next, we observe that the spherical Cherednik subalgebra An;�; is generated by
the subsheaf F2An;�; . Indeed, it is enough to prove the equality of An;�; with the
subsheaf generated by F2An;�; in the formal neighbourhood of any point c 2 C .n/.
Arguing by induction in n as in the proof of the lemma, it suffices to consider the
case c D .nc/. We then take the formal disk around c for C . In such a case, the
desired statement is proved in Sect. 10 of [EG].

Thus, we have filtered algebra morphisms

An;�; ,! Hn;�; � .$ �D n.Xn/=$ �D n.Xn/g�/
GLn :
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To prove that these morphisms are isomorphisms, it suffices to show that the induced
morphisms of associated graded algebras,

grAn;�; ! grHn;�;  gr.$ �D n .Xn/=$ �D n.Xn/g�/
GLn ;

are isomorphisms. Reasoning as above, we may further reduce the proof of this last
statement to the case where C is the formal disk around c. The latter case follows
from [GG], page 40. The theorem is proved. ut

4 Character Sheaves

4.1 The Moment Map

Fix a smooth curve C and let � ,!C 2 D C � C be the diagonal.
Recall the smooth schemeXn D repnC �V , and let T �Xn D .T �repnC /�V �V �

denote the total space of the cotangent bundle onXn. We will write a point of T �Xn
as a quadruple

.F ; y; i; j / where F 2 repnC ; y 2 �
�

C 2; .F � F_/.��/�; i 2 V; j 2 V �:

The group GL.V / acts diagonally on repnC � V . This gives a Hamiltonian
GL.V /-action on T �Xn; with moment map �. Given F 2 repnC ; we will also use
the map

�F W �
�

C 2; .F � F_/.��/� ,!�.C 2;F � F_/ �!EndV; (4.1.1)

induced by the sheaf imbedding OC2.��/ ,!OC2 , cf. (2.3.2).

Lemma 4.1.2. The moment map � is given by the formula, cf. (4.1.1),

� W .T �repnC /� V � V � ! EndV D LieGL.V /; .F ; y; i; j / 7! �F.y/C i ˝ j:

We leave the proof to the reader.

Example 4.1.3. In the special case C D A1, we have repnC D EndV Š gln. In this
case, the moment map reads, see [GG],

� W gln � gln � V � V � �! gln; .x; y; i; j / 7! Œx; y�C i ˝ j:

Similarly, in the case C D C�, the moment map reads

� W GLn � gln � V � V � �! gln; .x; y; i; j / 7! xyx�1 � y C i ˝ j:
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4.2 A Categorical Quotient

The goal of this subsection is to construct an isomorphism .T �C/.n/ '
��1.0/==GLn (the categorical quotient). To stress the dependence on n, we will
sometimes write �n for the moment map �.

Note that we have the direct sum morphism

Xk �Xm ! XkCm; .F ; #1; v1IG; #2; v2/ 7! .F ˚ G; #1 ˚ #2; v1 ˚ v2/:

This morphism induces a similar direct sum morphism T �Xk�T �Xm ! T �XkCm,

�.F � F_.��//��.G � G_.��// 3 .y1; y2/ 7! y1 ˚ y2 2 �..F ˚ G/� .F ˚ G/_.��//;
where we have used simplified notation �.�/ D �.C 2;�/.

Clearly, we have T �X1 D T �C �A1�.A1/�. Iterating the direct sum morphism
n times, we obtain a morphism .T �C � A1 � .A1/�/n ! T �Xn. Restricting this
map further to the product of n copies of the subset T �C ' T �C � f1g � f0g �
T �C � A1 � .A1/�, we obtain a morphism .T �C/n ! T �Xn. The image of the
latter morphism is clearly contained in ��1

n .0/. It is also clear that the composite
morphism .T �C/n ! T �Xn ! T �Xn==GLn factors through the symmetrization
projection .T �C/n ! .T �C/.n/.

This way, we have constructed a morphism " W .T �C/.n/ ! ��1
n .0/==GLn.

Lemma 4.2.1. " W .T �C/.n/ ! ��1
n .0/==GLn is an isomorphism.

Proof. Use the factorization and the “local” result for C D A1 proved in [GG] 2.8.
ut

Notation 4.2.2. We let �n denote the natural projection��1
n .0/!��1

n .0/==GLn '
.T �C/.n/. If the value of n is clear from the context, we will simply write
� W ��1.0/! .T �C/.n/.

4.3 Flags

Fix a smooth curve C and a sheaf F 2 repnC : Let F � W 0 D F0 � F1 � � � � �
Fn D F be a complete flag of subsheaves, length.Fr / D r . Thus, for each r D
1; 2; : : : ; n, we have a sheaf imbedding ir W Fr ,!F and also the dual projection
i_r W F_ � F_

r :

Thus, for the spaces of global sections of sheaves on C 2, we have a diagram

�
�

.Fr�1 � F_
r /.��/

� � � ir�1 �� �
�

.F � F_
r /.��/

�

�
�

.F � F_/.��/�:i_r����

Definition 4.3.1. (a) Let erepnC be the moduli scheme of pairs .F ;F �/; where F 2
repnC , and F � is a flag of subsheaves.
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(b) Fix F 2 repnC ; and an element y 2 ��C 2; .F � F_/.��/�. A flag F � is said
to be a nil-flag for the pair .F ; y/ if we have

i_r .y/ 2 ir
�

�
�

C 2; .Fr�1 � F_
r /.��/

�

�

; 8r D 1; 2; : : : ; n:

We have a natural forgetful morphism erepnC ! repnC , a GL.V /-equivariant
proper morphism which is an analogue of Grothendieck simultaneous resolution,
cf. [La1] 3.2.

We further extend the above morphism to a map � W erepnC � V ! Xn D
repnC �V; identical on the second factor V . For the corresponding cotangent bundles,
one obtains a standard diagram

T �Xn ��.T �Xn/
p1�� � � p2 �� T �.erepnC � V /;

where the map p2 is a natural closed imbedding, andp1 is a proper morphism. Thus,
��.T �Xn/ is the smooth variety parametrizing quintuples .F ;F �; y; i; j /.

Let Z � T �.erepnC � V / be a closed subscheme formed by the quintuples
.F ;F �; y; i; j / such that F � is a nil-flag for y. Now, the set p�1

1 .��1.0// is clearly
a closed algebraic subvariety in ��T �.repnC �V /, and so is p�1

1 .��1.0//\p�1
2 .Z/.

The map p1 W p�1
1 .��1.0// \ p�1

2 .Z/! T �Xn is a proper projection.
Observe next that the zero section embeddingC ,! T �C induces an embedding

C .n/ ,! .T �C/.n/, and recall the map � from Notation 4.2.2.

Proposition 4.3.2. For a quadruple .F ; y; i; j / 2 ��1.0/, the following are equiv-
alent:

� The pair .F ; y/ has a nil-flag;
� .F ; y; i; j / belongs to the image of the projection
p1 W p�1

1 .��1.0// \ p�1
2 .Z/! T �Xn;

� �.F ; y; i; j / 2 C .n/ � .T �C/.n/.

This proposition will be proved in the next section.

4.4 A Lagrangian Subvariety

We define a nil-cone Mnil.C / � T �Xn to be the set of points satisfying the equiv-
alent conditions of Proposition 4.3.2, with the natural structure of a reduced closed
subscheme of T �Xn arising from the third condition of the proposition.

In the special case of the curve C D A1; we have repnC D EndV Š gln; and the
corresponding variety Mnil.C / is nothing but the Lagrangian subvariety introduced
in [GG], (1.3). In more detail, write N � gln for the nilpotent variety. Then, one
has
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Lemma 4.4.1. .i/ Let C D A1. Then, we have

Mnil.A
1/Df.x; y; i; j /2gln � gln � V�V � ˇ

ˇ Œx; y�Ci ˝ jD0 & y 2 N g:
(4.4.2)

.ii/ Similarly, in the case C D C�, we have

Mnil.C
�/'f.x; y; i; j / 2 GLn � gln � V � V � ˇ

ˇ xyx�1�yCi ˝ jD0 & y2N g:

Proof. In the case C D A1, the morphism � W Arepn
A1
! repn

A1
D gln becomes

the Grothendieck simultaneous resolution, cf. [La1] (3.2). In this case Proposition
4.3.2 is known. Hence, we only have to check that for any quadruple .x; y; i; j / as
in (4.4.2) there exists a complete flag V � such that xVk � Vk , and yVk � Vk�1 for
any k D 1; : : : ; n. But this is also well known, see e.g., [EG], Lemma 12.7. Part (i)
follows. Part (ii) is proved similarly. ut
Proof of Proposition 4.3.2. The first two conditions are clearly equivalent. The first
and third conditions are compatible with factorization, and so are reduced to the
“local” case C D A1, see Example 4.1.3. Then they are both equivalent to the
nilpotency of y, cf. Lemma 4.4.1. ut
Proposition 4.4.3. Mnil.C / is the reduced scheme of a Lagrangian locally com-
plete intersection subscheme in T �.repnC � V /.

We recall that it has been proved in [GG], Theorem 1.2, that the right-hand side
in (4.4.2) is the reduced scheme of a lagrangian complete intersection in gln � gln�
V � V �.

Proof of Proposition 4.4.3. We are going to reduce the statement of the proposition
to the above-mentioned special case of C D A1, see (4.4.2).

To this end, fix a curve C 0. Proposition 2.5.1 implies that there exists a finite col-
lection of Zariski open subsets C � C 0 and, for each subset C , an étale morphism
p W C ! A1 and a Zariski open subset U � repnC � V , such that the following
holds:

� The scheme repn
C 0
� V is covered by the images in repn

C 0
of the subsets U , corre-

sponding to the curves C from our collection;
� For each C , there is an étale morphism of curves p W C ! A1 such that the

induced morphism below is also étale,

repp � IdV W repnC � V �! X WD repn
A1
� V D gl.V / � V:

Then, we have T �U D U�X T �X ; hence, the map repp�IdV induces aGL.V /-
equivariant étale morphism p� W T �U ! T �X . The moment map T �U ! EndV
factors through T �U ! T �X ! EndV , and Mnil.C / \ T �U is the preimage of
Mnil.A1/ in T �U . Thus, Mnil.C / \ T �U is the reduced scheme of a lagrangian
locally complete intersection in T �U . The proposition follows. ut
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4.5 Projectivization

One can perform the quantum hamiltonian reduction of Theorem 3.3.3 in two steps:
first with respect to the central subgroup C� � GLn, of scalar matrices, and then
with respect to the subgroup SLn � GLn. The subgroup C� � GLn acts trivially
on repnC ; it also acts naturally on V D Cn; by dilations. We put

V ı WD V X f0gI P D P .V / D V ı=C�I Xn D repnC � P :

We have a natural Hamiltonian C�-action on T �V , a symplectic manifold, and
Hamiltonian reduction procedure replaces T �V by T �P .

Similarly, the diagonal C�-action on repnC � V ı gives rise to a Hamiltonian C�-
action on T �.repnC � V ı/; with moment map �. It is clear that the space

T �Xn D ��1.0/=C� D f.x; y; i; j / 2 SLn � sln � V ı � V � j hj; ii D 0g=C�

is a Hamiltonian reduction of the symplectic manifold T �.repnC � V ı/:
One may also consider the Hamiltonian reduction of the Lagrangian subscheme

Mnil � T �Xn. This way one gets a closed Lagrangian subscheme Mnil.C / WD
�

Mnil.C / \ ��1.0/
�ı

C� � T �Xn.

Recall that, by Hodge theory, there are natural isomorphisms H 2.P ; �1;2P / Š
H 1;1.P ;C/ D C. Therefore, for any  2 H 2.C;�

1;2
C / and c 2 C D

H 2.P ; �1;2P /, there is a well-defined class . n; c/ 2 H 2.Xn; �
1;2
Xn
/, and the cor-

responding TDO D ;c.Xn/, on Xn.
We have a natural algebra isomorphism

D ;c.Xn/ Š
�

D n .Xn/=D n.Xn/�.eu� c/�C�

; (4.5.1)

where eu is the Euler vector field on V that corresponds to the action of the iden-
tity matrix Id 2 gl.V /: The algebra on the right-hand side of (4.5.1) is a quantum
hamiltonian reduction with respect to the group C�; at the point � D c=n.

Definition 4.5.2. An SL.V /-equivariant twisted D ;c.Xn/-module is called a char-
acter D-module if its characteristic variety is contained in Mnil.C / D

�

Mnil.C / \
��1.0/

�ı

C�.
Let C ;c denote the (abelian) category of character D ;c.Xn/-modules.

It is clear, by Proposition 4.3.2, that any object of the category C ;c is a holo-
nomic D-module; in particular, such an object has finite length. See [FG] for more
details.

Remark 4.5.3. For a general curve C and a general pair . ; c/ 2 H 2.C;�
1;2
C /�C;

the category C ;c may have no nonzero objects at all. It is an interesting open prob-
lem to analyze which nonzero objects of the category C0;0 admit (at least formal)
deformation in the direction of some . ; c/ ¤ .0; 0/.
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In the special case of the curve C D C�, however, we have H 2.C;�
1;2
C / D 0.

Thus, there is only one nontrivial parameter, c 2 C. It turns out that, for any c 2 C,
there is a lot of nonzero character D-modules on GLn � P ; moreover, all these
D-modules have regular singularities. ˙

4.6 Hamiltonian Reduction Functor

We now introduce a version of category O for A�; D eH�; nC1e, the spherical
Cherednik algebra associated with a smooth curve C , see (3.4.1).

Definition 4.6.1. Let O.A�; / be the full subcategory of the abelian category of left
A�; -modules whose objects are coherent as OC .n/ -modules.

For any SL.V /-equivariant D ;c.Xn/-module F , one has the sheaf-theoretic
push-forward $ �F , a sheaf on C .n/, cf. (2.2.1). The latter sheaf comes equipped
with a natural locally finite (rational) SL.V /-action, and we write .$ �F/SL.V / �
$ �F ; for the OC .n/ -subsheaf of SL.V /-fixed sections.

Thanks to Theorem 3.3.3, one can apply the general formalism of Hamiltonian
reduction, as outlined in [GG], Sect. 7, to the spherical Cherednik algebra. Specifi-
cally, we have the following result

Proposition 4.6.2. .i/ One has the following exact functor of Hamiltonian
reduction:

H W C ;c �! O.A�; /; F 7! H.F/ D F.$ �F/SL.V /; � D c=n:

Moreover, this functor induces an equivalence C ;c= ker H
�!O.A�; /.

.ii/ The functor H has a left adjoint functor

>H W O.A�; /! C ;c ; M 7! .D ;c.Xn/=D ;c.Xn/g�/˝A�; M:

Moreover, for anyM 2 O.A�; /, the canonical adjunction Hı

>H.M/!M

is an isomorphism.

To prove Proposition 4.6.2, first recall the projection T �C n � .T �C/.n/:Abus-
ing the language, we will refer to the image of the zero section of T �C n under the
projection as the “zero section” of .T �C/.n/:

Recall that the spherical algebra A�; has an increasing filtration. Therefore,
given a coherent A�; -module M , one has a well-defined notion of characteristic
variety, SS.M/ � Spec.grFA�; /: We may (and will) use isomorphism (3.1.5)
and view SS.M/ as a closed algebraic subset of .T �C/.n/. Then, the following is
clear

Lemma 4.6.3. A coherent A�; -module M is an object of O.A�; / if and only if
SS.M/ is contained in the zero section of .T �C/.n/: ut
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Proof of Proposition 4.6.2. The assignment H W F 7! .$ �F/SL.V / clearly gives
a functor from the category of SL.V /-equivariant coherent D ;c.Xn/-modules
to the category of quasi-coherent OC .n/-modules. This functor is exact since the
support-morphism$ is affine and SL.V / is a reductive group acting rationally on
$ �F . Thus, our Theorem 3.3.3 combined with [GG], Proposition 7.1, implies that
.$ �F/SL.V / has a natural structure of coherent A�; -module.

We may use Lemma 4.2.1 and the map � introduced after the lemma to obtain a
diagram

Spec
�

grD ;c.Xn/
� D T �Xn � ��1.0/ ��! .T �C/.n/ D Spec

�

grA�; 
�

:

(4.6.4)

We remark that the statement of Lemma 4.2.1 involves the space Xn rather than
Xn; the above diagram is obtained from a similar diagram for the subset repnC�V ı �
Xn; by Hamiltonian reduction with respect to the C�-action on T �.repnC � V ı/
induced by the natural action of the group C� � GL.V / on repnC�V ı. Furthermore,
from Lemma 4.2.1, we deduce that the map � in (4.6.4) induces an isomorphism
��1.0/==SL.V / Š .T �C/.n/.

Now let F be an SL.V /-equivariant coherent D ;c.Xn/-module. Choose a good
increasing filtration on F by SL.V /-equivariantOXn-coherent subsheaves and view
grF , the associated graded object, as a coherent sheaf on T �Xn. It follows that
SS.F/ D Supp.grF/ � ��1.0/.

Each of the functors$� and .�/SL.V / is exact. We deduce gr..$ �F/SL.V // Š
.� �grF/SL.V /. Moreover, the isomorphism .T �C/.n/ Š ��1.0/==SL.V / in-
sures that .� �grF/SL.V / is a coherent sheaf on .T �C/.n/. Hence, the filtration
on H.F/ D .$ �F/SL.V /; induced by the one on F ; is a good filtration; that is,
grH.F/ is a coherent grA�; -module, cf. (4.6.4). We conclude that SS.H.F// �
�.SS.F//:

The above implies that, for any character D-module F , one has

SS.H.F// � �.SS.F// � �.Mnil.C // D zero section of .T �C/.n/:

The first claim of part (i) of the proposition follows from these inclusions and
Lemma 4.6.3. Part (ii) is proved similarly; using that, for any coherent A�; -module
M , one has

SS.>H.M// � ��1.SS.M//: (4.6.5)

At this point, the second claim of part (i) is a general consequence of the existence
of a left adjoint functor, cf. [GG], Proposition 7.6, and we are done. ut
Corollary 4.6.6. Let F be a simple character D-module such that H.F/ ¤ 0:

Then, we have

�.C .n/;H.F// <1 ” $.SuppF/ is a finite subset of C .n/:
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Proof. The space of global sections of a coherent OC .n/-module is finite
dimensional if and only if the module has finite support. Furthermore, we
know that H.F/ is a coherent OC .n/-module and, moreover, it is clear that
SuppH.F/ � $.SuppF/. This gives the implication “(.”

To prove the opposite implication, let M WD H.F/. We have a nonzero mor-
phism >H.M/ D >Hı H.F/ ! F that corresponds to IdH.F/ via the adjunction
isomorphism

HomC ;c .
>Hı H.F/;F/ D HomO.A�; /.H.F/;H.F//:

This yields the following inclusions

$.SuppF/ � $.Supp>H.M// � $�$�1.SuppM/
� D SuppM D finite set:

Here, the leftmost inclusion follows since F is simple; hence the map >H.M/! F
is surjective, and the rightmost equality is due to our assumption that the sheaf H.F/
has finite support. The implication “)” follows. ut

5 The Trigonometric Case

5.1 Trigonometric Cherednik Algebra

From now on, we consider a special case of the curve C D C�. Thus, we have
repnC�

' GLn.
Let H � GLn be the maximal torus formed by diagonal matrices, and let h

be the Lie algebra of H . Let fy1; : : : ; yng and fx1; : : : ; xng be dual bases of h and
h�, respectively. The coordinate ring CŒH �, of the torus H , may be identified with
CŒx˙1

1 ; : : : ; x˙1
n �; the Laurent polynomial ring in the variables xi D exp.xi /. Given

an n-tuple � D .�1; : : : ; �n/ 2 Zn; we write x� WD x�11 � � � x�nn 2 CŒx˙1
1 ; : : : ; x˙1

n �;

for the corresponding monomial. Let T D SLn \ H be a maximal torus in SLn,
and let t WD LieT : Let P D Hom.H;C�/, resp. P0, and P 0, be the weight lattice
of the group GLn, resp. of the group SLn, and PGLn . Thus, P 0 � P0; and we
put � WD P0=P

0 Š Z=nZ. We form semi-direct products W e D P Ì W (an
extended affine Weyl group), resp. W a WD P 0 ÌW , and W e

0 WD P0 ÌW . One has
an isomorphismW e

0 D W a Ì�.
We fix � 2 C. The trigonometric Cherednik algebra Htrig

� .GLn/ of type
GLn is generated by the subalgebras CŒW e� WD CŒH � Ì CŒSn� and Sym.h/ D
CŒy1; : : : ; yn� with relations, see e.g., [AST], 1.3.7, or [Su], Sect. 2:

si � y � si .y/ � si D ��hxi � xiC1; yi; 8y 2 h; 1 	 i < nI
Œyi ; xj � D �xj � sij ; 1 	 i ¤ j 	 nI
Œyk; xk� D xk � �xk �

X

i2Œ1;n�Xfkg
sik; 1 	 k 	 n:
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Recall that P WD P .V /, where we put V D Cn. According to [GG], (6.13), one
has a canonical isomorphism

.D.GLn � V /=D.GLn � V /g�/GLn ' .Dn�.GLn � P /=Dn�.GLn � P /g�/
SLn ;

where Dn�.GLn � P / D D.GLn/˝Dn�.P / stands for the sheaf of twisted differ-
ential operators on GLn � P ; with a twist n � � along P .

Corollary 5.1.1. The spherical trigonometric Cherednik subalgebra eHtrig
� .GLn/e

is isomorphic to the quantum Hamiltonian reduction .Dn�.GLn � P /=
Dn�.GLn � P /g�/SLn .

Proof. Recall that � WD 1
2

P

˛2RC
˛ 2 h�. For y 2 h, let @y denote the correspond-

ing translation invariant vector field on H .
Introduce the Dunkl–Cherednik operator T �y as an endomorphism of CŒH � de-

fined as follows:

T �y WD @y � �h�; yi C �
X

1�i<j�n

hxi � xj ; yi
1 � x�1

i xj
.1 � sij / (5.1.2)

Let A.GLn/ be a subalgebra of End.CŒH �/ generated by the operators corre-
sponding to the action of elements w 2 Sn, by the commutative algebra CŒH �, of
multiplication operators, and by all the operators T �y ; y 2 h.

The following key result is due to Cherednik; for a nice exposition, see
e.g., [Op], 3.7:

The assignment

x�w 7! exp.�/w; h 3 y 7! T �y ; � 2 Zn; w 2 Sn; y 2 h

extends to an algebra isomorphism Htrig
� .GLn/

�!A.GLn/.
To complete the proof, note that the curve .C�/.n/ being affine, one can

replace the sheaf of Cherednik algebras by the corresponding algebra of
global sections. Moreover, since H 2.C�; �1;2C�

/D 0, the parameter  in H�; 
vanishes. Thus, Theorem 3.3.3 says that the Hamiltonian reduction algebra
.Dn�.GLn � P /=Dn�.GLn � P /g�/SLn is isomorphic to the algebra A.GLn/.

ut

5.2 SLn and PGLn Cases

The trigonometric Cherednik algebra Htrig
� .PGLn/ of PGLn-type is defined

as a subalgebra in Htrig
� .GLn/ generated by CŒW a� and Sym.t/. Equivalently,

Htrig
� .PGLn/ is generated by the subalgebras CŒW a� and Sym.t/ with relations

si � y� si .y/ � si D ��hxi � xiC1; yi; 8y 2 t; 1 	 i < n (5.2.1)
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Œy; x� D h�; yix� �
X

1�i<j�n
h˛ij ; yi x � sij .x/

1� x�1
i xj

sij ;

8y 2 t; x D exp.�/; � 2 P 0 � CŒW a� (5.2.2)

The trigonometric Cherednik algebra Htrig
� .SLn/ of type SLn is generated by the

subalgebras CŒW e
0 � and Sym.t/ with relations

si � y� si .y/ � si D ��hxi � xiC1; yi; 8y 2 t; 1 	 i < n (5.2.3)

! � y D !.y/ � !; 8y 2 t; ! 2 � (5.2.4)

Œy; x� D h�; yix� �
X

1�i<j�n
h˛ij ; yi x � sij .x/

1� x�1
i xj

sij ;

8y 2 t; x D exp.�/; � 2 P0 � CŒW e
0 � (5.2.5)

For an equivalent definition, see e.g., [Op], 3.6.

The algebras Htrig
� .SLn/; Htrig

� .PGLn/ and Htrig
� .GLn/ are closely related to

each other. To formulate the relations more precisely, let D.C�/ be the algebra
of differential operators on C�. Let x be a coordinate on C�, and y D x@x. Then
D.C�/ is generated by x˙1; y with the relation Œy; x� D x.

We have an embedding C� ,! H as the scalar (central) matrices inGLn. Taking
product with the embedding T ,! H , we obtain a morphism (n-fold covering)
T�C� � H . At the level of functions, we have an embedding CŒH � ,! CŒT �˝C
ŒC��. In coordinates, we have xi 7! xi˝xi ; 1 	 i 	 n. The isogeny T �C� � H

induces an isomorphism of the Lie algebras of our tori. The inverse isomorphism
h ! t ˚ C sends yi 2 h to .yi � 1

n

Pn
kD1 yk; 1

n
y/ (recall from the previous

paragraph that C D Lie C� is equipped with the base fyg).
We consider the tensor product algebra Htrig

� .SLn/ ˝ D.C�/ together with the
following elements:

„.xi / WD xi ˝ xI „.yi / WD
 

yi � 1
n

n
X

kD1
yk

!

˝ 1C 1˝ 1

n
yI 1 	 i 	 n:

The following is a straightforward corollary of definitions.

Corollary 5.2.6. .i/ There is a natural isomorphism Htrig
� .SLn/ ' Htrig

�

.PGLn/ Ì�.
.ii/ The map xi 7! „.xi /; yi 7! „.yi /; sij 7! sij I 1 	 i ¤ j 	 n defines an

injective homomorphism„ W Htrig
� .GLn/ ,! Htrig

� .SLn/˝D.C�/. ut
Corollary 5.2.7. For any c 2 CXŒ�1; 0/, the functor below is a Morita equivalence

Htrig
� .SLn/-mod �! eHtrig

� .SLn/e-mod; M 7! eM:



Cherednik Algebras for Algebraic Curves 147

Proof. We need to prove that Htrig
� .SLn/ D Htrig

� .SLn/ �e �Htrig
� .SLn/. The sim-

ilar statement for the trigonometric Cherednik algebra Htrig.GLn/ follows from
Proposition 3.1.3 (for C D C�). Therefore, we have an equality

1 D
r
X

kD1
uk �e�vk; u1; : : : ; ur ; v1; : : : ; vr 2 Htrig

� .GLn/: (5.2.8)

This implies, via the imbedding Htrig
� .GLn/ ,!Htrig

� .SLn/ ˝ D.C�/ of Corollary
5.2.6 (ii), that a similar equality holds in the algebra Htrig

� .SLn/˝D.C�/. Thus, in
Htrig
� .SLn/˝D.C�/ we have

1˝ 1 D
r
X

kD1
.uk �e�vk/˝ wk ; uk ; vk 2 Htrig

� .SLn/; wk 2 D.C�/: (5.2.9)

Choose a C-linear countable basis fq�g�2N of the vector space D.C�/ such that
q1 D 1. Expanding each of the elements wk 2 D.C�/ in this basis and equating the
corresponding terms in (5.2.9), one deduces from (5.2.9) an equation of the form
1 DP` a` � e � b`, where a`; b` 2 Htrig

� .SLn/: Thus, we have shown that

Htrig
� .SLn/ D Htrig

� .SLn/�e�Htrig
� .SLn/;

and the Morita equivalence for the algebra Htrig
� .SLn/ follows. ut

5.3 The SLn-case

We have the Sn-equivariant product morphismH D .C�/n ! C� with the kernel
T � H . We can consider the restriction of the sheaf of Cherednik algebras H� to
the closed subvariety T=Sn � H=Sn. Abusing the notation, we also write H� for
the corresponding algebra of global sections.

The proof of the following result copies the proof of Proposition 5.1.1.

Corollary 5.3.1. The spherical trigonometric Cherednik subalgebra eHtrig
� .SLn/e

is isomorphic to the quantum Hamiltonian reduction .Dn�.SLn � P /=
Dn�.SLn � P /g�/SLn .

An important difference between the algebras eHtrig
� .GLn/e and eHtrig

� .SLn/e is
that the latter may have finite dimensional representations, while the former cannot
have such representations. In view of this, it is desirable to have a version of Hamil-
tonian reduction functor that would relate D-modules on SLn � P (rather than on
GLn � P ) with eHtrig

� .SLn/e-modules. To this end, one needs first to introduce a
Lagrangian nil-cone in T �.SLn � P /; and the corresponding notion of character
D-module on SLn � P .
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To define the nil-cone, we intersect Mnil.C�/ � GLn � gln � V ı � V � D
T �.repnC�

� V ı/, the nil-cone for the group GLn, with SLn � sln � V ı � V �: Let
Mnil � T �.SLn � P / be the Hamiltonian reduction of the resulting variety with
respect to the Hamiltonian C�-action on the factor T �V ı D V ı � V �:

We write Dc WD D.SLn/ ˝ Dc.P /: An SLn-equivariant Dc-module is called
character D-module provided its characteristic variety is contained in Mnil.

5.4 A Springer Type Construction

We are going to introduce certain analogues of Springer resolution in our present
setting. The constructions discussed below work more generally in the framework
of an arbitrary smooth curve C . However, to simplify the exposition, we restrict
ourselves to the case C D C�.

Write B for the flag variety, that is, the variety of complete flags F D .0 D
F0 � F1 � � � � � Fn�1 � Fn D V /; where dimFk D k;8k D 0; : : : ; n: In
the trigonometric case, the variety erepnC , introduced in Sect. 4.3, reduces to fSLn D
f.g; F / 2 SLn � B j g.Fk/ � Fk ; 8k D 0; : : : ; ng: The first projection yields a
proper morphism fSLn � SLn known as the Grothendieck–Springer resolution.

Now, fix an integer 1 	 m 	 n. We define a closed subvariety Xn;m � Xn as
follows:

Xn;m WD f.g; `/ 2 SLn � P j dim.CŒg�`/ 	 mg;
where CŒg�` � V denotes the minimal g-stable subspace in V that contains the line
` � V .

Next, we put eXn D fSLn � P and define a closed subvariety eXn;m � eXn as
follows:

eXn;m WD f.g; F; `/ 2 SLn � B � P j ` 2 Fm; & g.Fk/ � Fk ; 8k D 0; : : : ; ng:

We have a diagram

eXn;m
.g;F;`/ 7!.g;`/

��������������������
.g;F;`/ 7!.F;`/

��������������������

SLn � P B � P :

We observe that:

� The projection eXn;m ! B � P ; .g; F; `/ 7! .F; `/ makes eXn;m a locally trivial
fibration over the base f.F; `/ 2 B � P j ` � Fmg: Both the fibre and the base
are smooth.

Thus, eXn;m is smooth.
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� The image of the projection eXn;m ! SLn � P is contained in Xn;m; hence the
projection gives a well-defined morphism:

�n;m W eXn;m �! Xn;m; .g; F; v/ 7! .g; v/:

Let X
reg
n;m be an open subset of Xn;m formed by the pairs .g; `/ such that g is

a matrix with n pairwise distinct eigenvalues. Let eX reg
n;m D ��1

n;m.X
reg
n;m/, an open

subset in eXn;m.

Proposition 5.4.1. .i/ The map �n;m W eXn;m ! Xn;m is a dominant proper mor-
phism, which is small in the sense of Goresky–MacPherson.

.ii/ The restriction �n;m W eX reg
n;m ! X

reg
n;m is a Galois covering with the Galois

group Sm � Sn�m.

Proof. Clearly, �n;m is proper and has a dense image. Hence, it is dominant.
Let Z WD eXn;m �Xn;m

eXn;m; so we have a projection Z ! Xn;m: To prove that
�n;m is semismall, one must check that dimZ 	 n2Cm: To prove that�n;m is small,
one must show in addition that each irreducible component of Z; of dimension
n2 C m; dominates Xn;m. The argument is very similar to the standard proof of
smallness of the Grothendieck–Springer resolution.

In more detail, for w 2 Sn we denote by Zw the locally closed subvariety of Z
formed by the quadruples .g; F; F 0; `/ such that the flags F and F 0 are in relative
position w (and such that ` � Fm \ F 0

m, and g.F / D F; g.F 0/ D F 0). Then we
have Z DFw2Sn Zw.

We may view Zw as a fibration over an SLn-orbit in B � B; the cartesian square
of flag variety. We see immediately that dimZw 	 n2 C m with an exact equal-
ity if and only if Fm D F 0

m. The latter equality holds if and only if w 2 Sm �
Sn�m � Sn. For such a w, it is clear that Zw dominates Xn;m. This completes the
proof of (i).

Now part (ii) follows easily from the above description of irreducible compo-
nents. ut

Let †N denote the set of partitions of an integer N . For any partition � 2 †m,
resp. � 2 †n�m, write L�, resp. L	, for an irreducible representation of the Sym-
metric group Sm, resp. Sn�m, associated with that partition in a standard way. Thus,
L� � L	 is an irreducible representation of the group Sm � Sn�m.

Let C
eX

reg
n;m

be the constant sheaf on eX reg
n;m. According to Proposition 5.4.1 (ii),

we have:

.�n;m/�C
eX

reg
n;m
D

M

.�;	/2†m�†n�m

.L� � L	/ ˝ L�;	;

where L�;	 is an irreducible local system on X
reg
n;m with monodromyL� � L	.

Now, let C
eXn;m

ŒdimeXn;m� be the constant sheaf on eXn;m, with shift normaliza-
tion as a perverse sheaf. Then, from part (i) of Proposition 5.4.1, using the definition
of an intersection cohomology complex, we deduce
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Corollary 5.4.2. There is a direct sum decomposition

.�n;m/�C
eXn;m

ŒdimeXn;m� D
M

.�;	/2†m�†n�m

.L� � L	/ ˝ IC.L�;	/: ut

Here, IC.�/ denotes the intersection cohomology extension of a local system.
One can also translate the statement of the corollary into a D-module lan-

guage. To this end, write in;m W eXn;m ,! eXn D fSLn � P for an obvious
closed embedding. For any integer c 2 Z, one has a D0;c-module O.c/n;m WD
i�n;m

�O
eSLn

� OP .c/
�

Œm � n�; on eXn;m.
Corollary 5.4.2 yields the following result.

Corollary 5.4.3. The direct image .�n;m/�O.c/n;m is a semisimple D0;c-module
on Xn;m and one has a direct sum decomposition

.�n;m/�O.c/n;m D
M

.�;	/2†m�†n�m

.L� � L	/ ˝ F�;	;

where F�;	 is an irreducible character D0;c-module on Xn. ut

5.5 Cuspidal D-Modules

The goal of this subsection is to describe character Dc-modules which have finite di-
mensional Hamiltonian reduction. These Dc-modules turn out to be closely related
to cuspidal character sheaves on SLn.

In more detail, write Z.SLn/ for the centre of the group SLn. Thus, Z.SLn/ is
a cyclic group, the group of scalar matrices of the form z � Id; where z 2 C is an nth
root of unity.

Let U � SLn be the unipotent cone, and let | W Ureg ,!U be an open imbedding
of the conjugacy class formed by the regular unipotent elements. The fundamental
group of Ureg may be identified canonically with Z.SLn/. For each integer p D
0; 1; : : : ; n � 1; there is a group homomorphism Z.SLn/ ! C�; z � Id 7! zp:
Let Lp be the corresponding rank one SLn-equivariant local system, on Ureg, with

monodromy � D exp. 2�
p�1p
n

/.
From now on, we assume that .p; n/ D 1, i.e. that � is a primitive nth root of

unity. Then, the local system Lp is known to be clean; that is, for D-modules on
SLn, one has |ŠLp Š |Š�Lp Š |�Lp , cf. [L] or [Os]. Given a central element
z 2 Z.SLn/, we have the conjugacy class zUreg � SLn, the z-translate of Ureg, and
let z|ŠLp denote the corresponding translated D-module supported on the closure of
zUreg. According to Lusztig [L], z|ŠLp is a cuspidal character D-module on SLn.

Furthermore, for any integer c 2 Z; we may form zLp;c WD .z|ŠLp/ � O.c/, a
twisted D-module on SLn � P . Thus, zLp;c is a simple character Dc-module.
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Theorem 5.5.1. .i/ Let c be a nonnegative real number and let F be a nonzero
simple character Dc-module. Then, the following properties are equivalent:

a. The support of F is contained in .Z.SLn/ � U/ � P I
b. We have F Š zLp;c ; for some z 2 Z.SLn/ and some integers p; c such

that p is prime to n, and 0 < p < n.

.ii/ For a simple character Dc-module F , we have

H.F/ ¤ 0 and dim H.F/ <1”(1) and (2) hold and, we have nj.c � p/:
(5.5.2)

.iii/ Let � D c=n, where c and n are mutually prime integers. Then, the functor H
yields a one-to-one correspondence between simple character Dc.SLn � P /-
modules of the form zLp;c , with nj.c � p/; and finite dimensional irreducible
eHtrig

� .SLn/e-modules, respectively.

Proof. The implication .2/ ) .1/ of part (i) is clear. We now prove that .1/
) .2/.

The group GLn acts on U � V ı with finitely many orbits, see [GG], Corollary
2.2. The open orbit O0 is formed by the pairs .X; v/ where X 2 Ureg, and v 2
V n Im.X � 1/. The action of GLn on O0 is free (and transitive). Let O be a
unique GLn-orbit open in the support of F . The singular support of F contains
the conormal bundle T �

O.SLn � V ı/. According to [GG], Theorem 4.3, if O lies
in U � V ı, and T �

O.SLn � V ı/ lies in Mnil WD Mnil.C�/ \ T �.SLn � V ı/, then
O D O0.

We see that F must be the minimal extension of an irreducible local system
on O0. Since O0 is a GLn-torsor, its fundamental group is Z, and an irreducible
local system is one-dimensional with monodromy # ; it is GLn-monodromic with
monodromy # . We will denote such local system by L# . It remains to prove that
# D � . Note that the boundary of O0 contains a codimension 1 orbit O1 formed by
the pairs .X; v/ such that X 2 Ureg; v 2 Im.X � 1/ n Im.X � 1/2. The monodromy
of L# around O1 equals #n. Thus, if #n ¤ 1, the singular support of the minimal
extension of L# necessarily contains T �

O1
.SLn � V ı/. As we have just seen, the

latter is not contained in Mnil; a contradiction. Hence #n D 1.
Now the monodromy of L# along lines in V ı is also equal to #n D 1. Hence,

L# is a pullback to Ureg � V ı of a local system on Ureg with monodromy # . We
conclude that the minimal extension of this latter local system must be a classical
character sheaf on SLn; so # must be a primitive root of unity � . This completes
the proof of part (i) of the theorem.

We prove part (ii). It follows from [CEE], Theorem 9.19, that H.Lp;c/ ¤ 0

if the integer c is prime to n, and p is the residue of c modulo n. Now the
first statement is immediate from Corollary 4.6.6. Let M be a finite dimensional
eHtrig

� .SLn/e-module and let F WD >H.M/. Then, F is a character D-module
by Proposition 4.6.2. Thus, F has finite length. Let F1; : : : ;Fr be the collection
of simple subquotients of F , counted with multiplicities. The inclusion in (4.6.5)
combined with Corollary 4.6.6 implies that each of the D-modules Fi satisfies the
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equivalent conditions (1)–(3) of part (i) of the theorem, and hence has the form
Fi D ziLpi ;ci ; for some integers ci prime to n with residues ci modulo n, and some
zi 2 Z.SLn/. Therefore, as we have mentioned earlier, for any i D 1; : : : ; r; one
has H.Fi / D H.ziLpi ;ci / ¤ 0.

On the other hand, the functor of Hamiltonian reduction is exact and we know
that H.>H.M//DM; by Proposition 4.6.2. We deduce that Fi D 0 for all i except
one. Thus, F is a simple character D-module and part (ii) follows. The statements
of part (iii) are now clear. ut
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A Temperley–Lieb Analogue
for the BMW Algebra

G.I. Lehrer and R.B. Zhang

To Toshiaki Shoji on his 60th birthday

Abstract The Temperley–Lieb algebra may be thought of as a quotient of the
Hecke algebra of type A, acting on tensor space as the commutant of the usual
action of quantum sl2 on .C.q/2/˝n. We define and study a quotient of the Birman–
Wenzl–Murakami algebra, which plays an analogous role for the three-dimensional
representation of quantum sl2. In the course of the discussion, we prove some gen-
eral results about the radical of a cellular algebra, which may be of independent
interest.

Keywords Quantum group � Cellular algebra � Tensor � Temperley–Lieb

Mathematics Subject Classifications (2000): 17B37, 20G42

1 Introduction

Let g be a finite dimensional simple complex Lie algebra, U.g/ its universal en-
veloping algebra, and Uq D Uq.g/ its Drinfeld–Jimbo quantisation [D], the latter

being an algebra over the function field K WD C.q
1
2 /, q an indeterminate. As ex-

plained in [LZ, Sect. 6], the finite dimensional g-modules correspond bijectively
to the “type .1; 1; : : : ; 1/ modules” of Uq , with corresponding modules having the
same character (which is an element of the weight lattice of g).

Let V be an irreducible finite dimensional g-module, and Vq its q-analogue (the
corresponding Uq-module). It is known that there is an action of the r-string braid
group Br on the tensor space V ˝r

q which commutes with the action of Uq , and
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in [LZ] a sufficient condition was given in order that Br span EndUqV
˝r
q . This

condition, that V be “strongly multiplicity free” (see [LZ, Sect. 3]), was shown to
be satisfied when V is any irreducible module for sl2.

When V D V.1/, the (natural) two-dimensional sl2-module, it is known that
the two braid generators satisfy a quadratic relation, and together with the quantum
analogue of the relation which expresses the vanishing of alternating tensors of rank
� 3 these relations give a presentation of the Temperley–Lieb algebra (see Sect. 2
below and [GL03]). In this work, we study the algebra that occurs when we start
with the three-dimensional sl2-module V.2/. It follows from our earlier work that
this algebra is a quotient of the Birman–Wenzl–Murakami (BMW) algebra [BW],
and we give a presentation for a quotient of the latter, whose semisimple quotient
specialises generically to the endomorphism algebra of tensor space. One of the
major differences between our case and the classical Temperley–Lieb case is that
neither the BMW algebra we start with nor its Brauer specialisation at q D 1 is
semisimple.

This work makes extensive use of the cellular structure of the BMW algebra
and its “classical” specialisation, the Brauer algebra [Br]. We use specialisation ar-
guments to relate the quantum and classical (q D 1) situations. Because of this,
and also because we have in mind applications of this work to cases where the
modules concerned may not be semisimple, we shall work in integral lattices for
the modules we encounter, and with integral forms of the endomorphism alge-
bras. Such constructions are closely related to the “Lusztig form” of the irreducible
Uq-modules [L2].

In Sect. 5 we prove some general results concerning the radical of a cellular al-
gebra. These characterise it quite explicitly and give a general criterion for an ideal
to contain the radical. These results may have some interest, independently of the
rest of this work.

2 Dimensions

Let g D sl2 and write V.d/ for the .d C 1/-dimensional irreducible representation
of g on homogeneous polynomials of degree d in two variables, say x and y. The
standard generators e; f; h of sl2 act as x @

@y
; y @

@x
; x @

@x
� y @

@y
, respectively.

2.1 Dimension of the Endomorphism Algebra

We start by giving a (well-known) recursive formula for dimC EndgV.d/
˝r D

dimC.z/ EndUqV.d/
˝r
q . From the classical Clebsch–Gordan formula, we have for

n � m,

V.n/˝ V.m/ Š V.nCm/˚ V.nCm � 2/˚ � � � ˚ V.n �m/: (2.1)
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Define the coefficientsmrn.i/ by

V.n/˝r Š
M

i�rn.mod 2/

mrn.i/V .i/; (2.2)

and the dimension
d.n; r/ WD dim Endg.V .n/

˝r /: (2.3)

Then d.n; r/ D P

i�rn.mod 2/m
r
n.i/

2. Since all the modules V.n/ are self dual,
it also follows from Schur’s lemma that .V .n/˝r ; V .n/˝r /g D .V .n/˝2r ; V .0//g,
where . ; /g denotes multiplicity. Thus,

d.n; r/ D
X

i�rn.mod 2/

mrn.i/
2 D m2rn .0/:

Using (2.1), it is a straightforward combinatorial exercise to prove the following
recursive formula. Let x be an indeterminate and write Œn�x D xn�x�n

x�x�1 2 ZŒx˙1�
for the “x-analogue” of n 2 Z. Then define the integers arn.k/ by Œn C 1�rx D
P

k a
r
n.k/x

k , where the sum is over k such that �nr � k � nr and k � nr

.mod 2/. Finally, define the integers brn.k/ (�nr � k � nr) by downward recursion
on k as follows.

Set brn.nr/ D arn.nr/ D 1, and then
Pnr
i�k brn.i/ D arn.k/. Equivalently,

brn.k/ D arn.k/ � arn.k C 1/.
Proposition 2.1. We have, for all n; r and k,

mrn.k/ D brn.k/:

2.2 The Case n D 1

In this case, one verifies easily that

ar1.k/ D

8

ˆ

<

ˆ

:

 

r
kCr
2

!

if k � r .mod 2/

0 otherwise

:

It is then straightforward to compute that

mr1.k/ D
 

r
rCk
2

!

2.k C 1/
r C k C 2 :

In particular,

d.1; r/ D dim Endsl2V.1/
˝r D m2r1 .0/ D

1

r C 1

 

2r

r

!

: (2.4)
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2.3 The Case n D 2

With the above notation, we have

ar2.2`/ D
r
X

k� `Cr
2

rŠ

.2k � .`C r//Š.`C r � k/Š.r � k/Š

In this case, we have from Proposition 2.1 that mr2.2`/ D ar2.2`/� ar2.2`C 2/.
This relation easily yields the following formula for d.2; r/.

d.2; r/ D dim Endsl2V.2/
˝r D m2r2 .0/

D
 

2r

r

!

C
r�1
X

pD0

 

2r

2p

! 

2p

p

!

3p � 2r C 1
p C 1 :

(2.5)

Thus for r D 1; 2; 3; 4; 5; the respective dimensions are 1; 3; 15; 91 and 603.

3 Some Generators and Relations for EndUq
.V.n/˝r

q /

In this section, we review the results of [LZ] which pertain to the structure of the
endomorphism algebras we wish to study.

3.1 The General Case

Recall that with g and Uq as above, given any Uq-module Vq , there is an operator
LR 2 EndUq .Vq ˝ Vq/, known as an “R-matrix” (see [LZ, Sect. 6.2]). Denote by
Ri the element id˝i�1

Vq
˝ LR ˝ id˝r�i�1

Vq
of EndUqV

˝r
q (i D 1; : : : ; r � 1). It is

well known that the Ri satisfy the braid relations:

RiRj D RjRi if ji � j j � 2
RiRiC1Ri D RiC1RiRiC1 for 1 � i � r � 1: (3.1)

Moreover, if Vq is strongly multiplicity free (for the definition see [LZ,
Sect. 7]), it follows from [LZ, Theorem 7.5] that the endomorphisms Ri gener-
ate EndUq .V

˝r
q /. Assume henceforth that Vq is strongly multiplicity free. The

following facts may be found in [LZ, Sects. 3 and 7].
First, Vq D L�0 , the unique irreducible module for Uq with highest weight �0,

and Vq ˝ Vq is multiplicity free as Uq-module. Write

Vq ˝ Vq Š
M

�2P.�0/
L�;
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where P�0 is the relevant set of dominant weights of g, and L� is the irreducible
Uq- module with highest weight �. Let P.�/ be the projection W Vq ˝ Vq�!L�.
These projections clearly span EndUq .Vq ˝ Vq/, and we have (see [LZ, (6.10)])

LR D
X

�2P�0
".�/q

1
2 .��.C/�2��0 .C//P.�/; (3.2)

where C 2 U.g/ is the classical quadratic Casimir element, ��.C / is the scalar
through which C acts on the (classical) irreducible U.g/-module with highest
weight � and ".�/ is the sign occurring in the action of the interchange s on the
classical limit V ˝ V of Vq ˝ Vq as q ! 1.

3.2 Relations for the Case g D sl2

It was proved in [LZ] that all irreducible modules for Uq.sl2/ are strongly multi-
plicity free. In this subsection, we make explicit the relations above when g D sl2
and Vq D V.n/q . These statements are all well known. As above, we think of V.n/
as the space CŒx; y�n of homogeneous polynomials of degree n. This has highest
weight n, with h D x @

@x
� y @

@y
acting on xn as highest weight vector. We have

seen that

V.n/˝ V.n/ D
n
M

`D0
V.2`/: (3.3)

It is easy to compute the highest weight vectors in the summands of (3.3), which
leads to

3.1. The endomorphism s W v ˝ w 7! w ˝ v of V.n/ ˝ V.n/ acts on V.2`/ as
.�1/nC`. That is, in the notation of Sect. 3.1, ".2`/ D .�1/dC`.

Next, if � D x @
@x
C y @

@y
is the Euler form, the Casimir C is given by C D

� C 1
2
�2. It follows that

3.2. The Casimir C acts on V.n/ as multiplication by �n.C / D 1
2
n.nC 2/.

Applying the statements in Sect. 3.1 here, we obtain

Proposition 3.3. Let V be the irreducible sl2 module V.n/, with V.n/q its quantum
analogue. Then V.n/q ˝ V.n/q D Ln

`D0 V.2`/q , and if LR is the R-matrix acting
on V.n/q ˝ V.n/q , then

LR D
n
X

`D0
.�1/nC`q

1
2 .`.2`C2/�n.nC2//P.2`/; (3.4)

where P.2`/ is the projection to the component V.2`/q .
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Now let Eq.n; r/ WD EndUq .V .n/
˝r
q /, and let Ri 2 Eq.n; r/ be the endomor-

phism defined above (i D 1; : : : ; r�1). We have seen that theRi generateEq.n; r/,
and that they satisfy the relations (3.1). From the relation (3.4), we deduce that for
all i ,

n
Y

`D0

�

Ri � .�1/nC`q 12 .`.2`C2/�n.nC2//
�

D 0: (3.5)

Writing Ti WD .�1/nq 12n.nC2/Ri , the above relation simplifies to

n
Y

`D0

�

Ti � .�1/`q`.`C1/
�

D 0: (3.6)

Now the relations (3.1) and (3.5) do not provide a presentation for Eq.n; r/, and
it is one of our objectives to determine further relations among the Ri . These will
suffice to present Eq.n; r/ as an associative algebra generated by the Ri only in
some special cases.

3.3 Basic Facts About Uq.sl2/

It will be convenient to establish notation for the discussion below by recalling the
following basic facts. The algebra Uq WD Uq.sl2/ has generators e; f and k˙1, with

relations kek�1 D q2e, kf k�1 D q�2f , and ef � fe D k�k�1

q�q�1 . The weight

lattice P is identified with Z, and for �;� 2 P , .�; �/ D 1
2
��. In general, if M is

a Uq-module with weights �1; : : : ; �d (d D dimM ), then the quantum dimension

of (i.e. quantum trace of the identity on)M is dimqM DPd
iD1 q�.2�;�i /, where 2�

is the sum of the positive roots, in this case 2. Hence, dimq V.n/q D qn C qn�2 C
� � � C q�n D Œn C 1�q . The comultiplication is given by �.e/ D e ˝ k C 1 ˝ e,
�.f / D f ˝ 1C k�1 ˝ f , �.k/ D k ˝ k.

3.4 The Case n D 1: The Temperley–Lieb Algebra

In this case, the relation (3.5) reads

.Ri C q �3
2 /.Ri � q 12 / D 0:

Renormalising by setting Ti D q 12Ri (i D 1; 2; : : : ; r � 1), we obtain

.Ti C q�1/.Ti � q/ D 0: (3.7)

Now it is well known that the associative C.q/-algebra with generators
T1; : : : ; Tr�1 and relations (3.1) and (3.5) is the Hecke algebra Hr .q/ of type
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Ar�1 with parameter q. The algebraHr .q/ has a C.q/-basis fTw j w 2 Symr g, and

we may therefore speak of the action of Tw.D q
`.w/
2 Rw/ (where `.w/ is the usual

length function in Symr ) on V ˝r
q .

Evidently we have a surjection 	 W Hr .q/�!Eq.1; r/, and we shall determine
Ker	. The next statement is just the quantum analogue of the fact that there are no
non-zero alternating tensors in V ˝3 if V is two-dimensional.

Lemma 3.4. Let V D V.1/q be the two-dimensional irreducible Uq.sl2/-module.
In the notation above, let E."/ D P

w2Sym3
.�q/�`.w/Tw 2 H3.q/. Then E."/ acts

as zero on V ˝3.

Proof. Let v1 2 V have weight 1, and take v2 D f v1 as the complementary basis
element, which has weight �1. We have V ˝ V Š L0˚L1, where L0 is the trivial
Uq module, and L1 is the irreducible Uq-module of dimension 3. By computing the
action of�.e/ and�.f /, one sees easily that L0 is spanned by qv1˝ v2� v2˝ v1,
and L1 has basis v1 ˝ v1, v2 ˝ v2 and v2 ˝ v1 C q�1v1 ˝ v2.

Now T D q 12 LR acts onL0 as�q�1 and onL1 as q. If P.0/; P.1/ are the projec-
tions of V ˝V ontoL0; L1; respectively, this implies that P.0/ D � 1

qCq�1 .T �q/,
and P.1/ D 1

qCq�1 .T C q�1/. As above, write Pi .j / for the projection of V ˝r

obtained by applying P.j / to the .i; i C 1/ factors of V ˝r (i D 1; : : : ; r � 1I j D
0; 1/. Then Pi .1/ D � 1

qCq�1 .Ti C q�1/, and so on.

Next, observe that since .Ti C q�1/E."/ D E."/.Ti C q�1/ D 0 for i D 1; 2,
we have Pi .1/E."/ D E."/Pi .1/ D 0 for i D 1; 2. Since Pi .0/C Pi .1/ D idV˝3 ,
it follows that

E."/V ˝3 � P1.0/V ˝3 \ P2.0/V ˝3

D L0 ˝ V \ V ˝ L0:
NowL0˝V and V ˝L0 are two irreducible submodules of V ˝3. Hence, they either
coincide or have zero intersection. ButL0˝V has basis f.qv1˝v2�v2˝v1/˝vi j
i D 1; 2g. Hence, qv1 ˝ v1 ˝ v2 � v1 ˝ v2 ˝ v1 is in V ˝ L0, but not in L0 ˝ V .

It follows that E."/V ˝3 D 0. ut
This enables us to prove

Theorem 3.5. Let V be the two-dimensional irreducible representation of Uq.sl2/.
For each integer r � 2, let Eq.1; r/ D EndUq.sl2/.V

˝r/. Then Eq.1; r/ is isomor-
phic to the Temperley–Lieb algebra TLr .q/ .cf. [GL04, p. 144]).

Proof. We have seen above that Eq.1; r/ is generated as K-algebra by the endo-
morphisms T1; : : : ; Tr�1. By (3.7), they generate a quotient of the Hecke algebra
Hr .q/ and by Lemma 3.4, that quotient is actually a quotient of Hr .q/=I , where
I is the ideal generated by the element E."/ defined above. But up to the automor-
phism Ti 7! T 0

i D �Ti C q � q�1, this is precisely the idempotent E1 of [GL04,
(4.9)]. It follows (see, e.g., [GL04, (4.17)]) that the quotientHr.q/=I is isomorphic
to TLr .q/.
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But this latter algebra is well known (cf. [GL96] or [GL03]) to have dimen-
sion 1

rC1
�

2r
r

�

, which by (2.4) above is the dimension of Eq.1; r/. The theorem
follows. ut

It follows that in this case, the endomorphism algebra has a well understood
cellular structure (see [GL96]).

4 The Case n D 2: Action of the BMW Algebra

In this section, we take V to be Vq.2/, the three-dimensional irreducible module
for Uq.sl2/. In accord with the notation of the last section, we write Eq.2; r/ WD
EndUq.sl2/.Vq.2/

˝r/.

4.1 The Setup and Some Relations

In this situation, V ˝V Š V0˚V1˚V2, where V0 is the trivial module, and V1; V2
are, respectively, the three- and five-dimensional irreducible modules. As above, we
therefore have operators Ri , Pi .j / (i D 1; : : : ; r � 1I j D 0; 1; 2) on V ˝r , where
Pi .j / is the projection V ˝ V ! Vj , applied to the .i; i C 1/ factors of V ˝r ,
appropriately tensored with the identity endomorphism of V .

TheRi here satisfy the braid relations (as they always do), and the cubic relation

.Ri � q�4/.Ri C q�2/.Ri � q2/ D 0: (4.1)

Now if L is any strongly multiplicity free Uq-module such that the trivial module
L0 is a summand of L ˝ L, and f 2 EndUq .L ˝ L/, then writing Pi .0/ for the
projection L˝ L! L0, applied to the .i; i C 1/ components of L˝r , we have

Pi .0/fi˙1Pi .0/ D 1

.dimq.L//2

q;L˝L.f /Pi .0/; (4.2)

where 
q;M denotes the quantum trace of an endomorphism of the Uq-module M ,
and fi is f applied to the .i; i C 1/ components on L˝r .

To apply (4.2) to the case when f D LR, we shall use



q;V.n/

˝2
q
. LR/ D q 12n.nC2/ŒnC 1�q

D q 12n.nC2/ qnC1 � q�.nC1/

q � q�1 :
(4.3)

This may be proved in several different ways, including the use of the explicit ex-
pression given in Proposition 3.3 for LR.
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Applying (4.2) to the cases f D LR and f D P.0/ in turn, we obtain for our case
L D Vq.2/,

Pi .0/Ri˙1Pi .0/ D q4Œ3�q�1Pi .0/ for i D 1; : : : ; r; (4.4)

and

Pi .0/Pi˙1.j /Pi .0/ D Œ2j C 1�qŒ3��2q Pi .0/ for i D 1; : : : ; r and j D 0; 1; 2:
(4.5)

In (4.4) and (4.5), the applicable range of values for i is understood to be such
that Pk.i/.j / and Rk.i/ make sense for the relevant functions k.i/ of i .

Since LR acts on V0; V1 and V2, respectively, as q�4;�q�2 and q2, we also have

Pi .0/ D q8.Ri C q�2/.Ri � q2/
.1C q2/.1 � q6/ : (4.6)

4.2 The BMW Algebra

We recall some basic facts concerning the BMW algebra, suitably adapted to our
context. Let K D C.q

1
2 / as above, and let A be the ring CŒy˙1; z�, where y; z are

indeterminates.
The BMW algebra BMWr.y; z/ over A is the associative A-algebra with gener-

ators g˙1
1 ; : : : ; g˙1

r�1 and e1; : : : ; er�1, subject to the following relations:
The braid relations for the gi :

gigj D gj gi if ji � j j � 2
gigiC1gi D giC1gigiC1 for 1 � i � r � 1I (4.7)

The Kauffman skein relations:

gi � gi�1 D z.1 � ei / for all i I (4.8)

The de-looping relations:

giei D eigi D yei I
eig

˙1
i�1ei D y�1ei I

eig
˙1
iC1ei D y�1ei : (4.9)

The next four relations are easy consequences of the previous three.

eiei˙1ei D ei I (4.10)

.gi � y/.g2i � zgi � 1/ D 0I (4.11)

ze2i D .zC y�1 � y/ei ; (4.12)

�yzei D g2i � zgi � 1: (4.13)
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It is easy to show that BMWr.y; z/ may be defined using the relations (4.7),
(4.9), (4.11) and (4.13) instead of (4.7), (4.8) and (4.9), i.e. that (4.8) is a conse-
quence of (4.11) and (4.13).

We shall require a particular specialisation of BMWr.y; z/ to a subring
Aq of K, which is defined as follows. Let S be the multiplicative subset of
CŒq; q�1� generated by Œ2�q , Œ3�q and Œ3�q � 1. Let Aq WD CŒq; q�1�S WD
CŒq; q�1; Œ2�q�1; Œ3�q�1; .q2 C q�2/�1� be the localisation of CŒq; q�1� at S.

Now, let  W CŒy˙1; z��!Aq be the homomorphism defined by y 7! q�4, z 7!
q2�q�2. Then makes Aq into an A-module, and the specialisationBMWr.q/ WD
Aq ˝A BMWr.y; z/ is the Aq-algebra with generators which we denote, by abuse
of notation, g˙1

i ; ei (i D 1; : : : ; r � 1) and relations (4.14) below, with the relations
(4.15) being consequences of (4.14).

gigj D gj gi if ji � j j � 2
gigiC1gi D giC1gigiC1 for 1 � i � r � 1
gi � gi�1 D .q2 � q�2/.1 � ei / for all i

giei D eigi D q�4ei
eig

˙1
i�1ei D q˙4ei

eig
˙1
iC1ei D q˙4ei : (4.14)

eiei˙1ei D ei
.gi � q2/.gi C q�2/ D �q�4.q2 � q�2/ei

.gi � q�4/.gi � q2/.gi C q�2/ D 0
e2i D .q2 C 1C q�2/ei : (4.15)

We shall be concerned with the following two specialisations of BMWr.q/.

Definition 4.1. Let 	q W Aq�!K D C.q
1
2 / be the inclusion map, and let 	1 W

BMWr.q/�!C be the C-algebra homomorphism defined by q 7! 1. Define
the specialisations BMWr.K/ WD K ˝�q BMWr.q/, and BMWr.1/ WD C ˝�1
BMWr.q/.

The next statement is straightforward.

Lemma 4.2. (1) The algebra BMWr.q/ may be regarded as an Aq-lattice in the
K-algebra BMWr .K/.

(2) The specialisation BMWr.1/ is isomorphic to the Brauer algebra Br .3/

over C.
(3) Let I be the two-sided ideal of BMWr.q/ generated by e1; : : : ; er�1. There is a

surjection BMWr .q/! Hr .q
2/ of Aq-algebras with kernel I, where Hr .q2/

is the Hecke algebra discussed above (Sect. 3.4).

Proof. Note for the first two statements that by [X, Theorem 3.11 and its proof],
BMWr.y; z/ has a basis of “r-tangles” fTd g, where d runs over the Brauer
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r-diagrams, which form a basis of Br .ı/ over any ring. The same thing applies
to BMWr.y; z/; thus, BMWr.q/ may be thought of as the subring of BMWr.K/
consisting of the Aq-linear combinations of the Td , while Br .3/ is realised as the
set of C-linear combinations of the diagrams d . ut

Note that in view of the third relation in (4.15), the element ei
Œ3�q

of BMWr.q/ is
an idempotent. Moreover, it follows from (4.13) or (4.15) that

ei

Œ3�q
D .gi � q2/.gi C q�2/
.q�4 � q2/.q�4 C q�2/

: (4.16)

Taking into account the cubic relation (4.11), or its specialisation in (4.15), we
also have the idempotents di and ci in BMWr .K/, where

di D .gi � q2/.gi � q�4/
.q�2 C q2/.q�2 C q�4/

ci D .gi C q�2/.gi � q�4/
.q2 C q�2/.q2 � q�4/

:

(4.17)

Lemma 4.3. If BMWr.q/ is thought of as an Aq-submodule of BMWr.K/ as in
Lemma 4.2 (1), then the idempotents ei Œ3�q�1, di and ci all lie in BMWr .q/.

Proof. It is evident that ei Œ3�q�1 2 BMWr.q/. Since .q�2 C q2/.q�2 C q�4/ is
invertible in Aq , clearly di 2 BMWr.q/. But it is easily verified that ei Œ3�q�1 C
di C ci D 1, whence the result. ut

The relevance of the above for the study of endomorphisms is evident from the
next result.

Theorem 4.4. With the above notation, there is a surjection �q from the algebra
BMWr.K/! Eq.2; r/ which takes ei to Œ3�qPi .0/ and gi to Ri .

Proof. In view of the above discussion, it remains only to show that the endomor-
phisms �q.gi / D Ri and �q.ei / D Œ3�qPi .0/ satisfy the relations (4.7), (4.9), (4.11)
and (4.13) for the appropriate y and z. Now the braid relations (4.7) are always sat-
isfied by the Ri ; further, (4.11) with the Ri replacing the gi is just (4.1). Now a
simple calculation shows that in our specialisation, z�1.zC y�1 � y/ D Œ3�q WD ı.
It follows that (4.13) may be written

ı�1ei D 1

ıyz
.gi � q2/.gi C q�2/

D �1
Œ3�qq�4.q2 � q�2/

.gi � q2/.gi C q�2/

D �.q � q�1/q4

.q3 � q�3/.q2 � q�2/
.gi � q2/.gi C q�2/

D q8

.1C q2/.1 � q6/ .gi � q
2/.gi C q�2/:
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Thus, (4.13) with ıPi .0/ replacing ei is just (4.6). Finally, the first delooping
relation follows immediately from (4.11) and (4.13), while the other two follow
from (4.4). ut

We wish to illuminate which relations are necessary in addition to those which
define BMWr.K/, to obtain Eq.2; r/, i.e. we wish to study Ker.�q/. Note that the
specialisation of Lemma 4.2 (2) is the classical limit as q ! 1 of BMWr.q/, and
that this is just the Brauer algebra with parameter ıq!1 D 3 in accord with [LZ,
Sect. 3]. We shall study Ker.�q/ by first examining the classical case, and then use
specialisation arguments. The cellular structure of the algebras involved will play
an important role in what follows.

4.3 Tensor Notation and Quantum Action

In this subsection, we establish notation for basis elements of tensor powers, which
is convenient for computation of the actions we consider. Since the sl2-module V.2/
is the classical limit at q ! 1 of Vq.2/, we do this for the quantum case, and later
obtain the classical one by putting q D 1.

Maintaining the notation of Sect. 3.3 and proceeding as in the proof of
Lemma 3.4, let v�1 2 Vq.2/ be a basis element of the �2 weight space, and let
e; f; k be the generators of Uq referred to in Sect. 3.3. Then v0 WD ev�1 and v1 WD
ev0 have weights 0; 2, respectively, and fv0; v˙1g is a basis of Vq.2/. Moreover, it
is easily verified that f v1 D .q C q�1/v0 and f v0 D .q C q�1/v�1. The tensor
power Vq.2/˝r has a basis consisting of elements vi1;i2;:::;ir WD vi1˝vi2˝� � �˝vir .
Note that vi1;i2;:::;ir is a weight element of weight 2.i1 C � � � C ir / for the action of
Uq.sl2/.

Now Vq.2/
˝2 has a canonical decomposition Vq.2/˝2 D L.0/q ˚ L.2/q ˚

L.4/q , whereL.i/q is isomorphic to V.i/q for all i . We shall give bases of the three
components, which consist of weight vectors.

Lemma 4.5. The three components of Vq.2/˝2 have bases as follows.

(1) L.0/qW v�1;1 � q2v0;0 C q2v1;�1.
(2) L.2/qW v0;1 � q2v1;0I v�1;1 � v1;�1 C .1 � q2/v0;0I v�1;0 � q2v0;�1.
(3) L.4/qW v1;1I v0;1Cq�2v1;0I v�1;1C.1Cq�2/v0;0Cq�4v1;�1I v�1;0Cq�2v0;�1I

v�1;�1.

The corresponding statement for the classical case is obtained by putting q D 1
above.

The R-matrix LR D R1 acts on the three components above via the scalars
q�4;�q�2 and q2, respectively.

The proof is a routine calculation, which makes use of the fact that several of
the basis elements above are characterised by the fact that they are annihilated by e
and/or f .

It is useful to record the action of the endomorphism e1 of Vq.2/˝2 (see Theorem
4.4) on the basis elements vi;j .
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Lemma 4.6. The endomorphism e1 of Vq.2/˝2 acts as follows. Let w0 D
�q2v0;0 C q2v1;�1 C v�1;1 2 L.0/q . Then

e1vi;j D

8

ˆ

ˆ

<

ˆ

ˆ

:

w0; if .i; j / D .1;�1/;
q�2w0; if .i; j / D .�1; 1/;
�q�2w0; if .i; j / D .0; 0/;
0; if i C j ¤ 0:

Proof. Since e1 acts as 0 on L.2/q and L.4/q , and as Œ3�q on L.0/q , this follows
from an easy computation with the bases in Lemma 4.5. ut

The next result will be used in the next section.

Lemma 4.7. The Uq.sl2/-homomorphism e2 W L.2/q˝L.2/q�!Vq.2/˝L.0/q˝
Vq.2/ which is obtained by restricting e2 to L.2/q ˝ L.2/q 	 Vq.2/˝4, is an iso-
morphism.

Proof. Let ui be the weight vector of weight 2i of L.2/q which is given in Lemma
4.5 (i D 0;˙1). Then L.2/q ˝ L.2/q has basis fui;j WD ui ˝ uj j i; j D 0;˙1g.
Similarly, Vq.2/˝L.0/q ˝ Vq.2/ has basis fxi;j WD vi ˝w0 ˝ vj j i; j D 0;˙1g.

Now from Lemma 4.6, e2vi;j;a;b D 0 unless j Ca D 0. This fact may be used to
easily compute e2ui;j in terms of the xa;b . The resulting 9 
 9 matrix of the linear
map e2 is then readily seen to have determinant ˙q�4.q2 C q�2 � 1/.q4 C 1 �
q�2 C q�4/, which is non-zero, whence the result. ut
Corollary 4.8. The statement in Lemma 4.7 remains true in the classical case
(q D 1).

This is clear since the determinant in the proof of Lemma 4.7 does not vanish at
q D 1.

5 The Radical of a Cellular Algebra

In the next section, we shall discuss some cellular algebras which are not semisim-
ple. This section is devoted to proving some general results about such algebras,
which we use below. In this section only, we take B D B.ƒ;M;C; �/ to be any
cellular algebra over a field F , and prove some general results concerning its radical
R. These results may be of some interest independently of the rest of this work. We
assume that the reader has some acquaintance with the general theory of cellular
algebras (see [GL96, Sects. 1–3]); notation will be as is standard in cellular theory.
In particular, for any element � 2 ƒ, the corresponding cell module will be de-
noted by W.�/ and its radical with respect to the canonical invariant bilinear form
	� by R.�/. Since there is no essential loss of generality, we shall assume for ease
of exposition, that B is quasi-hereditary.
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Let � 2 ƒ, and write W.�/� for the dual of W.�/; this is naturally a right
B-module, and we have a vector space monomorphism (cf. [GL96, (2.2)(i)]) C � W
W.�/˝F W.�/

��!B defined by

C �.CS ˝ CT / D C �S;T for S; T 2 M.�/: (5.1)

Denote the image of C� by B.f�g/. This is a subspace of B , isomorphic as
.B;B/-bimodule to B.� �/=B.< �/ (see [GL96, loc. cit.]), and we have a vector
space isomorphism

B
��!
M

�2ƒ
B.f�g/: (5.2)

Note that W.�/ and W.�/� are equal as sets. We shall therefore differentiate
between them only when actions are relevant.

Now let � W B�!B WD B=R be the natural map fromB to its largest semisimple
quotient. Then B ŠL

�2ƒ B.�/, where B.�/ Š Ml�.F/ Š EndF .L.�//. Thus �
may be written � D ˚��, where �� W B�!EndF .L.�// is the representation of B
on L.�/. We collect some elementary observations in the next lemma.

Lemma 5.1. (1) The restriction �� W B.f�g/�!EndF .L.�// is a surjective linear
map for each � 2 ƒ.

(2) Let A be any semisimple F-algebra and let 
 W B�!A be a surjective homo-
morphism. Then 
 factors through � as shown.

B B ∼=
⊕

λ

B ¸( )

A

σ σ

π

(5.3)
(3) The restriction 
� of 
 to B.�/ is either zero or an isomorphism.
(4) Denote by ƒ0 the set f� 2 ƒ j 
� is non-zerog. Let J D Ker.
/. Then

��.J / D 0 if and only if � 2 ƒ0.
(5) The radical R is the set of elements of B which act as zero on each irreducible

module L.�/.

Proof. The statement (1) follows from the cyclic nature of the cell modules ([GL96,
(2.6)(i)]). The only other statement deserving of comment is (4), which follows
immediately from the observation that A Š B=J Š B=J , where J D J=R is a
two-sided ideal of the semisimple algebra B . The ideal J therefore acts trivially in
precisely those irreducible representations ofB which “survive” in the quotient, and
non-trivially in the others. Note that (5) follows immediately from (4). ut
Corollary 5.2. Let � W B�!EndF .W / be a representation of B in the semisimple
B-module W , and write E D Im.�/. Let N D Ker.� W B�!E/. Then E Š
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B=N Š L

�2ƒ0 B.�/, where ƒ0 is the set of � 2 ƒ such that L.�/ is a direct
summand ofW , regarded as anE-module. Moreover,ƒ0 is characterised as the set
of � 2 ƒ such that N acts trivially on L.�/.

To study the action of ideals on the L.�/, we shall require the following results.

Lemma 5.3. Assume that B is quasi-hereditary; i.e. that for all �2ƒ, 	�¤0.

(1) In the notation of (5.1), if x; y and z are elements ofW.�/, then C �.x˝ y/z D
	�.y; z/x.

(2) If x or y is in R.�/, then ��.C �.x ˝ y// D 0.
(3) The radical R of B has a filtration .R.�/ D R \ B.� �// by two-sided ideals

such that there is an isomorphism of .B;B/-bimodules

R.�/=R.< �/ ��!W.�/˝R.�/� CR.�/˝W.�/� 	 W.�/˝W.�/�:

Proof. (1) is just [GL96, (2.4)(iii)]. To see (2), note that if y 2 R.�/, then from (1),
C �.x ˝ y/z D 	�.y; z/x D 0 for all z 2 W.�/. If x 2 R.�/, then again by (1),
C �.x ˝ y/z 2 R.�/, whence C �.x ˝ y/ acts as 0 on L.�/ D W.�/=R.�/.

Now suppose b 2 C �.W.�/˝R.�/CR.�/˝W.�//. Then by (2), ��.b/ D 0.
We shall prove

9 elements b�0 2 B.f�0g/ .�0 < �/ such that b C
X

�0<�

b�0 2 R: (5.4)

We do this recursively as follows. Suppose we have a subset � � ƒ and an
element

P

�2	 b� 2
P

�2	 B.f�g/ such that for any ˇ 2 ƒ which satisfies ˇ � �
for some � 2 � , we have �ˇ .

P

�2	 b�/ D 0. We show that if there is � 2 ƒ such
that ��.

P

�2	 b� / ¤ 0, then we may increase � to obtain another set with the same
properties. For this, take � 2 ƒ such that ��.

P

�2	 b� / ¤ 0, and maximal with
respect to this property. Note that since �ˇ .b� / ¤ 0 implies that � � ˇ, we have
� � � for some element � 2 � . By Lemma 5.1 (1), there is an element b� 2 B.f�g/
such that ��.

P

�2	 b�/ D ��.�b�/. Let � 0 D �[f�g. If ˇ � � 0 for some � 0 2 � ,
we show that �ˇ .

P

� 02	 0 b� 0/ D 0.
There are two cases. If � 0 2 � , then �ˇ .

P

�2	 b� / D 0. If �ˇ .b�/ ¤ 0, then
ˇ � � and so � 0 � ˇ � �, whence by hypothesis ��.

P

�2	 b� / D 0, a contradic-
tion. Hence �ˇ .b�/ D 0, which proves the assertion in this case.

The remaining possibility is that � 0D�. In this case, since ��.
P

� 02	 0 b� 0/ D 0

by construction, we may suppose ˇ > �. But then by the maximal nature of �,
�ˇ .

P

�2	 b� / D 0. Moreover, since ˇ > �, �ˇ .b�/ D 0. Hence, � 0 and
P

� 02	 0 b� 0 have the same property as � and
P

�2	 b� . Note that � 0 is obtained
from � by adding an element � such that � � � for some � 2 � .

Now to prove the assertion (5.4), start with � D f�g and b� D b. The argument
above shows that we may repeatedly add elements � < � to � , with corresponding
b� 2 B.f�g/, eventually coming to a set �max such that

P

�2	max
b� acts trivially

on each L.ˇ/ (ˇ 2 ƒ).
This completes the proof of (5.4), and hence of (3). ut
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The arguments used in the proof of the above lemma may be applied to yield
the following result, in which we use the standard notation of [GL96] for cellular
theory.

Theorem 5.4. Let B D .ƒ;M;C; �/ be a cellular algebra over a field F , and as-
sume that B is quasi-hereditary, i.e. that the invariant form 	� on each cell module
is non-zero. For � 2 ƒ, denote by W.�/ and R.�/, respectively, the corresponding
cell module and its radical.

(1) Let � 2 ƒ and take any elements x 2 W.�/, z 2 R.�/. Then there exist elements
r.x; z/ 2 C �.x˝ z/CB.< �/ and r.z; x/ 2 C �.z˝ x/CB.< �/, both in R,
the radical of B .

(2) Let X be a subset of B such that for all � 2 ƒ, x 2 W.�/ and z 2 R.�/, X
contains elements r.x; z/ and r.z; x/ as in .1/. Then the linear subspace of B
spanned by X contains R.

(3) Suppose J is a two-sided ideal of B such that J � D J . Let ƒ0 WD f� 2 ƒ j
JL.�/ D 0g. Then J � R if and only if, for all � 2 ƒ0, R.�/ � JW.�/.

Proof. The argument given in the proof of Lemma 5.3 (3) proves the statement (1).
For each � 2 ƒ, let w� D dimW.�/, r� D dimR.�/ and l� D dimL.�/ D

dim .W.�/=R.�// D w� � r�. Then

dimF .R/ D dimF .B/ �
X

�2ƒ
l2�

D
X

�2ƒ
w2� �

X

�2ƒ
l2�

D
X

�2ƒ
r�.w� C l�/:

But it is evident from an easy induction in the poset ƒ that the dimension of the
space spanned by the elements r.x; z/ and r.z; x/ is at least equal to

X

�2ƒ
.2w�r� � r2�/

D
X

�2ƒ
r�.2w� � r�/

D
X

�2ƒ
r�.w� C l�/:

Comparing with dim.R/, we obtain the statement (2).
We now turn to (3). We begin by showing

J � R ” R.�/ � JW.�/ for all � 2 ƒ: (5.5)

First assume J � R and suppose z 2 R.�/; then take x; y 2 W.�/, such that
	�.x; y/ ¤ 0. Since R, and therefore J , contains an element r.z; x/ of the form
above, we have JW.�/ 3 r.z; x/y D 	�.x; y/z. Hence, R.�/ � JW.�/ for each
� 2 ƒ.
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Conversely, suppose JW.�/ � R.�/ for each � 2 ƒ. Since J � D J , to show
that J � R, it will suffice to show that for any � 2 ƒ, and x 2 W.�/; z 2 R.�/,
there is an element r.z; x/ 2 J , of the form above. Now by hypothesis, z 2 JW.�/;
hence C �.z ˝ x/ D C �.ay ˝ x/ 2 aC �.y ˝ x/ C B.< �/, for some a 2 J
and y 2 W.�/. Hence, there is an element a1 D C �.z ˝ x/ C b 2 J where
b 2 B.< �/. If a1 62 R, then there is an element �0 < � such that a1L.�0/ ¤ 0,
since a1L.�/ D 0 for all � 6< �.

By the cyclic nature of cell modules, if JL.�/ ¤ 0, then JW.�/ D W.�/. Thus
for any two elements p; q 2 W.�/, since p 2 JW.�/, the argument above shows
that C�.p˝ q/C b0 2 J for some b0 2 B.< �/. It follows that the argument in the
proof of Lemma 5.3 may be applied to show that a1 may be recursively modified by
elements of J , to yield an element a0 D r.z; x/ 2 J \R as required.

The statement (5.5) now follows from (2). To deduce (3), observe that if � 2
ƒ n ƒ0, then since JL.�/ ¤ 0, there are elements a 2 J and x 2 W.�/ such
that ax 62 R.�/. But then by Lemma 5.3 (1), W.�/ D B � ax � J � x � JW.�/,
whence JW.�/ � R.�/ always holds a fortiori for � 2 ƒ n ƒ0. In view of (5.5),
this completes the proof of (3). ut
Corollary 5.5. Let notation be as in Theorem 5.4. Assume that for all � 2 ƒ such
that JL.�/ D 0, R.�/ is either zero or irreducible. Assume further that for any
� 2 ƒ such that JL.�/ D 0 and R.�/ ¤ 0, JW.�/ ¤ 0. Then J contains the
radical R of B .

Proof. It follows from Theorem 5.4 that it suffices to show that for any � such
that JL.�/ D 0, JW.�/ D R.�/. But by hypothesis, if R.�/ ¤ 0 for some such �,
JW.�/ is a non-zero submodule ofR.�/. By irreducibility, it follows that JW.�/ D
R.�/, whence the result.

6 The Classical Three-Dimensional Case

6.1 The Setup

Let V D V.2/, the classical three-dimensional irreducible representation of sl2.C/.
In this section, we shall construct a quotient of the Brauer algebra Br .3/ which is
defined by adding a single relation to the defining relations of Br.3/, and which
maps surjectively onto Endsl2.V

˝r/. For small r , we are able to show that our
quotient is isomorphic to the endomorphism algebra. We shall make extensive use
of the cellular structure of Br .3/, as outlined in [GL96, Sect. 4]. In analogy with the
Temperley–Lieb case above, where the case r D 3 (i.e. V.1/˝3) was critical, we
start with the case r D 4, i.e. V.2/˝4.

Recall that given a commutative ring A, the Brauer algebra Br .ı/ over A may
be defined as follows. It has generators fs1; : : : ; sr�1I e1; : : : ; er�1g, with relations
s2i D 1; e2i D ıei ; siei D eisi D ei for all i , si sj D sj si ; siej D ej si ; eiej D
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ej ei if ji � j j � 2, and si siC1si D siC1si siC1; eiei˙1ei D ei and sieiC1ei D
siC1ei ; eiC1eisiC1 D eiC1si for all applicable i . We shall assume the reader is
familiar with the diagrammatic representation of a basis of Br .ı/, and how basis
elements are multiplied by concatenation of diagrams. In particular, the group ring
ASymr is the subalgebra ofBr .ı/ spanned by the diagrams with r “through strings,”
and the algebra contains elements w 2 Symr which are appropriate products of
the si .

In this section, we take A D C and ı D 3. The algebra Br .3/ acts on V ˝r as
follows. We take the same basis fvi j i D 0;˙1g as in Sect. 4.3. Then si acts by
interchanging the i th and .i C 1/st factors in the tensor vj1 ˝ � � � ˝ vjr . We define
w0 2 V ˝ V as the specialisation at q D 1 of the element w0 of Sect. 4.3, i.e.
w0 D v�1;1 C v1;�1 � v0;0. Then the action of e1 is obtained by putting q D 1 in
Lemma 4.6, i.e.

e1vi;j D
8

<

:

w0; if .i; j / D .1;�1/ or .�1; 1/;
�w0; if .i; j / D .0; 0/;
0; if i C j ¤ 0:

The element ei acts on the i; i C 1 components similarly. In addition to the ele-
ments si and ei , it will be useful to define the endomorphisms ei;j WD .1; i/.2; iC1/
e1.1; i/.2; i C 1/, where we use the usual cycle notation for permutations in Br .ı/.
The endomorphism ei;j acts on the i th and j th components of V ˝r as e1 and leaves
the other components unchanged.

6.2 Cellular Structure

The Brauer algebraBr .ı/ was proved in [GL96, Sect. 4] to have a cellular structure.
This facilitates discussion of its representation theory. We begin by reviewing briefly
the cells and cell modules for Br .ı/. Our notation here differs slightly from that in
loc. cit.

Given an integer r 2 Z�0, define T .r/ WD ft 2 Z j 0 � t � r; and r �
t 2 2Zg. For t 2 Z�0, let P.t/ denote the set of partitions of t . Define ƒ.r/ WD
`

t2T .r/ P.t/. This set is partially ordered by stipulating that � > �0 if j�j > j�0j
or j�j D j�0j, and � > �0 in the dominance order on partitions of j�j. For any
partition � D .�1 � �2 � � � � � �p/, denote by j�j the sum

P

i �i of its parts.
Given � 2 ƒ.r/, the corresponding set M.�/ (cf. [GL96, (1.1) and Sect. 4]) is the
set of pairs .S; 
/, where S is an involution with j�j fixed points in Symr and 
 is a
standard tableau of shape �.

If .S; 
/ and .S 0; 
 0/ are two elements of M.�/, the basis element of Br .ı/ is in
the notation of [GL96, (4.10)],

C �.S;
/;.S 0;
 0/ WD
X

w2Sym
j�j

pw.
;
 0/.w/ŒS; S
0;w�;
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where w.
; 
 0/ is the element of Symj�j corresponding to 
; 
 0 under the Robinson–
Schensted correspondence, and for u 2 Symj�j, cu D P

w2Sym
j�j

pu.w/w is the
corresponding Kazhdan–Lusztig basis element of ZSymj�j. The cardinality jM.�/j
is easily computed. Let k.�/ D r�j�j

2
, and let d� be the dimension of the represen-

tation (Specht module) of the symmetric group Symj�j corresponding to �. For any
integer t � 0 denote by t ŠŠ the product of the odd positive integers 2iC1 � t . Then
we have, for any � 2 ƒ.r/,

jM.�/j D
 

r

j�j

!

.2k.�//ŠŠd� WD w�: (6.1)

Now assume that the ground ring A is a field. We recall some facts from cellular
theory.

6.1. Maintain the notation above.

(1) For each � 2 ƒ.r/, there is a left Br .ı/-moduleW.�/, of dimension w� overA.
(2) The module W.�/ has a bilinear form 	� W W.�/ 
 W.�/ ! A, which is

invariant under the Br .ı/-action.
(3) Let R.�/ be the radical of the form 	�. Then L.�/ WD W.�/=R.�/ is either

an irreducible Br .ı/-module, or is zero. The non-zero L.�/ are pairwise non-
isomorphic, and all irreducible Br .ı/-modules arise in this way.

(4) All composition factors L.�/ of W.�/ satisfy � � �.
(5) Br .ı/ is semisimple if and only if each form 	� is non-degenerate. Equivalently,

the W� form a complete set of representatives of the isomorphism classes of
simple Br .ı/-modules.

We shall make use of the following facts.

Proposition 6.2. Take A D C and assume that ı ¤ 0.

(1) The algebra Br .ı/ is quasi-hereditary; that is, each form 	� in the assertion
6.1 (2) is non-zero.

(2) The algebra Br .3/ is semisimple if and only if r � 4.

Proof. The statement (1) is immediate from [GL96, Corollary 4.14], while (2) fol-
lows from [RS, Theorem 2.3]. ut

6.3 The Case r D 4

It is clear from dimension considerations that when r � 3, the surjection � W
Br .3/�!Endsl2V.2/

˝r (and its quantum analogue) is an isomorphism. The case
r D 4 is therefore critical. In this subsection, we shall treat the classical case when
r D 4.
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In terms of Sect. 6.1, we now take r D 4 and ı D 3. Our purpose is to identify
the kernel of the surjection � W B4.3/�!Endsl2.C/V

˝4. Define the element ˆ 2
B4.3/ by

ˆ D Fe2F � F � 1
4
Fe2e1;4F; where

F D .1 � s1/.1 � s3/; (6.2)

where notation is as in Sect. 6.1.
The next statement summarises some of the properties ofˆ.

Proposition 6.3. Let F;ˆ 2 B4.3/ be the elements defined in (6.2). Then

(1) eiˆ D 0 for i D 1; 2; 3.
(2) ˆ2 D �4ˆ.
(3) ˆ acts as 0 on V ˝4. That is, ˆ 2 Ker.�/.

Proof. First note that
e2Fe2 D e2 C e2e1;4: (6.3)

To see this, note that e2Fe2 D e2.1� s1 � s3C s1s3/e2 D e22 � e2s1e2 � e2s3e2C
e2s1s3e2 D 3e2 � 2e2 C e2e1;4.

To prove (1), note that it is trivial that eiF D 0 for i D 1; 3, and hence that
eiˆ D 0 for i D 1; 3. But the relation e2ˆ D 0 now follows easily from (6.3) and
the fact that e21;4 D 3e1;4.

It follows from (1) that e2Fˆ D 0, since Fˆ D 4ˆ (recall F 2 D 4F ). Hence
ˆ2 D �Fˆ D �4ˆ which proves (2).

For (3), note that F maps V ˝4 onto L.2/ ˝ L.2/, and hence that ˆ.V ˝4/ �
L.2/ ˝ L.2/. But by Corollary 4.8, e2 acts injectively on L.2/ ˝ L.2/, whence it
follows from the fact that e2ˆ D 0, just proved, that ˆ.V ˝4/ D 0. ut
Theorem 6.4. The kernel of � W B4.3/�!Endsl2V.2/

˝4 is generated by the ele-
ment ˆ above.

Proof. The set ƒ.4/ has eight elements, ordered as follows:

.4/ > .3; 1/ > .22/ > .2; 12/ > .14/ > .2/ > .12/ > .0/:

The dimensions of the corresponding cell modules, which by the assertion 6.1 (5)
and Proposition 6.2 (2) are simple in this case, are given respectively, by

1; 3; 2; 3; 1; 6; 6; 3:

Now since B4.3/ is semisimple, it is isomorphic to a sum
L8
jD1M.j/ of two-

sided ideals, which are isomorphic to matrix algebras of size given in the list above
(thus, e.g., dimM.1/ D 1, while dimM.7/ D 36). Moreover, the two-sided ideal
I of B4.3/ which is generated by the ei is cellular, and is the sum of the matrix
algebrasM.j/ for j � 6.
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Note that B4.3/=I Š CSym4. Let P be the two-sided ideal of B4.3/ generated
by ˆ. Then P C I 3 F , and 1

4
F is an idempotent in CSym4 which generates

a left ideal on which Sym4 acts as IndSym4
K ."/, where K is the subgroup of Sym4

generated by s1; s3 and " denotes the alternating representation. But it is easily ver-
ified that IndSym4

K ."/ is isomorphic to the sum of the irreducible representations of
Sym4 which correspond to the partitions .22/; .2; 12/ and .14/, each one occurring
with multiplicity one. Here, we use the standard parametrisation in which the irre-
ducible complex representations of Symn correspond to partitions of n, the trivial
representation corresponding to the partition .n/.

It follows that the two-sided ideal of CSym4 generated by F is the image of
L5
jD3M.j/ under the surjection B4.3/=I�!CSym4. It follows that I C P D

L

j�3Mj , whence dim.I C P/ D dimI C 14.
But using the dimension formula for dim Endsl2V

˝4 in Sect. 2, the kernel N of
� has dimension 14 in this case. Since P � N , it follows that

dim.I C P/ � dim.I CN/ � dimI C dimP � dimI C dimN D dim I C 14;

with equality if and only if I \N D 0 and P D N .
Since we have proved equality, the theorem follows. ut

6.4 The Case r D 5

This is the first case where B WD Br .3/ is not semisimple. We shall analyse this
case to show how our methods yield non-trivial information on the algebras, such
as the dimension of the radical. For this subsection only, we denote B5.3/ by B .

In this case, the cells are again totally ordered; we write them as follows.

.5/ > .4; 1/ > .3; 2/ > .3; 12/ > .22; 1/ > .2; 13/ > .15/

> .3/ > .2; 1/ > .13/ > .1/: (6.4)

IfW.�/ denotes the cell module corresponding to �, the dimensions of theW.�/
above are respectively given by:

1; 4; 5; 6; 5; 4; 1; 10; 20; 10; 15:

Recall that L.�/ is the irreducible head of W.�/ for � 2 ƒ.5/; write l� WD
dimL.�/. These integers are the dimensions of the simple B-modules.

We define the following two-sided ideals of B . Let R be the radical of B5.3/,
I D B.� .3// the ideal generated by the ei , P the ideal generated by ˆ, and N the
kernel of � W B�!E WD Endsl2.V

˝5/.
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We shall prove

Theorem 6.5. Let B D B5.3/ as above, let R be its radical, and maintain the
above notation.

(1) The cell modules of B are all simple except for those corresponding to the par-
titions .2; 1/ and .13/, whose simple heads have dimension 15; 6 respectively.

(2) The composition factors of W.13/ are L.13/ and L.2; 13/.
(3) The composition factors of W.2; 1/ are L.2; 1/ and L.22; 1/.
(4) The radical of B has dimension 239.
(5) The kernel N of � W B�!E is generated by ˆ modulo the radical. That is, in

the notation above, N D P CR.

Proof. It is easily verified that E Š M1.C/ ˚ M4.C/ ˚ M10.C/ ˚ M15.C/ ˚
M15.C/˚M6.C/, whereMn.C/ denotes the algebra of matrices of size n over C.
Further, � induces a surjection � W B WD B=R Š L

�2ƒMl�.C/�!E . We shall
determine which of the simple componentsMl�.C/ are in the kernel of �.

Observe that since B=I Š CSym5, the cell modules W.�/ (j�j D 5) are all
irreducible, and clearly R � I \N .

Now the element F D .1� s1/.1� s3/ generates the two-sided ideal of CSym5
which corresponds to the irreducible representations of Sym5 which are constituents
of IndSym5

K ."/, where K is the subgroup generated by s1 and s3. An easy computa-
tion shows that these representations are precisely those which correspond to the
partitions � with j�j D 5 and � ¤ .5/; .4; 1/. Let ƒ1 D f� 2 ƒ j j�j D 5; � ¤
.5/; .4; 1/g, and write ƒ0 WD ƒ n ƒ1. It follows from the above that N acts non-
trivially on the simple modules W.�/ for � 2 ƒ1 (since ˆ 2 N does), and hence
that Ker.�/ � L

�2ƒ1Ml�.C/. Using the number and dimensions of the matrix
components of E , it follows, by comparing the sizes of the matrix algebras on both
sides, that W.1/ is simple, one of the ten dimensional cell modules is simple, the
other has head of dimension 6, andW.2; 1/ has head of dimension 15.

Now the Gram matrix associated with the bilinear form 	.13/ on W.13/ is
given by

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

3 1 �1 1 1 �1 1 0 0 0

1 3 1 �1 1 0 0 �1 1 0

�1 1 3 1 0 1 0 �1 0 1

1 �1 1 3 0 0 1 0 �1 1

1 1 0 0 3 1 �1 1 �1 0

�1 0 1 0 1 3 1 1 0 �1
1 0 0 1 �1 1 3 0 1 �1
0 �1 �1 0 1 1 0 3 1 1

0 1 0 �1 �1 0 1 1 3 1

0 0 1 1 0 �1 �1 1 1 3

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

:

Since this has rank 6, W.13/ is reducible. To understand the composition factors,
note that the cell corresponding to the partition 13 contains just the longest element
w0 of Sym3. The Kazhdan–Lusztig basis element cw0 D

P

w2Sym3
".w/w, and from
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this one sees easily that the element
P

w2hs1;s2;s3i w of B acts trivially on W.13/,
whence it follows that W.13/ has no submodule isomorphic to L.5/ or L.4; 1/.
Similarly, since E.5/ D P

w2Sym5
".w/w also acts trivially on W.13/ (note that

E.5/ei D 0 for all i ),W.13/ has no submodule isomorphic to L.15/. It follows that
R.13/ Š L.2; 13/, proving (2).

Now consider W.2; 1/. The corresponding cell of Sym3 contains the elements
r1; r2; r1r2 and r2r1, where the simple generators of Sym3 are denoted by r1; r2 to
avoid confusion with s1; s2 2 B . The corresponding Kazhdan–Lusztig basis ele-
ments are 1 � r1, 1 � r2, .1 � r1/.1 � r2/ and .1 � r2/.1 � r1/. In analogy with
the previous case, one now verifies easily that

P

w2hs1;s2;s4i w and E.5/ act trivially
on W.2; 1/, whence the latter cell module has no simple submodule isomorphic to
L.5/; L.4; 1/; L.3; 2/ or L.15/. It follows by dimension that R.2; 1/ Š L.22; 1/,
completing the proof of (1), (2) and (3).

Clearly dimR D dimB � dimB D 202 C 102 � .152 C 62/ D 239, which
proves (4).

To prove (5) observe that since F 2 .P C I/, the argument concerning induced
representations above shows that B=.P C I/ Š M1.C/˚M4.C/. Hence

dim.P C I/ � dim.N C I/ � dimN C dimI;

with equality if and only if N \ I D 0 and P CR D N . But dimP C I D
dimB � 17, and by the above argument, this is equal to dimN C dim I, whence
P CR D N , i.e. N D ˆCR. ut
Remark 6.6. The results [DHW, (3.3) and (3.4)] may be applied to determine which
of the modules L.�/ for � ` 5 are composition factors of the W.�/ for � ` 3.
This would abbreviate the proof of Theorem 6.5 (2) and (3). We include our proof
because it is complete and elementary.

6.5 The General Classical Case

Our objective in this section is to check some cases of our main conjecture below,
and reduce it to a specific question about the action of ˆ on certain cell modules of
Br .3/. To do this, we shall use the general results of Sect. 5 above about the radical
of a cellular algebra.

In view of the results of the last subsection, we make the

6.7. Conjecture. Let B D Br .3/, E D Endsl2.C/.V .2/
˝r/ and � W B�!E the

natural surjection discussed above. The kernel N of � is generated by the element
ˆ D Fe2F � F � 1

4
Fe2e14F 2 B .

To make use of the theory in the last section, we shall develop more detail con-
cerning the cellular structure ofBr . We maintain the notation above. In particular,R
denotes the radical of B , I is the two-sided ideal generated by the ei and P denotes
the ideal generated by ˆ.
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We start with the following elementary observation.

Lemma 6.8. Let t � 4 be an integer and consider the symmetric group Symt gener-
ated by simple transpositions s1; : : : ; st�1. The two-sided ideal of CSymt generated
by F D .1 � s1/.1 � s3/ is the sum of the minimal ideals corresponding to all par-
titions with at least four boxes in the first two columns.

This is an easy exercise, which may be proved by induction on t .

Theorem 6.9. Let � W Br .3/�!E WD Endsl2.C/.V .2/
˝r/ be the surjection dis-

cussed above, and let N D Ker.�/. Define ƒ0 � ƒ by ƒ0 D f.t/; .t � 1; 1/; 13 j
0 � t � r I t � r .mod 2/g, and let ƒ1 WD ƒ n ƒ0. Let ˆ be the element of
B D Br defined above. Then

(1) For � 2 ƒ1, there is an element x� 2 L.�/ such thatˆx� ¤ 0.
(2) N acts trivially on L.�/ if and only if � 2 ƒ0
(3) E ŠL�2ƒ0 B.�/.
(4) If P denotes the ideal of B generated by ˆ, we have P CR D N , where R is

the radical of B .

Proof. Take � 2 ƒ1. If t D j�j � 4, consider the subalgebra of B generated by
the elements fsietC1etC3 : : : etC2k�1 j 1 � i � t � 1g, where r D t C 2k. This is
isomorphic to CSymt , and ˆ acts on the corresponding cell modules as �F . The
statement (1) is now clear for this case, given Lemma 6.8.

Now suppose t D j�j � 3. Now in analogy to the above argument, we consider
the “leftmost” part of the diagrams, completed with e5e7 : : : or e6e8 : : : on the right
according as t is odd or even. The cases r D 4; 5, which are known by Sects. 6.3
and 6.4 produce, when appropriately completed, elements x� 2 L.�/ as required.
This proves (1).

To see (2), observe that (1) shows thatN acts non-trivially on the simple modules
L.�/ for � 2 ƒ1, and so the set of � such that N acts trivially in L.�/ is contained
in ƒ0. But jƒ0j D r C 1, and it is easy to see that V ˝r has r C 1 distinct simple
components (as sl2-module). It follows that N acts trivially in at least r C 1 of the
simple modules L.�/, and (2) is immediate (cf. Corollary 5.2), as is (3).

Since ˆ 2 P C R, the latter is a two-sided ideal of B which acts non-trivially
on L.�/ for � 2 ƒ1. But ˆ 2 N , so that P CR acts trivially on L.�/ for � 2 ƒ0.
The statement (4) follows. ut

Combined with the results of Sect. 5, Theorem 6.9 leads to the following criterion
for the truth of Conjecture 6.7.

Corollary 6.10. The conjecture 6.7 is equivalent to the following statement. For
each � 2 ƒ0 .as above/, the Br -submodule ofW.�/ generated byˆW.�/ contains
R.�/.

Proof. It follows from Theorem 6.9 (4) that the conjecture is equivalent to the state-
ment that P � R. By Theorem 5.4 (3), this is equivalent to the stated criterion.

ut
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Next, we show that the Conjecture is true for r D 5.

Proposition 6.11. If r D 5, P D hˆi contains the radical R of B . Hence, by
Corollary 6.10 the conjecture is true for r D 5.

Proof. In view of Theorem 6.5, it suffices to show that PW.�/ D R.�/ for � D
.13/ and � D .2; 1/. But again by Theorem 6.5, we have the situation of Corollary
5.5 here, whence it suffices to show simply that ˆ acts non-trivially on the cell
modules W.13/ and W.2; 1/. This will require two calculations, which we now
proceed to outline.
The case W.13/. In this case M.�/ D f..ij /; 
/g where .ij / is a transposition
in Sym5 and 
 is the unique standard tableau of shape 13. Thus, we may write a
basis for W.13/ as fCij j 1 � i < j � 5g. Recalling that the Kazhdan–Lusztig
basis element of CSym3 corresponding to .
; 
/ is E.3/ WD P

w2Sym3
".w/w, the

following facts are easily verified using the diagrammatic representation of B5.

s1C45 D �C45I s3C45 DC35I FC45 D 2.C45 � C35/I
e2C45 D 0I e2C35 D �C23I e14C23 D 0:

Using these equations, one calculates in straightforward fashion that

ˆC45 D 2.C23 � C13 � C24 C C14 � C45 C C35/ ¤ 0:

The case W.2; 1/. In this case M.�/ D f..ij /; 
k/g, where .ij / is a transposition in
Sym5 and 
k is one of the two standard tableau of shape .2; 1/. Explicitly,


1 D 1 3
2
; 
2 D 1 2

3
:

Thus, we may write a basis for W.2; 1/ as fCij;
k j 1 � i < j � 5; k D 1; 2g. In
this case, we need to recall that the Kazhdan–Lusztig cell representation of CSym3

which corresponds to .2; 1/ may be thought of as having basis fc
1 ; c
2g and action
by Sym3 D hr1; r2i given by

r1c
1 D �c
1 I r1c
2 D c
2 � c
1 I r2c
1 D c
1 � c
2 I r2c
2 D �c
2 :

With these facts, one verifies easily the following facts

s1C45;
1 D �C45;
1 I s3C45;
1 D C35;
1 I FC45;
1 D 2.C45;
1 � C35;
1/:

Further,

e2C45;
1 D 0I e2C35;
1 D C23;
1 � C23;
2 I
e2FC45;
1 D 2.C23;
2 � C23;
1/I e14C23;
k D 0 for k D 1; 2:
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Using these equations, it is straightforward to calculate that

ˆC45;
1 D 2.C23;
2 � C13;
2 � C24;
2 C C14;
2
� C23;
1 C C13;
1 C C24;
1 � C14;
1 � C45;
1 C C35;
1/ ¤ 0: (6.5)

This completes the proof of the Proposition. ut
A computer calculation has been done to verify the case r D 6.

Theorem 6.12. Let � be the surjective homomorphism from Br WD Br .3/ to Er WD
Endsl2.C/.V .2/

˝r/, and let ˆ 2 Br be the element defined above. Then for r � 6,
ˆ generates the kernel of �.

Proof. We have proved the result for r � 5. The case r D 6 was checked by a
computer calculation, which verified that dimhˆi is correct in that case. Since we
know that ˆ 2 Ker.�/; the result follows. ut

We are grateful to Derek Holt for doing this computation for us using the
Magma computational algebra package, with an implementation of noncommuta-
tive Gröbner basis due to Allan Steel.

7 The Quantum Case

In this section, we develop the theme of Sect. 4.2 and consider the BMW alge-
bra BMWr.q/ over Aq , and its specialisation BMWr.K/. The results of the last
section on the Brauer algebra all generalise to the present case, and we deduce
some new ones through the technique of specialisation. One of the key observa-
tions is that BMWr.q/ has the C-algebra BMWr.1/ Š Br .3/ (cf. Lemma 4.2) as
a specialisation.

7.1 Specialisation and Cell Modules

In analogy with the case of the Brauer algebra, of which it is a deformation,
BMWr.q/ has a cellular structure [X, Theorem 3.11] and is also quasi hereditary
[X, Theorem 4.3]. For each partition � 2 ƒ.r/, there is therefore a cell module
Wq.�/ of dimension w� for BMWr.q/. Each cell module has a non-zero irre-
ducible headLq.�/, and these irreducibles form a complete set of representatives of
the isomorphism classes of simple BMWr.q/-modules. Furthermore,BMWr.q/ is
semisimple if and only if all the cell modules are simple (see [X, Sect. 3]).

Recall that BMWr.q/ is the Aq-algebra defined by the presentation (4.14),
where Aq is the localisation of CŒq˙1� at the multiplicative subset S generated by
Œ2�q , Œ3�q and Œ3�q � 1. By Lemma 4.2, BMWr.q/ may be thought of as an integral
form of BMWr .K/.
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One may identify BMWr .q/ with the Aq-algebra generated by .r; r/-tangle
diagrams, which satisfy the usual relations (cf. e.g., [X, Definition 2.5]). For each
Brauer r-diagram T [GL96, Sect. 4], it is explained in [X, p. 285] how to construct
an .r; r/-tangle diagram Tq by lifting each intersection in T to an appropriate cross-
ing. The tangle diagrams obtained this way form a basis of BMWr.q/, which we
shall denote by Tq .

The cell modulesWq.�/ of BMWr.q/ are parametrised by partitions � 2 ƒ.r/.
They may also be described diagramatically, in a similar way to the cell modules
of the Brauer algebra Br .3/ (cf. Sect. 6.2). We proceed to give this description. Let
t 2 T .r/; that is, 0 � t � r and r � t 2 2Z. For a partition � of t , we take M.�/
to be the set defined in Sect. 6.2 for the Brauer algebra, viz M.�/ is the set of pairs
.S; 
/where S is an involution in Symr with j�j D t fixed points, and 
 is a standard
tableau of shape �. In analogy with Sect. 6.2, if .S; 
/ and .S 0; 
 0/ are two elements
of M.�/, we obtain the (cellular) basis element C �

.S;
/;.S 0;
 0/
.q/ of BMWr.q/ by

C �.S;
/;.S 0;
 0/.q/ D
X

w2Symt

Pw.
;
 0/;w.q/ŒS; S
0;w�q ; (7.1)

whereCv DPw2Symt
Pv;w.q/Tw is the Kazhdan–Lusztig basis element of the Hecke

algebraHt .q2/, ŒS; S 0;w�q is the element of the basis Tq (i.e. dangle) corresponding
to the Brauer diagram ŒS; S 0;w�, and all other notation is as in Sect. 6.2. Note that
Pv;w.q/ 2 ZŒq˙1� 	 Aq , so that C �

.S;
/;.S 0;
 0/
.q/ 2 BMWr.q/.

Now for each element .S; 
/ 2 M.�/, the arguments leading to [X, Corol-
lary 3.13] describe how to associate a .r; t/ dangle with .S; 
/ which we denote by
.S; 
/q . These form an Aq-basis of Wq.�/, with the action of BMWr.q/ given by
concatenation, using the relations in [X, Definition 2.5] and the action of the Hecke
algebra Ht .q2/ on its cell modules (which have basis f
g). The next statement is a
general result about cellular algebras, adapted to our situation.

Proposition 7.1. Let 	 W Aq�!R be a homomorphism of commutative rings with
1, and denote by BMW

�
r the specialisation R ˝� BMWr .q/. Then

(1) There is a natural bijection between the Aq-basis f.S; 
/qg of Wq.�/ and an
R-basis of the specialised cell moduleW �.�/.

(2) If a 2 BMWr.q/, the matrix of 1 ˝ a 2 BMW
�
r with respect to the basis in

.1/ is obtained by applying 	 to the entries of the matrix of a.
(3) The Gram matrix of the canonical form on W �.�/ is obtained from that of

Wq.�/ by applying 	 to the entries of the latter.
(4) If W �.�/ is simple, so is Wq.�/.
(5) We have rankAqLq.�/ � rankRL�.�/, where Lq.�/ is the simple head of

Wq.�/, etc.
(6) For any pair � � � 2 ƒ.r/, the multiplicity ŒWq.�/ W Lq.�/� � ŒW �.�/ W

L�.�/�.

Proof. The bijection of (1) arises from any Aq-basis fˇg of Wq.�/, by taking ˇ 7!
1˝ ˇ. Given this, the assertion (2) is clear, as is (3). If �.�/ is the determinant of
the Gram matrix ofWq.�/ (i.e. the discriminant), the discriminant��.�/ ofW �.�/
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is given by ��.�/ D 	.�.�//. If W �.�/ is simple, then ��.�/ ¤ 0, whence
�q.�/ ¤ 0. This implies that if 	q is the inclusion of Aq in K, then W �q .�/.D
WK.�// is simple as BMWr.K/ module. It follows that Wq.�/ has no non-trivial
BMWr.q/-submodules, whence (4). Finally, note that rankAq .Lq.�// equals the
rank of the Gram matrix of the form. Since this cannot increase on specialisation, (5)
follows. To see (6), note that any composition series ofWq.�/ specialises (under the
functorR˝� �) to a chain of submodules of W �.�/. But by (3), the specialisation
of Lq.�/ has L�.�/ as a subquotient, from which (6) follows. ut

7.2 An Element of the Quantum Kernel

We next consider some elements of BMWr.q/ which will play an important role in
the remainder of this work, and which will be used to define the Temperley–Lieb
analogue of the title. Let fi D �gi � .1 � q�2/ei C q2, and set

Fq D f1f3: (7.2)

We also define e14 D g�1
3 g1e2g

�1
1 g3 and e1234 D e2g1g�1

3 g2g
�1
1 g3.

The next two results are quantum analogues of Proposition 6.3.

Lemma 7.2. The following identities hold in BMW4.q/ .and hence in
BMWr.q//.

fi D .gi�q2/.gi�q�4/

q�2Cq�4 ; (7.3)

eifi D 0; f 2i D .q2 C q�2/fi ; i D 1; 2; 3; (7.4)

e2Fqe2 D Qae2 � de1234 C ae2e14; (7.5)

e2Fqe2e14 D e14e2Fqe2 D .q2 C q�2/2e2e14; (7.6)

e2Fqe1234 D e1234Fqe2 D �de2 C ae1234 C q�4 Qae2e14; (7.7)

where

a D 1C.1�q�2/2; Qa D 1C.1�q2/2; d D .q�q�1/2 D q2.a�1/ D q�2. Qa�1/:

The first relation follows easily from the relations (4.15), and the others are
straightforward consequences. Note that fi D .q2 C q�2/di , where di is the idem-
potent of Lemma 4.2. Alternatively, one may use the representation of elements
of the BMW algebra by tangle diagrams, and the multiplication by composition of
diagrams, to verify the above statements.

Define the following element of BMW4.q/:

ˆq D aFqe2Fq � bFq � cFqe2e14Fq C dFqe1234Fq; (7.8)
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where

b D 1C .1 � q2/2 C .1 � q�2/2;

c D 1C .2C q�2/.1 � q�2/2 C .1C q2/.1 � q�2/4

.Œ3�q � 1/2 :

Proposition 7.3. The elements Fq ; ˆq have the following properties:

(1) F 2q D .q2 C q�2/2Fq .
(2) eiˆq D ˆqei D 0 for i D 1; 2; 3.
(3) ˆ2q D �.q2 C q�2/2.1C .1 � q2/2 C .1� q�2/2/ˆq .
(4) ˆq acts as 0 on V ˝4

q .

Proof. Part (1) immediately follows from the second relation in (7.4).
The fact that e1ˆq D e3ˆq D 0 follows from the first relation of (7.4) in Lemma

7.2. Now

e2ˆq D ae2Fqe2Fq � be2Fq � ce2Fqe2e14Fq C de2Fqe1234Fq :
Using the relations (7.5)–(7.7), we readily obtain e2ˆq D 0. It can be similarly
shown that ˆqei D 0 for i D 1; 2; 3. Thus by part (2), we see that ˆqFqe2 D 0,
and therefore that ˆ2q D �bˆqFq D �.q2 C q�2/2bˆq .

The proof of part (4) proceeds in much the same way as in the classical case. Note
thatˆq.V ˝4

q / 	 L.2/q ˝L.2/q . Thus by Lemma 4.7,ˆq.V ˝4
q / Š e2ˆq.V ˝4

q / as
Uq.sl2/-modules. Since e2ˆq D 0 by part (2), the proof is complete. ut

7.3 A Regular Form of Quantum sl2

In this subsection, we consider the quantised universal enveloping algebra of sl2
over the ring Aq and its representations. By “regular form”, we shall understand
an Aq-lattice in a K-representation of Uq.sl2/. Denote by UAq the Aq-algebra gen-

erated by e; f; k˙1 and h WD k�k�1

q�q�1 , subject to the usual relations, and call it the
regular form of Uq.sl2/. Recall (Definition 4.1) that we have homomorphisms 	1
and 	q from Aq to C;K, respectively; the resulting specialisation C˝�1 UAq at 	1
is isomorphic to the universal enveloping algebra of U.sl2/ of sl2 with

1˝ e 7!
�

0 1

0 0

�

; 1˝ f 7!
�

0 0

1 0

�

; 1˝ h 7!
�

1 0

0 �1
�

; 1˝ k 7!
�

1 0

0 1

�

:

The Aq-span V reg
q .2/ of the vectors v0; v˙1 (see Sect. 4.3) forms a UAq -module,

which is an Aq-lattice in Vq.2/. Denote the r th tensor power of V reg
q .2/ over Aq by

V
reg
q .2/˝r ; this has an Aq-basis consisting of the elements vi1;i2;:::;ir . Then

K˝�q V reg
q .2/˝r D Vq.2/˝r ; as Uq.sl2/-moduleI

C ˝�1 V reg
q .2/˝r Š V.2/˝r ; as sl2-module:

(7.9)
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Remark 7.4. The vectors 1˝vi1;i2;:::;ir form a basis for C˝Aq V
reg
q .2/˝r . It follows

that 1˝ v 2 C ˝�1 V reg
q .2/˝r is zero if and only if v 2 .q � 1/V reg

q .2/˝r .

Denote by E reg
q .r/ the Aq-algebra EndUAq .V

reg
q .2/˝r/. Recall (Theorem 4.4)

that we have the surjection �q W BMWr.K/�!Eq.r/ D K ˝�q E reg
q .r/. The next

result shows that �q preserves the Aq-structures.

Lemma 7.5. We have �q.BMWr.q// � E reg
q .r/. In particular, if Œ3�q�1ei ; di and

ci are the idempotents of Lemma 4.3, then �q.gi /, �q.
ei
Œ3�q

/, �q.di / and �q.ci / be-

long to E reg
q .r/ for all i .

Proof. The formulae in Lemma 4.6 show explicitly that �q.
ei
Œ3�q

/ 2 E reg
q .r/. A sim-

ilar computation shows that �q.di / 2 E reg
q .r/, as follows. Evidently it suffices to

treat the case i D 1. Write �q.d1/.vk;l/ WD xk;l ; clearly we only need to show
that xk;l 2 V reg

q .2/˝2 for k; l D 0;˙1. But one verifies easily that the following
explicit formulae describe the action of di . Write u�1 D q�2v�1;0 � v0;�1; u0 D
�q�2v�1;1 C .1 � q�2/v0;0 C q�2v1;�1 and u1 D q�2v0;1 � v1;0, and note that
ui 2 V reg

q .2/˝2 for i D 0;˙1. Then, x1;1 D x�1;�1 D 0, x0;1 D 1
q�2Cq2 u1, x0;1 D

�q2x1;0, x0;0 D 1�q�2

q�2Cq2 u0, x�1;1 D �x1;�1 D 1
q�2Cq2 u0, x0;�1 D 1

q�2Cq2 u�1,
and x�1;0 D �q2x0;�1.

This shows that �q.di / 2 E reg
q .r/, and since �q.

ei
Œ3�q

/C �q.di /C �q.ci / D 1, it

follows that �q.ci / 2 E reg
q .r/. But �q.gi / D q�4�q. eiŒ3�q /� q�2�q.di /C q2�q.ci /,

whence the result. ut
As a Uq.sl2/-module, Vq.2/˝r Š K˝�q V reg

q .2/˝r is the direct sum of isotypic
components Iq.2l/, where every irreducible Uq.sl2/-submodule of Iq.2l/ has high-
est weight 2l . It follows from the Uq.sl2/ case of Theorem 8.5 in [LZ] that Iq.2l/
is an irreducible Uq.sl2/˝K BMWr.K/-submodule of Vq.2/˝r .

Lemma 7.6. (1) I reg
q .2l/ WD Iq.2l/ \ V

reg
q .2/˝r is a BMWr.q/ ˝Aq UAq -

submodule of V reg
q .2/˝r .

(2) The specialisation I.2l/ WD C ˝�1 I reg
q .2l/ of I reg

q .2l/ is isomorphic as a
U.sl2/-module to the isotypic component of V.2/˝r with highest weight 2l .

(3) I.2l/ is an irreducible Br.3/˝ U.sl2/-submodule of V.2/˝r .

Proof. By Lemma 7.5, I reg
q .2l/ is stable under the action of BMWr.q/. Since

it is evidently a UAq -module and the UAq action commutes with the action of
BMWr.q/, part (1) follows.

In view of Remark 7.4, I.2l/ is a non-trivial subspace of C ˝�1 V reg
q .2/˝r . By

part (1), I.2l/ is isomorphic to some U.sl2/˝ Br .3/ submodule of V.2/˝r whose
sl2-submodules all have highest weight 2l . The sl2 case of Theorem 3.13 in [LZ]
states that the U.sl2/ isotypical component of V ˝r with highest weight 2l is the
unique irreducible U.sl2/ ˝ Br .3/ submodule with this sl2 highest weight. This
implies both parts (2) and (3). ut
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As a BMWr.K/-module, Iq.2l/ is the direct sum of dimK Vq.2l/ copies of
a single irreducible BMWr .q/-module, which we refer to as LBMW

q .2l/. Simi-
larly, I.2l/ is the direct sum of dimC V.2l/ copies of an irreducible Br .3/-module
LBr .2l/. Recall that both dimK Vq.2l/ and dimC V.2l/ are equal to 2l C 1.

Lemma 7.7. With notation as above, the irreducible BMWr .q/-module
LBMW
q .2l/ has the same dimension as that of the irreducible Br .3/-module

LBr .2l/.

Proof. If l ¤ l 0, I.2l/ and I.2l 0/ intersect trivially since they are isotypical compo-
nents with different highest weights. Thus,

P

l dim Iq.2l/ D 3r D P

l dim I.2l/.
But the specialisation argument of Proposition 7.1 (5) shows that dimK Iq.2l/ �
dimC I.2l/, whence

dimK Iq.2l/ D dimC I.2l/:

Thus

dimK LBMW
q .2l/ D dimK Iq.2l/

2l C 1 D dimC I.2l/

2l C 1 D dimC L
Br .2l/:

ut
Denote by R.K/ the radical of the BMW algebra BMWr .K/ and let

BMW r .K/ D BMWr.K/=R.K/ be its largest semisimple quotient. Then as
explained in Sect. 5, BMW r .K/ D

L

�2ƒBK.�/ with BK.�/ Š EndK.LK.�//,
where LK.�/ is the simple head of the cell module WK.�/. As in Lemma 5.1, the
surjective algebra homomorphism �q W BMWr .K/ ! EndUq .sl2/.V

˝r
q / induces a

surjection �q W BMW r .K/! EndUq.sl2/.V
˝r
q /.

Similarly, let Br.3/ denote the largest semi-simple quotient of the Brauer alge-
bra. Then Br.3/ D L

�2ƒB.�/ with B.�/ Š EndC.L.�//, where L.�/ is the
simple head of the cell moduleW.�/. Let � W Br .3/! Endsl2.V

˝r/ be the surjec-
tion induced by the map � W Br .3/! Endsl2.V

˝r/.
Recall that in analogy with (5.2), we have

BMWr.q/ D
M

�2ƒ
BAq .f�g/; where BAq .f�g/ D

X

S;T2M.�/
AqC �S;T : (7.10)

Taking appropriate tensor products with K and C, respectively, and writingBC.f�g/
for what was denoted B.f�g/ in Sects. 5 and 6, we obtain

BMWr.K/ D
M

�2ƒ
BK.f�g/; where BK.f�g/ D

X

S;T2M.�/
KC �S;T ; and

BMWr.C/ D
M

�2ƒ
BC.f�g/; where BC.f�g/ D

X

S;T2M.�/
CC �S;T : (7.11)
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Proposition 7.8. Maintain the above notation. Then �q.Bq.�// ¤ 0 if and only if

�.B.�// ¤ 0. For such �, we have dimKBq.�/ D dimC B.�/.

Proof. Let I reg
q .�/ WD BAq .f�g/.V reg

q .2/˝r/, where BAq .f�g/ is defined by equa-
tion (7.10). Set Iq.�/ WD K˝�q I reg

q .�/ and I.�/ WD C ˝�1 I reg
q .�/. Then

I.�/ D BC.f�g/.C ˝�1 V reg
q .2/˝r/:

Note that Iq.�/ is a Uq.sl2/-isotypic component of Vq.2/˝r , and I.�/ is isomorphic
to an sl2-isotypic component of V.2/˝r . The Uq.sl2/-highest weight of Iq.�/ is
equal to the sl2-highest weight of I.�/.

If �q.Bq.�// D 0, then Iq.�/ D 0. In this case, I.�/ D 0 and this is equivalent
to �.B.�// D 0. If �q.Bq.�// ¤ 0, then Iq.�/ ¤ 0, and it follows from Remark
7.4 that I.�/ ¤ 0. Therefore, �.B.�// ¤ 0.

With the first statement of the Proposition established, the second follows imme-
diately from Lemma 7.7. ut

Recall thatƒ0 denotes the set of all partitions with three or fewer boxes in the first
two columns, andƒ1 D ƒ.r/nƒ0. We have the following analogue of Theorem 6.9.

Theorem 7.9. Let NK be the kernel of the surjective map �q W BMWr.K/ !
EndUq.sl2/.Vq.2/

˝r/. Denote by PK the two-sided ideal of BMWr.K/ generated
by ˆq , and by RK the radical of BMWr.K/.
(1) EndUq.sl2/.Vq.2/

˝r/ ŠL�2ƒ0 Bq.�/.
(2) If � 2 ƒ1, then ˆq.Lq.�// ¤ 0.
(3) NK acts trivially on Lq.�/ if and only if � 2 ƒ0.
(4) PK CRK D NK.

Proof. Part (1) is an easy corollary of Proposition 7.8 in view of Theorem 6.9 (3).
For any � 2 ƒ1, Br .3/ˆW.�/ D W.�/ by Theorem 6.9 (1) and the cyclic

property of W.�/. Since Br .3/ˆW.�/ Š C ˝�1 BMWr.K/ˆqWAq .�/ and
W.�/ Š C ˝�1 WAq .�/, it follows that BMWr.K/ˆqWAq .�/ D WAq .�/ since
K˝Aq WAq .�/ and W.�/ have the same dimensions. This implies part (2).

The proof of parts (3) and (4) is essentially the same as that of Theorem 6.9 (2),
(4), and will be omitted. ut
Remark 7.10. (1) Although Theorem 7.9 has been stated over K, it is clear that the

statements (1)–(4) hold integrally, i.e. if we replace K by Aq and all K vector
spaces by the corresponding free Aq-modules.

(2) Note that (2) and (3) of Theorem 7.9 imply that ˆq.Lq.�// D 0 if and only
if � 2 ƒ0. This is because ˆq 2 Nq implies (by (3)) that ˆq acts trivially on
Lq.�/ for � 2 ƒ0, while (3) shows that ˆq.Lq.�// ¤ 0 for � 2 ƒ nƒ0.

The final result of this section is that to determine whether ˆq generates Nq , it
suffices to check the classical case.
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Proposition 7.11. With notation as in Theorem 7.9, if hˆi D P contains R, the
radical of Br .3/, then hˆqiBMWr .K/ D PK contains the radical RK ofBMWr.K/.
Proof. We have already noted that by [X, Theorem 3.11], BMWr.K/ is cellu-
lar, with the canonical anti-involution being defined by g�

i D gi and e�
i D ei .

It follows that ˆ�
q D ˆq , and hence that PK is a self-dual two-sided ideal of

BMWr.K/. Hence, we may apply Theorem 5.4 to deduce that PK � RK if and
only if PKWK.�/ D RK.�/ for each � 2 ƒ0, where ƒ0 is as in Theorem 7.9.

Now we are given that P � R, whence PW.�/ D R.�/, whereW.�/ D WC.�/,
etc. Write Pq WD hˆqiBMWr .q/.

Let � 2 ƒ0 and consider the Aq-submodule PqWAq .�/ of RAq .�/. For any
element r 2 RAq .�/, since 1 ˝�1 r 2 1 ˝�1 PqWAq .�/, there exist elements
r0 2 PqWAq .�/ and w D .q � 1/r1 2 .q � 1/WAq .�/ such that r D r0 C w. But
PqWAq .�/ � RAq .�/ by Theorem 7.9 (3), whence w 2 RAq .�/, and so evidently
r1 2 RAq .�/, since r1 has zero inner product with WAq .�/.

It follows that multiplication by q � 1 is an invertible endomorphism of the
quotient Rq.�/=PqWAq .�/, whence the latter is an Aq-torsion module. Hence
K˝�q .Rq.�/=PqWAq .�// D 0, i.e. RK.�/ D PKWK.�/. ut
Corollary 7.12. (1) With the above notation, if ˆ generates N then ˆq generates

NK.
(2) If r � 6, then ˆq generatesNK as an ideal of BMWr.K/.

The first statement is evident from Proposition 7.11, while the second follows
from the first, together with Theorem 6.12.

We end this section by noting that our results imply the quantum analogues of
the results of Sect. 6.

Corollary 7.13. (1) The algebra BMW4.K/ is semi-simple.
(2) The cell modules of BMW5.K/ are all simple except for those corresponding

to the partitions .2; 1/ and .13/, whose simple heads have dimensions 15; 6;
respectively.

(3) The cell modulesWK.13/ andWK.2; 1/ have two composition factors each.
(4) The radical of BMW5.K/ has dimension 239.

Proof. All statements are easy consequences of Proposition 7.1. For example, it
follows from loc. cit. (5) and (6) that if W �.�/ has just two composition factors,
then either Wq.�/ is irreducible, or it also has two composition factors, whose
dimensions are the same as those of W �.�/. This implies the statements (3)–(5)
above. ut

8 A BMW-Analogue of the Temperley–Lieb Algebra

Although implicit above, we complete this work with an explicit definition of our
analogue of the Temperley–Lieb algebra, together with some of its properties, as
well as some questions about it.
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Definition 8.1. Let Aq be the ring CŒq˙1; Œ3�q�1; .qCq�1/�1; .q2Cq�2/�1�. The
Aq-algebra Pr .q/ has generators fg˙1

i ; ei j i D 1; : : : ; r � 1g and relations given
by (4.14) together with ˆq D 0, where ˆq is the word in the generators defined in
(7.8). We reproduce the relations here for convenience.

gigj D gj gi if ji � j j � 2
gigiC1gi D giC1gigiC1 for 1 � i � r � 1
gi � gi�1 D .q2 � q�2/.1 � ei / for all i

giei D eigi D q�4ei
eig

˙1
i�1ei D q˙4ei

eig
˙1
iC1ei D q˙4ei

ˆq D aFqe2Fq � bFq � cFqe2e14Fq C dFqe1234Fq D 0;

where

fi D �gi � .1 � q�2/ei C q2;
Fq D f1f3;
e14 D g�1

3 g1e2g
�1
1 g3;

e1234 D e2g1g�1
3 g2g

�1
1 g3;

a D 1C .1 � q�2/2; Qa D 1C .1 � q2/2;
d D .q � q�1/2 D q2.a � 1/ D q�2. Qa � 1/;
b D 1C .1 � q2/2 C .1 � q�2/2;

c D 1C .2C q�2/.1 � q�2/2 C .1C q2/.1� q�2/4

.Œ3�q � 1/2 :

8.1 Properties of Pr.q/

Let 	q W Aq ,! K.D C.q
1
2 // be the inclusion map, and let 	1 W Aq�!C be

defined by 	1.q/ D 1. Write Pr .K/ WD K˝�q Pr.q/, and Pr .C/ WD C˝�1 Pr .q/.
Then there are surjective homomorphisms

�q W Pr .K/�!EndUq.sl2/Vq.2/
˝r ; and

� W Pr .C/�!Endsl2.C/V.2/
˝r ;

(8.1)

where V.2/ is the two-dimensional irreducible sl2.C/-module and Vq.2/ is its quan-
tum analogue.
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Moreover, it follows from Theorem 7.9 (4) and that Ker.�q/ is the radical of
Pr .K/, i.e. that EndUq .sl2/Vq.2/

˝r is the largest semi-simple quotient of Pr .K/. A
similar statement applies to Pr .C/.

8.2 Some Open Problems

We finish with some problems relating to Pr .q/.

(1) Determine whether Pr.q/ is generically semi-simple, in particular whether
Pr .K/ is semi-simple. By Proposition 7.11, this is true provided that Pr .C/ is
semi-simple. The latter algebra has been shown (Proposition 6.11) to be semi-
simple for r � 5 and the case r D 6 has been verified by computer.

(2) A question equivalent to (1) is to determine whetherPr .K/ has dimension given
by the formula (2.5). More explicitly, we know that

dimKPr .K/ �
 

2r

r

!

C
r�1
X

pD0

 

2r

2p

! 

2p

p

!

3p � 2r C 1
p C 1 ; (8.2)

with equality if and only if the ideal of BMWr.K/ which is generated by ˆq
contains the radical R.K/ of BMWr.K/.
We therefore ask whether equality holds in (8.2).

(3) Is Pr .q/ free as Aq-module?
(4) Determine whether Pr .q/ has a natural cellular structure.
(5) Generalise the program of this work to higher dimensional representations of

quantum sl2.

Finally, we note that an affirmative answer to Conjecture 6.7 implies an affirma-
tive answer to both (1) and (2) above.
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Abstract Let � be a homomorphism of the multiplicative group into a connected
reductive algebraic group over C. Let G� be the centralizer of the image �. Let LG
be the Lie algebra of G and let LnG (n integer) be the summands in the direct sum
decomposition of LG determined by �. Assume that n is not zero. For any G�-orbit
O in LnG and any irreducible G�-equivariant local system L on O we consider the
restriction of some cohomology sheaf of the intersection cohomology complex of
the closure of O with coefficients in L to another orbit O0 contained in the closure
of O. For any irreducible G�-equivariant local system L0 on O0 we would like to
compute the multiplicity of L0 in that restriction. We present an algorithm which
helps in computing that multiplicity.

Keywords Perverse sheaf � Graded Lie algebra � Canonical basis
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1 Introduction

Let .G; �/ be a pair consisting of a reductive connected algebraic groupG over C and
a homomorphism of algebraic groups � W C� ! G. The centralizer G� of �.C�/ in
G acts naturally (with finitely many orbits) on the n-eigenspace LnG of Ad.�.C�//
on the Lie algebra of G. (Here n 2 Z � f0g.) If O is a G�-orbit on LnG and L
is a G�-equivariant irreducible local system on O, then the intersection cohomol-
ogy complex K D IC. NO;L/ is defined and we are interested in the problem of
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computing, for any G�-orbit O0 contained in NO and any G�-equivariant irreducible
local system L0 on O0, the multiplicitymi IL;L0 of L0 in the local system obtained by
restricting to O0 the i th cohomology sheaf of K .

The main purpose of this paper is to give an algorithm to produce combinatori-
ally a square matrix whose entries are polynomials with coefficients given by the
multiplicitiesmi IL;L0 . Note that we do not have a purely combinatorial proof of the
fact that the algorithm does not break down. We can only prove that using geometry.
But this will not prevent a computer from carrying out the algorithm.

The method of this paper relies heavily on [L5] where many of the needed geo-
metric results are proved. Note that in [L5], another purely algebraic description of
the multiplicities above was obtained, which, however, did not provide an algorithm
for computing them.

While the existence of the algorithm above has an intrinsic interest, it also implies
(by results in [CG], [L2, 10.7]) a solution of a problem in representation theory,
namely that of computing the multiplicities with which simple modules of an affine
Hecke algebra appear in a composition series of certain “standard modules.”

At the same time, as a biproduct of the algorithm, we find a way to compute
the dimensions of weight spaces in certain standard modules over an affine Hecke
algebra, (see 5.6).

In Sect. 2, we describe the algorithm. In Sect. 4, we show (based on the geometric
preliminaries in Sect. 3) that the algorithm in Sect. 1 is correct and it indeed leads
to the desired matrix of multiplicities. In Sect. 5, we define among other things a
partial order on the set of isomorphism classes of irreducible G�-equivariant local
systems on the various orbits in LnG. In 5.7, we give a formulation of our results
in terms of a canonical basis and two PBW-bases which generalizes the theory of
canonical bases [L4] in the plus part of a quantized enveloping algebra of type An.

Notation. The cardinal of a finite set S is denoted by jS j.
Let A D ZŒv; v�1� where v is an indeterminate.
Let k be an algebraically closed field of characteristic p � 0. All algebraic vari-

eties are assumed to be over k.
We fix a prime number l invertible in k. Let NQl be an algebraic closure of the

field of l-adic numbers. We will say “local system” instead of “ NQl -local system.” If
F is an irreducible local system (or its isomorphism class) over a subvariety Y of
an algebraic variety X , we set SF D Y .

For a connected affine algebraic groupH , let UH be the unipotent radical of H ,
H D H=UH , LH the Lie algebra of H , and ZH the centre of H .

2 An Algorithm

2.1 Throughout this paper we assume that we are given a connected reductive alge-
braic group G and a homomorphism of algebraic groups � W k� ! G. We assume
that either p D 0 or p is sufficiently large (as in the last paragraph of [L5, 2.1 (a)]).



Graded Lie Algebras and Intersection Cohomology 193

We set G� D fg 2 GIg�.t/ D �.t/g 8t 2 k�g, a connected reductive subgroup of
G. We have LG DLn2ZLnG, where

LnG D fx 2 LGIAd.�.t//x D tnx 8t 2 k�g:

More generally, for any closed connected subgroup H of G that is normalized
by �.k�/, we set H � D H \ G�; we have LH D L

n2ZLnH where LnH D
LH \ LnG. For n 2 Z, the adjoint action of G on LG restricts to an action of G�

on LnG.

2.2 In the remainder of this paper, we fix a subset� of Z consisting of two non-zero
integers whose sum is 0. We assume that either p D 0 or � � .�p; p/.

We say that .G; �/ is rigid if for some/any n 2 � there exists a homomorphism
of algebraic groups � W SL2.k/ ! G such that �

�

tn 0
0 t�n

� D �.t2/ mod ZG
for any t 2 k�. In this case, let C �G be the nilpotent G-orbit in LG such that the
corresponding unipotent class in G contains �.u/ for any unipotent element u 2
SL2.k/� f1g.

Let P be the variety of parabolic subgroups ofG. Let P �DfP 2 P I �.k�/ � P g.
If P 2 P �, then � gives rise to a homomorphism

k� ! P , t 7! .image of �.t/ under P ! P /,
denoted again by �. Hence, LnP , P � are well defined in terms of this �; we have
LnP D LnP=LnUP .

2.3 Let T cu
G (resp. T pr

G ) be the set of isomorphism classes of G-equivariant irre-
ducible local systems on some nilpotent orbit in LG which are cuspidal (resp.
primitive) in the sense of [L1, 2.2] (resp. [L5, 2.7]).

We have T cu
G � T pr

G . The classification of local systems in T pr
G can be deduced

from the known classification of local systems in T cu
G . For example, if G is simple

of type E8, then T pr
G consists of two objects: one is in T cu

G and one is NQl over the
G-orbit f0g. Let

JG D f.P; E/IP 2 P �; E 2 T cu
P ; .P ; �/ is rigid; C �P D SEg:

Now G� acts on JG by g W .P; E/ 7! .gPg�1;Ad.g/ŠE/. Let J
G

be the set of
orbits of this action. Let KG be the Q.v/-vector space with basis .IS/S2J

G
.

For a connected affine algebraic group G, let XG be the variety of Borel sub-
groups of G and let rk.G/ be the dimension of a maximal torus of G. We set

eG D
X

j

dimH2j .XG; NQl/v
2j ; #G D .1 � v2/rk.G/eG 2 ZŒv2�:

If F 2 T pr
G and G is the connected centralizer in G of some element in SF , we set

rF D v� dimXGeG 2 A:
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2.4 Let Q 2 P �. Associating with the Q�-orbit of .P 0; E/ 2 JQ, the G�-orbit of
.P; E/ 2 JG (where P is the inverse image of P 0 under Q ! Q and P 0; P are

identified in the obvious way) defines a map aGQ W JQ
! J

G
. We define a Q.v/-

linear map f GQ W KQ ! KG by IS0 7! IaGQ.S0/ for any S0 2 J
Q

.

2.5 We define a map � W JG ! T pr
G by .P; E/ 7! F where F is as follows. We

choose a LeviM of P and identifyM with P in the obvious way. Then E becomes
a local system EM on a nilpotentM -orbitD in LM . Let C be the nilpotentG-orbit
in LG that contains D, and let F be the unique G-equivariant local system on C
such that F jD D EM . (See [L5, 2.7].) Then F 2 T pr

G is clearly independent of the
choice of M .

For F 2 T pr
G , let J F

G D ��1.F/. Then J F
G isG�-stable; let J F

G
be the set ofG�-

orbits on J F
G . We have a partition J

G
DFF J F

G
and a direct sum decomposition

KG D
M

F
KF
G ;

where F runs over T pr
G and KF

G is the subspace of KG spanned by fIS IS 2 J F
G
g.

For F 2 T pr
G , let Y F be the set of all ..P; E/; .P 0; E 0// 2 J F

G � J F�

G such that
P;P 0 have a common Levi. Now G� acts diagonally on Y F ; let Y F be the set of
orbits. Define � W Y F ! Z by

� 7! �.�/ D dim
LnUP 0 C LnUP
LnUP 0 \ LnUP � dim

L0UP 0 C L0UP
L0UP 0 \ L0UP ;

where ..P; E/; .P 0; E 0// is any element of the G�-orbit � and n 2 �. (The fact that
this definition is independent of the choice of n in � is seen as in [L5, 16.3].)

2.6 For .P; E/ 2 J F
G , we choose a Levi M of P that contains �.k�/; let QP be

the unique parabolic subgroup with Levi M such that P \ QP D M . We have
. QP ; QE/ 2 J F

G for a unique QE . Although QP is not uniquely defined by P , its G�-orbit
is uniquely defined by the G�-orbit of .P; E/ (since M is uniquely defined by P up
to the conjugation action of U �P ). Thus, .P; E/ 7! . QP ; QE/ induces a well defined
involution S 7! QS of J F

G .
Similarly, for ..P; E/; .P 0; E 0// 2 Y F , we choose a common Levi M of P and

P 0 that contains �.k�/ and let QP be the unique parabolic subgroup with LeviM such
that P \ QP D M . We have .. QP ; QE/; .P 0; E 0// 2 Y F for a unique QE . Again the G�-
orbit of .. QP ; QE/; .P 0; E 0// is uniquely defined by the G�-orbit of ..P; E/; .P 0; E 0//
(sinceM is uniquely defined byP;P 0 up to the conjugation action ofU �P\P 0

). Thus,
..P; E/; .P 0; E 0// 7! .. QP ; QE/; .P 0; E 0// induces a well defined involution � 7! Q�
of Y F . As in the proof of [L5, 16.4 (c)], we have

�.�/C �. Q�/ D cF (a)
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where

cF D dimLnG � dimL0G � dimLnP C dimL0P

for any .P; E/ 2 J F
G . (If .P; E 0/ is another pair in J F

G , then there exists an isomor-

phism P
��! P 0 which is compatible with � so that cF depends only on F ).

2.7 Let F 2 T pr
G . In (a) and (b) below, we give a “combinatorial” interpretation of

the sets J F
G

and Y F . We may assume that SF \LnG ¤ ;; otherwise both our sets
are empty.

LetM be the centralizer inG of some maximal torus of the connected centralizer
in G� of some element in SF \ LnG. Then �.k�/ � M and M is independent of
the choices (up to G�-conjugacy) since, by [L5, 14.5], SF \ LnG is a single G�-
orbit. Let X D fP 2 P IM is a Levi of P g. If P 2 X , then .P; E/ 2 J F

G for a
unique E , see [L5, 11.6 (c)]. We have an imbeddingX ! J F

G , P 7! .P; E/ and an
imbeddingX ! J F�

G , P 7! .P; E�/. LetNGM be the normalizer ofM in G. It is
known that the conjugation action of NGM=M on X is simply transitive. Note that
.NGM/�=M � is naturally a subgroup of NGM=M . We show:

(a) The map j1 W .set of .NGM/�=M �-orbits on X/! J F
G

induced by the imbed-
ding X ! J F

G is bijective;
(b) The map j2 W .set of .NGM/�=M �-orbits on X �X/! Y F .orbits for diago-

nal action/ induced by the imbedding X �X ! Y F is bijective.

Let .P; E/ 2 J F
G . We can find a LeviM 0 of P that contains �.k�/. Using [L5, 11.4],

we see that there exists g 2 G� such that gM 0g�1 DM . Then gPg�1 2 X . We see
that j1 is surjective.

Now let P;P 0 2 X be such that P 0 D gPg�1 for some g 2 G�. Then M
and M 0 D g�1Mg are Levi subgroups of P that contain �.k�/. There is a unique
u 2 UP such that uMu�1 D M 0. For any t 2 k�, we set u0 D �.t/u�.t/�1 2 UP ;
we have

M 0 D �.t/M 0�.t/�1 D u0.�.t/M�.t/�1/u0�1 D u0Mu0�1:

By the uniqueness of u, we have u0 D u. Thus u 2 U �P . Let g0 D gu. Then g0 2 G�,
P 0 D g0Pg0�1, M D g0�1Mg0. Thus, g0 2 .NGM/�. We see that j1 is injective.
This proves (a).

Let ..P; E/; .P 0; E 0// 2 Y F . We can find a common Levi M 0 of P;P 0 that con-
tains �.k�/. As in the proof of (a), we can find g 2 G� such that gM 0g�1 D M .
Then .gPg�1; gP 0g�1/ 2 X �X . We see that j2 is surjective.

Now let P;P1; P 0; P 0
1 in X be such that P 0 D gPg�1; P 0

1 D gP1g
�1 for some

g 2 G�. Then M and M 0 D g�1Mg are Levi subgroups of P \ P1 that contain
�.k�/. There is a unique u 2 UP\P1 such that uMu�1 D M 0. As in the proof of
(a), we see using the uniqueness of u that u 2 U �P\P1 . Let g0 D gu. Then g0 2 G�,
P 0 D g0Pg0�1, P 0

1 D g0P1g0�1, M D g0�1Mg0. Thus, g0 2 .NGM/�. We see that
j2 is injective. This proves (b).
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2.8 Define a symmetric Q.v/-bilinear form .W/ W KG �KG ! Q.v/ by setting (for
S 2 J F

G
, S 0 2 J F 0

G
):

.IS W IS0/ D 0 if F 0 ¤ F�;

.IS W IS0/ D #G�

#Z0P

X

�2YF

�1.�/DS;�2.�/DS0

.�v/�.�/ if F 0 D F�I

here 	1 W Y F ! J F
G

, 	2 W Y F ! J F 0

G
are the obvious projections and P 2 P is

such that .P; E/ 2 S for some E .
Let N W Q.v/ ! Q.v/ be the Q-algebra involution such that vm D v�m for all

m 2 Z. Define a Q-linear involution ˇ W KG ! KG by

ˇ.
IS/ D 
IS

for all 
 2 Q.v/;S 2 J
G

. Define a Q.v/-linear involution � W KF
G ! KF

G by
�.IS/ D I QS (see 2.6) for all S 2 J F

G
. From 1.6 (a), we see that for � 2 KF

G ,
� 0 2 KF 0

G , we have

.ˇ.�/ W ˇ.� 0// D .�v/cF .�.�/ W � 0/: (a)

Let

RG D f� 2 KG I .� W KG/ D 0g:
From (a) we see that ˇ.RG/ � RG . Clearly, if Q 2 P �, then for � 2 KQ we have

f GQ .ˇ.�// D ˇ.f GQ .�//: (b)

Moreover,

f GQ .RQ/ � RG : (c)

See 4.5 for a proof.

2.9 Let n 2 �. Let P 2 P � be such that .P ; �/ is rigid. We can find a Levi subgroup
M of P such that �.k�/ � M . Let s be the unique element in ŒLM;LM� such
that Œs; x� D mx for any m 2 Z, x 2 LmM . We have LG D L

r2.n=2/Z LrG
where LrG D fx 2 LGI Œs; x� D rxg and LG D L

r2.n=2/Z;t2ZL
r
tG where

LrtG D LrG \ LtG. We say that P (as above) is n-good if

LUP D
M

r2.n=2/Z;t2ZI2t=n<2r=nL
r
tG:

(This implies that
LM DLr2.n=2/Z;t2ZI2t=nD2r=nLrtG, LP DLr2.n=2/Z;t2ZI2t=n�2r=nLrtG.)

Note that the condition that P is n-good is independent of the choice of M .
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Let Pn be the set of all P 2 P � such that .P ; �/ is rigid and P is n-good. Let
P0
n D fP 2 PnIP ¤ Gg. Now G� acts on Pn;P

0
n by conjugation. Let P

n
;P0

n
be the sets of orbits of these actions. These are finite sets since G� acts with finitely
many orbits on P �. We have G 2 Pn if and only if .G; �/ is rigid. Hence, P0

n
D P

n

if .G; �/ is not rigid, P
n
D P0

n
t fGg if .G; �/ is rigid.

2.10 Let n 2 �. For 
 2 P
n
, we set

d� D dimL0G � dimL0P C dimLnP;

where P 2 
. For 
; 
0 2 P0
n

, we say that 
0 � 
 if d�0 < d� . We say that 
0 	 
 if
either 
 D 
0 or 
0 � 
. Now 	 is a partial order on P0

n
.

2.11 Our goal is to define subsets Z�n ofKG (for n 2 � and 
 2 P
n

). The definition
of these subsets is inductive and is based on a number of lemmas which will be
verified in Sect. 4 (where we assume, as we may, that k is an algebraic closure of a
finite field). If G is a torus, then 
 must be fGg and Z�n consists of the unique basis
element of KG . We now assume that G is not a torus, and that the subsets Z�n are
already defined when G is replaced by any P with P 2 P0

n.
Our definition is based on the following scheme:

(i) We first define Z�n in the case where 
 2 P0
n

by

Z�n D f GP .ZfP g
n /;

where P 2 
 and f GP is as in 2.4. (Note that ZfP g
n � KP is defined by the

inductive assumption.) We set

Z 0
n D

[

�2P0

n

Z�n :

(ii) Using (i), we define elementsW �
n for any � 2 Z 0

n by a procedure similar to the
definition of the “new” basis of a Hecke algebra. (See 2.13.)

(iii) Using (i) and (ii) for n and �n, we define Z�n for 
 2 P
n
�P0

n
. (See 2.18.)

Lemma 2.12 Let n 2 �.

(a) If 
 2 P0
n

and P 2 
, the map ZfP g
n ! Z�n given by � 7! f GP .�/ is bijective.

(b) The union
S

�2P0

n
Z�n is disjoint.

(c) In the setup of (a), let � 0 2 Z 0
n .relative to P instead of G/. Then f GP .�

0/ is an

A-linear combination of elements in various Z�0

n .with 
0 2 P0
n

, 
0 � 
/ plus
an element of RG .

(d) In the setup of (a) let �0 2 ZfP g
n . Then ˇ.�0/ � �0 is an A-linear combination

of elements in Z 0
n .relative to P / plus an element of RP .

(e) The matrix with entries .� W � 0/ 2 Q.v/ indexed by Z 0
n �Z 0

n is non-singular.

See 4.6, 4.7 for a proof.
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2.13 Let n 2 �. We show that for any � 2 Z 0
n, we have

ˇ.�/ D
X

�12Z 0

n

a�;�1�1 mod RG ; (a)

where a�;�1 2 A are uniquely determined and satisfy the following conditions
(where 
; 
1 are given by � 2 Z�n ; �1 2 Z�1n ):

a�;�1 ¤ 0 implies 
1 � 
 or � D �1I
a�;�1 D 1 if � D �1:

We have � D f GP .�0/, where �0 2 ZfP g
n (notation of 1.11 (i)). We express ˇ.�0/��0

as in 1.12 (d). Applying f GP and using 1.12 (c), 1.8 (d) and 1.8 (c), we deduce that
(a) holds except perhaps for the uniqueness statement. To show the uniqueness, we
note that the a�;�1 are determined from the system of linear equations

.ˇ.�/ W �2/ D
X

�12Z0

n

.�1 W �2/a�;�1

(with �2 2 Z 0
n), whose matrix of coefficients is invertible by 1.12 (e).

Using the equality ˇ2 D 1 W KG ! KG and the inclusion ˇ.RG/ � RG (see
2.8), we see that for any �; �1 in Z 0

n we have
X

�22Z 0

n

a�;�2a�2;�1 D ı�;�1 :

Using a standard argument, we see that there is a unique family of elements c�;�1 2
ZŒv� (defined for �; �1 2 Z 0

n) such that for any �; �1 2 Z 0
n with � 2 Z�n , �1 2 Z�1n ,

we have

c�;�1 D
X

�22Z 0

n

c�;�2a�2;�1 I

c�;�1 ¤ 0 implies 
1 � 
 or� D �1I
c�;�1 ¤ 0; � ¤ �1 implies c�;�1 2 vZŒv�I
c�;�1 D 1 if� D �1:

For � 2 Z 0
n, we set W �

n DP�12Z 0

n
c�;�1�1. Then ˇ.W �

n / D W �
n mod RG .

2.14 Until the end of 2.16, we assume that .G; �/ is rigid. For any F 2 T pr
G such

that SF D C �G, we set SF D ��1.F/ which, by [L5, 11.9], is a single G�-orbit JG
(� as in 2.5). Let

C0 D fr�1
F ISF IF 2 T pr

G ; SF D C �Gg � KG I
here rF 2 A is as in 2.3.

2.15 Let n 2 �. For any x 2 KG , we define Yn.x/ 2 KG by the conditions

.Yn.x/ W Z 0
n/ D 0; x D Yn.x/C

X

�2Z 0

n

���
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with �x 2 Q.v/. The coefficients �� are determined from the system of linear
equations

X

�2Z 0

n

.� W � 0/�� D .x W � 0/

with � 0 2 Z 0
n, whose matrix of coefficients is invertible by 1.12 (e). Let

J�n D f�0 2 Z 0�nIYn.W �0�n/ … RGg

and let Cn be the image of the map J�n ! KG , �0 7! Yn.W
�0�n/. This can be

regarded as a surjective map hn W J�n ! Cn.

Lemma 2.16 hn is bijective.

See 4.10 for a proof.

Lemma 2.17 For n 2 �, the union Z 0
n [ Cn [ C 0 is disjoint.

See 4.11 for a proof.

2.18 If .G; �/ is not rigid, then P
n
D P0

n
and the definition of the subsets Z�n

(
 2 P
n
) is complete. If .G; �/ is rigid and n 2 �, we set ZfGg

n D Cn [ C 0. By 2.17,

this union is disjoint. The definition of the subsets Z�n (
 2 P
n
) is complete.

We set Zn D Z 0
n if .G; �/ is not rigid and Zn D Z 0

n [ ZfGg
n if .G; �/ is rigid. By

2.17, the last union is disjoint.

2.19 For n 2 � and � 2 Zn, we define an element W �
n as follows. When � 2 Z 0

n,

this is already defined in 2.13. When .G; �/ is rigid, we setW �
n D W h�1

n .�/
�n if � 2 Cn

and W �
n D � if � 2 C0.

We now define a matrix .c�;�0/ with entries in Q.v/ indexed by Zn � Zn by the
following requirements:

When �; � 0 2 Z 0
n, then c�;�0 are as in 2.13.

When � 2 Z 0
n; �

0 … Z 0
n, then c�;�0 D 0.

When � … Z 0
n; �

0 … Z 0
n, then c�;�0 D ı�;�0 .

When � … Z 0
n, then c�;�0 for � 0 2 Z 0

n are determined by the system of linear

equations .W �
n W � 00/ D P

�02Z 0

n
.� 0 W � 00/c�;�0 (with � 00 2 Z 0

n) whose matrix of
coefficients has invertible determinant.

Note that for any � 2 Zn we have

W �
n D

X

�02Zn
c�;�0� 0: (a)

Lemma 2.18 Let n 2 �. Let S 2 J
G

. There exist eS;� 2 A .for � 2 Zn/ and
r 2 RG such that IS DP�2Zn eS;�� C r .

See 4.14 for a proof.
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3 Geometric Preliminaries

3.1 In this section, we assume that k is an algebraic closure of the finite field Fp
with jFpj D p. For q 2 fp; p2; : : : g, let Fq be the subfield of k with jFqj D q.
If X is an algebraic variety, we denote by D.X/ the bounded derived category of
(constructible) NQl -sheaves on X . For K 2 D.X/, let HiK be the i th cohomology
sheaf of K . For n 2 Z, let NQl.n=2/ be as in the Introduction to [L8]. We write
KŒŒn=2�� instead of KŒn�˝ NQl.n=2/. We fix a square root

p
p of p in NQl . If q D

pe.e 2 N/, we set
p
q D .

p
p/e . We shall assume that Frobenius relative to Fq

acts on NQl.n=2/ as multiplication by .
p
q/�n.

For a connected affine algebraic group G, we have

#G jvD�1=pq D jLG.Fq/j�1jG.Fq/j

for any Fq-rational structure on G such that G is Fq-split; here #G is as in 2.3.
Define ! W k ! k by x 7! xp � x. Let U be a local system of rank 1 on k

such that U ˚ NQl is a direct summand of !Š NQl . Let E;E 0 be two k-vector spaces
of the same dimension < 1 and let � W E � E 0 ! k be a perfect bilinear pairing.
Let s W E � E 0 ! E , s0 W E � E 0 ! E 0 be the projections. Recall that the
Fourier–Deligne transform is the functorD.E/! D.E 0/ given byA 7! s0

Š
.s�.A/˝

��U/ŒŒdimE=2��.
We fix a perfect symmetric bilinear pairing h; i W LG � LG ! k, which is

invariant under the adjoint action of G.
In this section, we fix n 2 �. For any G�-orbit O on LnG, let NO be the closure

of O in LnG. The naturalG�-action on LnG has only finitely many orbits [L5, 3.5].

Let
ı
LnG be the unique open G�-orbit on LnG.

3.2 Let V be an algebraic variety with a given family f of simple perverse sheaves
with the following property: any complex in f comes from a mixed complex on V
relative to a rational structure on V over some Fq . Let Df.V / be the subcategory of
D.V / whose objects are complexes K such that for any j , any composition factor
of pH j .K/ is in f. Let Kf.V / be the free A-module with basis Bf.V / given by the
isomorphism classes of simple perverse sheaves in f. Let K be an object of Df.V /

with a given mixed structure relative to a rational structure of V over some Fq .
We set

gr.K/ D
X

A

X

j;h2Z

.�1/j .mult. of A in pH j .K/h/.�v/�hA 2 Kf.V /;

where A runs over a set of representatives for the isomorphism classes in f and the
subscript h denotes the subquotient of pure weight h of a mixed perverse sheaf. (This
agrees with the definition in [L7, 36.8] after the change of variable v 7! .�v/�1.)
Note that gr.KŒŒm=2��/ D vmgr.K/ for m 2 Z.

Now let V1 be another algebraic variety with a given family f1 of simple perverse
sheaves like f for V . Then Df1.V1/ is defined. Assume that we are given a functor
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‚ W D.V / ! D.V1/ which restricts to a functor Df.V / ! Df1.V1/. Assume also
that ‚ is a composition of functors of the form aŠ; a

� induced by various maps
a between algebraic varieties. In particular, ‚ preserves the triangulated structures
and makes sense also on the mixed level. Define an A-linear map gr.‚/ W Kf.V /!
Kf1.V1/ by the following requirement: if A 2 f is regarded as a pure complex of
weight 0 (relative to a rational structure of V over some Fq), then gr.‚/.A/ D
gr.‚.A// where‚.A/ is regarded as a mixed complex on V1 (with mixed structure
defined by that of A). Note that gr.‚/.A/ does not depend on the choice of mixed
structure. If ‚0 W D.V1/! D.V2/ is another functor like ‚, then so is ‚0‚ and we
have

gr.‚0‚/ D gr.‚0/gr.‚/: (a)

3.3 For an algebraic variety V with a fixed rational structure over some Fq and a
mixed complexK on V , we define a function �K W V.Fq/! NQl by

�K.x/ D
X

j

.�1/j .trace of Frobenius on Hj
x.K//:

3.4 Let QILnG be the collection consisting of all irreducible G�-equivariant local
systems on variousG�-orbits inLnG. Let ILnG be the set of all isomorphism classes
of irreducible G�-equivariant local systems on various G�-orbits in LnG. For L 2
QILnG , � 2 ILnG , we write L 2 � instead of “� is the isomorphism class of L.”

For L 2 � (as above), we say that L or � is cuspidal (resp. semicuspidal) if .G; �/

is rigid, S� D
ı
LnG and there exists F 2 T cu

G (resp. F 2 T pr
G ) such that

ı
LnG � SF ,

L Š F jS� .
On the other hand, if F 2 T cu

G and SF \ LnG ¤ ;, then .G; �/ is rigid and
F j ı
LnG

is irreducible, cuspidal in ILnG . (See [L5, 4.4].)

We write K.LnG/, B.LnG/ instead of Kf.LnG/, Bf.LnG/ (see 3.2) where
f is the family of simple G�-equivariant perverse sheaves on LnG. The notation
K.LnG/, B.LnG/ agrees with that in [L5, 3.9].

For � 2 ILnG , we set �� D IC. NS�;L/ŒŒdim S�=2�� (extended by 0 onLnG� NS�)
where L 2 �. We have B.LnG/ D f��I � 2 ILnGg. We set

B.LnG/ D f�I � 2 ILnGg:

We define a Z-linear involution ˇ W K.LnG/! K.LnG/ by ˇ.vm��/ D v�m��
form 2 Z, � 2 ILnG .

We choose a rational structure for G over some Fq with Frobenius map F W
G ! G such that �.tq/ D F.�.t// for any t 2 k�, such that any G�-orbit in
LnG or L�nG is defined over Fq and such that any irreducibleG�-equivariant local
system over such an orbit admits a mixed structure. Then G� is defined over Fq .
We assume as we may that G � is Fq-split, and any connected component of P � is
defined over Fq .
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Let � 2 ILnG and let L 2 �. Let i W S� ! LnG be the inclusion. We choose a
mixed structure for L which is pure of weight 0. Then iŠLŒŒdimS�=2�� is naturally a
mixed complex on LnG and

� WD gr.iŠLŒŒdimS�=2��/ 2 K.LnG/

is defined as in 3.2. It is independent of the choice of rational/mixed structures.
Using the definitions and the purity statement in [L5, 18.2], we see that

�� D
X

�02ILnG

f�;�0�0; (a)

where we have (in ZŒv�):

f�;�0 D
X

i 0

.mult.of �0 in the local system Hi 0IC. NS� ;L/jS�0

/vdimS��dimS�0 �i 0

if S�0 � NS� ,

f�;�0 D 0 if S�0 6� NS� :

In particular,

f�;� D 1;
f�;�0 D 0ifS�0 D S� ; �0 ¤ �;
f�;�0 2 vZŒv�if �0 ¤ �:

We see that the B.LnG/ is an A-basis of K.LnG/.
3.5 Induction Let P 2 P �. Then K.LnP / is defined as in 3.4 (in terms of P ; �
instead of G; �). Now P � and its subgroup U �P act freely on G� � LnP by y W
.g; x/ 7! .gy�1;Ad.y/x/; we form the quotients E 0 D G� �U �P LnP , E 00 D
G� �P � LnP . Let 	 W LnP ! LnP be the canonical map. We have a diagram:

LnP
a � E 0 b�! E 00 c�! LnG;

where a.g; x/ D 	.x/, b.g; x/ D .g; x/, c.g; x/ D Ad.g/x.
Note that a is smooth with connected fibres of dimension s D dimL0P C

dimLnUP , b is a principal P �-bundle and c is proper.
LetA be a simple P �-equivariant perverse sheaf on LnP . There is a well defined

simple perverse sheaf QA on E 00 such that

a�AŒŒs=2�� D b� QAŒŒdimP �=2��:
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Moreover, if we regard A as a pure complex of weight zero (relative to a rational
structure over some Fq), then QA is naturally pure of weight zero and cŠ QA is nat-
urally a mixed complex whose perverse cohomology sheaves are G�-equivariant.
Hence gr.cŠ QA/ 2 K.LnG/ is well defined; it is independent of the choice of mixed
structure for A. Now A 7! gr.cŠ QA/ defines an A-linear map

indGP W K.LnP/! K.LnG/:

3.6 Now assume that A D IC.LnP ;L/ŒŒdimLnP=2�� where L 2 QILnP is cuspi-
dal. Let

PLnG D f.gP �; z/ 2 G�=P � � LnGIAd.g�1/z 2 	�1.
ı
LnP /g:

We have a diagram

ı
LnP

Qa � f.g; z/ 2 G� � LnGIAd.g�1/z 2 	�1.
ı
LnP/g

Qb�! PLnG Qc�! LnG

with
Qa.g; z/ D 	.Ad.g�1/z/; Qb.g; z/ D .gP �; z/; Qc.gP �; z/ D z:

Let PL be the local system on PLnG defined by Qa�L D Qb� PL. Using [L5, 4.4 (b)], we
see as in [L5, 6.6] that cŠ QA D QcŠ PLŒŒdimL0UP=2C dimLnP=2��. If L is regarded
as a pure local system of weight zero (relative to a rational structure over some Fq),
then PL; A; QA are naturally mixed of weight zero and in K.LnG/ we have

gr.cŠ QA/ D gr
�

QcŠ PL
��

dimL0UP
2

C dimLnP

2

���

D vdimL0UPCdimLnPgr.c0
Š
PL/:

3.7 We now fix P;P 0 2 P �. Let L 2 QILnP (resp. L0 2 QILnP 0 ) be cuspidal. Let

A D IC.LnP ;L/ŒŒdimLnP=2�� 2 D.LnP /;
A0 D IC.LnP 0;L0/ŒŒdimLnP

0=2�� 2 D.LnP 0/:

Let PLnG; PL; Qc; c; 	 be as in 3.5, 3.6, and let PL0
nG;
PL0; Qc0; c0; 	 0 be the analogous

entities defined in terms of P 0;L0.
Let R D fh 2 G�IhPh�1 and P 0 have a common Levig. For h 2 R, we set

Q D hPh�1; we have isomorphisms

P
d�! Q

e � .Q \ P 0/=UQ\P 0

f�! P 0

(d is induced by Ad.h/, e and f are induced by the inclusions Q \ P 0 � Q,
Q \ P 0 � P 0). Then fe�1d W P ! P 0 is an isomorphism compatible with
the homomorphisms � W k� ! P ; � W k� ! P 0. It induces a Lie algebra iso-

morphism LP
��! LP 0 compatible with the gradings, hence an isomorphism

ı
LnP

��! ı
LnP

0. This carries L to a local system hL on
ı
LnP

0. We set
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�.h/ D dim
LnUP 0 CAd.h/.LnUP /

LnUP 0 \ Ad.h/.LnUP /
� dim

L0UP 0 CAd.h/.L0UP /

L0UP 0 \ Ad.h/.L0UP /
:

Let R0 be the set of all h 2 R such that hL Š L0�. Note that R andR0 are unions
of .P 0�; P �/-double cosets inG�, and that �.h/ depends only on the .P 0�; P �/-double
coset � that contains h; we shall write also �� instead of �.h/.

3.8 In the setup of 3.7, we choose a rational structure for G over some Fq with
Frobenius map F W G ! G as in 3.4. We assume as we may that F.P / D P ,
F.P 0/ D P 0 and that F �L Š L, F �L0 Š L0.

For various varieties X connected with G which inherit an Fq-rational structure
from G, we shall write XF instead of X.Fq/.

We may assume that L;L0 have mixed structures such that all values of �L W
.

ı
LnP /

F ! NQl , �L0 W . ı
LnP

0/F ! NQl are roots of 1. Then L;L0; A;A0 are pure of
weight 0. Note that PL; PL0; QcŠ PL; Qc0

Š
QL0; QA; QA0; cŠ QA; c0

Š
QA0 hence also QcŠ PL ˝ Qc0

Š
QL0, cŠA ˝

c0
Š
QA0 are naturally mixed complexes. We have

�
cŠ QA D .

p
q/� dimL0UP�dimLnP�QcŠ PL; �

c0

Š
QA0
D .pq/� dimL0UP 0 �dimLnP 0

�Qc0

Š
PL0
:

Lemma 3.9 We have

X

x2.LnG/F
�cŠ QA˝c0

Š
QA0
.x/ D

�

#G�

#Z0P

X

�

��.�v/��
�ˇ

ˇ

ˇ

ˇ

vD�1=pq
: (a)

Here � runs over the P 0�; P �-double cosets in G� such that � � R0 and �� are
roots of 1. Note that #G�

#
Z0
P

2 ZŒv2�.

Let N be the left hand side of (a). We have

N D .pq/$
X

x2.LnG/F
�QcŠ PL˝Qc0

Š
QL0
.x/ D .pq/$

X

x02XF
� PL� PL0

.x0/;

where
$ D � dimL0UP � dimLnP � dimL0UP 0 � dimLnP 0;

X D PLnG �LnG PL0
nG D f.gP �; g0P 0�; z/ 2 G�=P � �G�=P 0� �LnGI

Ad.g�1/z 2 	�1.
ı
LnP /;Ad.g0�1/z 2 	 0�1.

ı
LnP

0/g:

We have a partition X D F

�X� into locally closed subvarieties indexed by the
various .P 0�; P �/-double cosets � in G�, where

X� D f.gP �; g0P 0�; z/ 2 G�=P � �G�=P 0� �LnGI
g0�1g 2 �;Ad.g�1/z 2 	�1.

ı
LnP /;Ad.g0�1/z 2 	 0�1.

ı
LnP

0/g:
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(There are only finitely many such � since P 0�; P � are parabolic subgroups of
G�.) From our assumptions, we see that each � is defined over Fq . We have
N DP�N�, where

N� D .pq/$
X

.gP �;g 0P 0�;z/2XF
�

� PL.gP
�; z/� PL0

.g0P 0�; z/:

We fix an � as above. Now G�F acts on . PLnG/F by Qg W .gP �; z/ 7!
. QggP �;Ad. Qg/z/, and from the definitions we see that � PL is constant on the or-
bits of this action. A similar property holds for � PL0

. It follows that the function

XF� ! NQl ; .gP �; g0P 0�; z/ 7! � PL.gP
�; z/� PL0

.g0P 0�; z/

is constant on the orbits of the G�F -action on XF� given by

Qg W .gP �; g0P 0�; z/ 7! . QggP �; Qgg0P 0�;Ad. Qg/z/:

Since ˛ W XF� ! .G�=P 0�/F , .gP �; g0P 0�; z/ 7! g0P 0� is compatible with the
obvious actions ofG�F and since theG�F -action on .G�=P 0�/F is transitive, we see
that for y 2 .G�=P 0�/F , the sum

X

.gP �;g 0P 0�;z/2˛�1.y/

� PL.gP
�; z/� PL0

.g0P 0�; z/

is independent of the choice of y. It follows that N� D .
p
q/$ j.G�=P 0�/F jN 0

�,
where

N 0
� D

X

.gP �;z/2. PLnG/F I
z2� 0�1.

ı

LnP/;g2�

� PL.gP
�; z/�L0.	 0.z//:

(We have used that � PL0
.P 0�; z/ D �L0.	 0.z// which follows from the definitions.)

We set

Y� D f.gP �; z/ 2 G�=P � �LnP 0IAd.g�1/z 2 	�1.
ı
LnP /; g 2 �g:

Define � W Y� ! LnP
0 by �.gP �; z/D	 0.z/. ThenN 0

�D
P

�2. ı

LnP
0/F
N 00
�.�/�L0.�/,

where
N 00
�.�/ D

X

.gP �;z/2	�1.�/F

� PL.gP
�; z/:

LetK� D �Š. PLjY�/. This is naturally a mixed complex over LnP 0, and we have

N 00
�.�/ D �K� .�/ for � 2 . ı

LnP
0/F . If we assume that hPh�1 \ P 0 contains no

Levi of hPh�1 for some/any h 2 �, then we have K� D 0 (see [L5, 8.4 (b)]);

hence �K� D 0 and N 00
�.�/ D 0 for any � 2 . ı

LnP
0/F . It follows that N 0

� D 0,
hence N� D 0.
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On the other hand, if we assume that hPh�1 \ P 0 contains no Levi of P 0 for
some/any h 2 �, then we have again N� D 0. (This follows from the previous
paragraph applied to P;P 0; ��1 instead of P 0; P;�.)

Assume that � is not as in the previous two paragraphs. Thus, setting Q D
hPh�1 for some h 2 �F , the intersection Q \ P 0 contains a Levi of Q and also
a Levi of P 0; it follows that Q;P 0 have a common Levi. We have F.Q/ D Q and
Q 2 P �. We have isomorphisms

P
d�! Q

e � .Q \ P 0/=UQ\P 0

f�! P 0

(d is induced by Ad.h/, and e and f are induced by the inclusions Q \ P 0 � Q,
Q \ P 0 � P 0). Then fe�1d W P ! P 0 is an isomorphism compatible with
the homomorphisms � W k� ! P ; � W k� ! P 0. It induces a Lie algebra iso-

morphism LP
��! LP 0 compatible with the gradings, hence an isomorphism

ı
LnP

��! ı
LnP

0. This carries L to a mixed local system hL on
ı
LnP

0. By [L5,
8.4 (a)] and its proof [L5, 8.8], in which Tate twists must be also taken in account,
we see that K�j ı

LnP
0

D hLŒŒ�ı��� where

ı� D dimL0UP 0 � dim.L0UP 0 \L0UQ/C dim.LnUP 0 \LnUQ/
and K�j

LnP
0� ı

LnP
0

D 0. We see that

N 0
� D qı�

X

�2. ı

LnP
0/F

�hL.�/�L0 .�/ D qı�
X

�2. ı

LnP
0/F

�hL˝L0.�/: (b)

If hL 6Š L0�, then hL˝L0 has no direct summandŠ NQl ; hence by an argument as

in [L6, 23.5] we haveH j
c .

ı
LnP

0; hL˝L0/ D 0 for any j ; it follows that the last sum
is 0 so thatN 0

� D 0. (To use [L6, 23.5] we need to know that the transitive action of

P 0�=Z0
P 0

on
ı
LnP

0 has isotropy groups with unipotent identity components; in fact,
in our case the isotropy groups are finite as we can see from [L5, 4.4, 2.5 (a)].) It
follows that N� D 0.

We now assume that hL Š L0�. Then hL ˝ L0 has a unique direct summand
isomorphic to NQl , and Frobenius acts on the stalk of this direct summand at any

point in
ı
LnP

0F as multiplication by a root of unity �.h/. By an argument in [L6,
24.14], we see that

X

�2 ı

LnP
0F

�hL˝L0.�/ D �.h/jP 0�F jjZ0F
P 0
j�1:

Hence, N� D �.h/.pq/$C2ı� j.G�=P 0�/F jjP 0�F =Z0F
P 0
j that is,

N� D �.h/.pq/$C2ı��2 dimL0UP 0 jG�F jjZ0F
P 0
j�1: (c)
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We set

s0 D dimL0UP D dimL0UQ; s0
0 D dimL0UP 0 ;

sn D dimLnUP D dimLnUQ; s0
n D dimLnUP 0;

t 00 D dim.L0UP 0 \ L0UQ/; t 0n D dim.LnUP 0 \ LnUQ/;
r0 D dim.L0UP 0 C L0UQ/; rn D dim.LnUP 0 C LnUQ/:

We have r0 C t 00 D s0 C s0
0, rn C t 0n D sn C s0

n.
SinceQ�; P 0� are parabolic subgroups of G� with a common Levi, we have s0 D

s0
0. Let z D dimZ0P D dimZ0

P 0
. Let g D dimG�. Since the action of P �=Z0P on

LnP has an open orbit with finite stabilizers, we have dimLnP D dimP � � z.
Moreover, dimP � D dimG��2 dimU �P D g�2s0. Thus, dimLnP D g� z�2s0.
Similarly, dimLnP 0 D g�z�2s0 . We have dimLnP D dimLnP CdimLnUP D
g� z�2s0C sn. Similarly, dimLnP 0 D g� z�2s0C s0

n. We see that the exponent
of
p
q in (c) is

$ C 2ı� � 2 dimLnUP 0

D �s0 � .g � z � 2s0 C sn/ � s0 � .g � z � 2s0 C s0
n/ � 2t 00 C 2t 0n

D 2.s0 � t 00/ � .sn C s0
n � 2t 0n/� 2gC 2z

D .r0 � t 00/ � .rn � t 0n/ � 2gC 2z

D ��� � 2g C 2z:

Thus, we have

N� D �.h/.pq/��� jG
�F jq�g

jZ0F
P 0
jq�z

:

The lemma follows.

3.10 Let f2 be the family f NQlg of simple perverse sheaves on a point. Write
K.point/ instead of Kf2.point/. We identify K.point/ D A in an obvious way. De-
fine an A-bilinear pairing

.W/ W K.LnG/ �K.LnG/! A
by the requirement that if K;K 0 are simple G�-equivariant perverse sheaves on
LnG, we have

.K W K 0/ D gr.
Ši�.K �K 0// 2 A; (a)

where K;K 0 are regarded as pure complexes of weight zero (relative to a rational
structure over some Fq), i W LnG ! LnG � LnG is the diagonal and 
 W LnG !
point is the obvious map (so that 
Ši�.K � K 0/ is a mixed complex). Note that
.K W K 0/ does not depend on the choices, hence it is well defined.

3.11 Let P;P 0 2 P �. Let V D .G��P �LnP/�.G��P 0�LnP
0/, V1 D LnG�LnG,

V2 D point. Let f be the family of simple perverse sheaves on V of the form QA� QA0
where QA is defined in terms of a simple P �-equivariant perverse sheaf A on LnP
as in 3.5 and QA0 is defined in a similar way in terms of A0, a simple P 0�-equivariant
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perverse sheaf onLnP
0. Let f1 be the family of simpleG��G�-equivariant perverse

sheaves on V1. Let f2 be as in 3.10. Let ‚ D .c; c0/Š W D.V / ! D.V1/ where
c W G� �P � LnP ! LnG is as in 3.5 and c0 W G� �P 0� LnP

0 ! LnG is the
analogous map. Let ‚0 D 
Ši� W D.V1/! D.V2/ with 
; i as in 3.10. Then 2.2 (a)
is applicable. Thus, we have gr.
Ši�.c; c0/Š/ D gr.
Ši�/gr..c; c0/Š/. IfA;A0; QA; QA0
are as above, then

.indGP .A/ W indGP 0
.A0// D gr.
Ši�/gr..c; c0/Š/. QA� QA0/;

hence
.indGP .A/ W indGP 0

.A0// D gr.
Ši�.c; c0/Š/. QA� QA0/: (a)

We apply this to A;A0; QA; QA0 as in 3.8. We choose an Fq-rational structure onG and
mixed structures on A;A0 as in 3.8. From (a) we see that

.indGP .A/ W indGP 0
.A0// D

X

j;h2Z

dj;h.�1/j .�v/�h;

where dj;h D dimH j
c .LnG; cŠ QA˝ c0

Š
QA0/h and the subscript h denotes the subquo-

tient of pure weight h of a mixed vector space. Let f�j;hIkI k 2 Œ1; dj;h�g be the
eigenvalues of the Frobenius map onH j

c .LnG; cŠ QA˝ c0
Š
QA0/h. By the Grothendieck

trace formula for the sth power of the Frobenius map (s 2 Z>0) we have

X

j;h2Z

X

k2Œ1;dj;h

.�1/j�sj;h;k D

X

x2LnG.Fqs /
�
cŠ QA˝c0

Š
QA0
.x/

(in the right hand side � is taken relative to Fqs ). Using Lemma 3.9 and its proof
(with q replaced by qs), we deduce

X

j;h2Z

X

k2Œ1;dj;h

.�1/j�sj;h;k D

X

�2R0

0

@

X

i2Œ1;u

q�sai �

X

i 02Œ1;u0


q�sbi 0
1

A

X

�

�s�.
p
q/�s�� :

Here we write

#G�=#Z0P
D

X

i2Œ1;u

v2ai �

X

i 02Œ1;u0


v2bi 0

with a1; a2; : : : ; au; b1; b2; : : : ; bu0 in N. We can find some integer m � 1 such that
�m� D 1 for any � 2 R0. Then for any s 2 mZ>0, we have

X

j;h2Z
j even

X

k2Œ1;dj;h

�sj;h;k C

X

�2R0

X

i 02Œ1;u0


.
p
q/�2sbi 0 �s��

D
X

j;h2Z
j odd

X

k2Œ1;dj;h

�sj;h;k C

X

�2R0

X

i2Œ1;u

.
p
q/�2sai�s�� :
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It follows that the multisets
[

j;h2Z
j even

[

k2Œ1;dj;h

f�j;h;kg [

[

�2R0

[

i 02Œ1;u0


f.pq/�2bi 0 ���g;

[

j;h2Z
j odd

[

k2Œ1;dj;h

f�j;h;kg [

[

�2R0

[

i2Œ1;u

f.pq/�2ai���g

coincide. Hence for any h 2 Z, these two multisets contain the same number of
elements � of weight h (i.e., such that any complex absolute value of � is .

p
q/h).

Since �j;h;k has weight h, we see that for any h we have
X

j22Z

dj;h C jf.�; i 0/ 2 R0 � Œ1; u0�I �2bi 0 � �� D hgj

D
X

j22ZC1
dj;h C jf.�; i/ 2 R0 � Œ1; u�I �2ai � �� D hgj:

It follows that

X

j;h2ZIj even

dj;h.�v/�h C
X

�2R0

X

i 02Œ1;u0


v2bi 0 .�v/��

D
X

j;h2ZIj odd

dj;h.�v/�h C
X

�2R0

X

i2Œ1;u

v2ai .�v/�� :

Equivalently,
X

j;h2Z

dj;h.�1/j .�v/�h D #G�

#Z0P

X

�2R0

.�v/�� ;

that is,

.indGP .A/ W indGP 0
.A0// D #G�

#Z0
P

X

�2R0

.�v/�� : (b)

3.12 The perfect pairing h; i W LG �LG ! k (see 3.1) restricts to a perfect pairing
LnG � L�nG ! k denoted again by h; i. Note that hAd.g/x;Ad.g/x0i D hx; x0i
for x 2 LnG, x0 2 L�nG, g 2 G�. The Fourier–Deligne transform D.LnG/ !
D.L�nG/ (defined as in 3.1 in terms of h; i) takes a simple G�-equivariant per-
verse sheaf A onLnG to a simpleG�-equivariant perverse sheafˆGn .A/ (orˆn.A/)

on L�nG. Moreover A 7! ˆn.A/ defines a bijection B.LnG/
��! B.L�nG/,

and this extends uniquely to an isomorphism ˆn W K.LnG/ ��! K.L�nG/ of A-
modules. From [L5, 3.14 (a)], we see that this is the inverse of the isomorphism

ˆ�n W K.L�nG/
��! K.LnG/ defined like ˆn in terms of �n instead of n. Let

� 7! P�; ILnG ! IL
�nG
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be the bijection, such that for any � 2 ILnG we have

ˆn.�
�/ D P��: (a)

The inverse of this bijection is denoted again by � 7! P�.
For any simple G�-equivariant perverse sheaf A on LnG, the restriction of the

G�-action on LGn to ZG (a subgroup of G�) is the trivial action of ZG . Then ZG
acts naturally by automorphisms on A and this action is via scalar multiplication
by a character cA W ZG ! k� (trivial on the identity component of ZG). From the
definitions, we see that

cˆn.A/ D cA: (b)

Now assume that .G; �/ is rigid and that L 2 QILnG is cuspidal (so that SL Dı
LnG). Let A D IC.LnG;L/ŒŒdimLnG=2��. According to [L5, 10.6 (e)], we have
ˆn.A/ D IC.L�nG;L0/ŒŒdimL�nG=2�� where L0 2 QIL

�nG is cuspidal (so that

SL D
ı
L�nG). We can find F 2 T cu

G ;F 0 2 T cu
G such that L D F j ı

LnG
, L0 D

F 0j ı
L

�nG
. We show:

F D F 0: (c)

From (b), we see that the natural action of ZG on any stalk of L and L0 is through
the same character of ZG . Now ZG also acts naturally on each stalk of F and F 0
through some character ofZG (in the adjoint action ofG onLG, ZG acts trivially).
Since L D F j ı

LnG
, L0 D F 0j ı

L
�nG

, the character of ZG attached to F is the same

as the character of ZG attached to F 0. But from the classification of cuspidal local
systems, it is known that an object in T cu

G is completely determined by the associated
character of ZG . This proves (c).

3.13 Let P 2 P �. Define an A-linear map fIndLGLP W K.LnP /! K.LnG/ as in [L5,
6.2]. We show:

fIndLGLP .�/ D indGP .�/ for any � 2 K.LnP /: (a)

LetA be a simple P �-equivariant perverse sheaf onLnP . Let QA and c W E 00 ! LnG

be as in 3.5. We regard A as a pure complex of weight zero (relative to a rational
structure over some Fq). Then QA is naturally pure of weight zero and, by Deligne
[D], cŠ QA is pure of weight zero. Using [BBD], we deduce that for any j , pH j .cŠ QA/
is pure of weight j . Hence, the definition of indGP .A/ becomes

indGP .A/ D
X

A1

X

j2Z

.mult. of A1 in pH j .cŠ QA//v�jA1; (b)

whereA1 runs over the set of simpleG�-equivariant perverse sheaves onLnG (up to
isomorphism). On the other hand, since cŠ QA has weight zero, we have (by [BBD])
cŠ QA Š L

j2Z
pH j .cŠ QA/Œ�j � in D.LnG/; hence fIndLGLP .A/ is equal to the right

hand side of (b). We see that indGP .A/ D fIndLGLP .A/. This proves (a).
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From (a), we see that a number of results proved in [L5] for fIndLGLP imply corre-
sponding results for indGP (see (c)–(f) below).

(c) The elements indGP .A/ 2 K.LnG/ with P 2 P � and A as in 3.6 span the Q.v/-
vector space Q.v/˝A K.LnG/.
(We use [L5, 13.3, 17.3].)

(d) Let P;P 0 2 P �. Assume thatP � P 0. LetQ be the image of P underP 0 ! P 0.
Note that Q is a parabolic subgroup of P 0 containing �.k�/ andQ D P . Then

indGP W K.LnP/! K.LnG/ is equal to the composition

K.LnP /
ind
P 0

Q���! K.LnP 0/
indG
P 0���! K.LnG/:

(We use [L5, 6.4].)
(e) Let P 2P �. For any � 2K.LnP /, we have indGP .ˆ

P
n .�//DˆGn .indGP .�// 2

K.L�nG/ .here indGP in the left hand side is defined in terms of �n instead
of n/.
(We use [L5, 10.5].)

(f) Let P 2 P �, � 2 K.LnP /. We have indGP .ˇ.�// D ˇ.indGP .�//.

The proof is along the lines of the proof of the analogous equality [L7, 36.9 (c)],
which is based on the relative hard Lefschetz theorem [BBD].

3.14 Let Z..v// be the ring of power series
P

j2Z aj vj (aj 2 Z) such that aj D 0
for j 
 0. We have naturally A � Z..v// and Z..v// becomes an A-algebra.

Let f; g W K.LnG/�K.LnG/! Z..v// be the A-bilinear pairing defined in [L5,
3.11]. We show:

.� W � 0/ D #G�f�; � 0gjv 7!�v for any �; � 0 2 K.LnG/: (a)

If � D indGP .A/; �
0 D indGP 0

.A0/ with P;P 0; A;A0 as in 3.7, then (a) follows
by comparing 2.11 (b) with the analogous formula for ffIndLGLP .A/;fIndLGLP 0

.A0/g
in [L5, 15.3]. (We use also 2.13 (a).) This implies (a) in general, in view
of 2.13 (c).

For � 2 ILnG ;L 2 �, we define �� 2 ILnG by L� 2 ��. Then ��� is the Verdier
dual of ��. We show that for �; � 0 in ILnG , we have

.�� W �0�/ 2 ı�0;�� C vZŒv�: (b)

.� W �0/ 2 ı�0;�� C vZŒv�: (c)

Using (a) and [L5, 3.11 (d)], we see that to prove (b) it is enough to verify the
following statement.

If f 2 A and #�1
G� f 2 ı C vZŒŒv�� with ı 2 Z, then f 2 ı C vZŒv�.

This is clear since #�1
G� 2 1C vZŒŒv��.

Now (c) follows from (b) using the fact that the transition matrix from .�/ to .��/
is uni-triangular with off-diagonal entries in vZŒv� (see 2.4 (a)).
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3.15 Let x 2 LnG. Let O be the G�-orbit of x in LnG. Let P D P.x/ be the
parabolic subgroup associated with x in [L5, 5.2]. Recall that �.k�/ � P . We show:

(a) The adjoint action of U �P on x CLnUP is transitive.
Let S be the orbit of x under this action. Since S is an orbit of an action of a
unipotent group on the affine space xCLnUP , it is closed in xCLnUP . Hence, it is
enough to show that dimS D dimLnUP or that dimU �P�dim.U �P /x D dimLnUP ,
where .U �P /x is the stabilizer of x in U �P . The last equality is proved in the course
of the proof of [L5, 5.9]. This proves (a).

Let 	 W LnP ! LnP be the canonical map. We have x 2 	�1.
ı
LnP /, see [L5,

5.3 (b)]. We show:

(b) The adjoint action of P � on 	�1.
ı
LnP / is transitive.

Let y 2 	�1.
ı
LnP /. To show that y is in the P �-orbit of x, we may replace y by

a P �-conjugate. Hence, we may assume that y 2 x C LnUP . In that case, we may
use (a). This proves (b).

Let LnP
a � E 0 b�! E 00 c�! LnG be as in 3.5 (defined in terms of the present

P ). Let E 00
1 D G� �P � 	�1.

ı
LnP/, an open subset of E 00. We show:

(c) c W E 00 ! LnG restricts to an isomorphism E 00
1 ! O.

Using (b), we see that G� acts transitively on E 00
1 ; hence, c.E 00

1 / is a single G�-
orbit. It contains x, hence it equals O. We see that E 00

1 � c�1.O/. By the proof of

[L5, 6.8 (b)], c restricts to an isomorphism c�1.O/ ��! O. In particular, c�1.O/
is a single G�-orbit. Since E 00

1 is a G�-orbit contained in c�1.O/, we must have
E 00
1 D c�1.O/ and (c) follows.

Now let L0 be an irreducible P �-equivariant local system on
ı
LnP . Define � 0 2

ILnP by L0 2 �0. Then �0 2 K.LnP / is defined as in 3.4. Let QL0 be the local system

on E 00
1 whose inverse image under the obvious map G� �U �

P
	�1.

ı
LnP / ! E 00

1

coincides with the inverse image of L0 under

G� �U �P 	�1.
ı
LnP /!

ı
LnP n; .g; x/ 7! 	.x/:

Let L be the irreducibleG�-equivariant local system onO corresponding to QL0 under
the isomorphism E 00

1 ! O induced by c. (See (c).) Define � 2 ILnG by L 2 �.
Then � 2 K.LnG/ is defined as in 3.4. We show:

(d) � D indGP .�
0/.

We choose an Fq-rational structure on G as in 3.4, so that x is Fq-rational; hence,
P is defined over Fq and a mixed structure for L0 which is pure of weight 0. Let i 0 W
ı
LnP n ! LnP , i W O ! LnG, i1 W E 00

1 ! E 00 be the inclusions. Let .Ar /r2Œ1;m

be a set of representatives for the simple P �-equivariant perverse sheaves on LnP .

Now A D i 0
Š
L0ŒŒdim

ı
LnP=2�� is naturally a mixed complex on LnP , and we have

�0 D
X

j;h

X

r2Œ1;m

.�1/j .mult. of Ar in pHj .A/h/.�v/�hAr 2 K.LnP /:
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We attach to each Ar a simple perverse sheaf QAr on E 00 by

a�Ar ŒŒs=2�� D b� QAr ŒŒdimP �=2��;

where s is as in 3.5. Let QA D i1Š QL0ŒŒdimE 00
1=2�� 2 D.E 00/. From the definitions

we have a�AŒŒs=2�� D b� QAŒŒdimP �=2��. Since a; b are smooth morphisms with
connected fibres of dimension s; dimP �, we deduce that

a�.pH j .A/h/ŒŒs=2�� D b�.pH j . QA/h/ŒŒdimP �=2��

and
mult. of Ar in pHj .A/h D mult. of QAr in pHj . QA/h

for any r; j; h. Hence,

�0 D
X

j;h

X

r2Œ1;m

.�1/j .mult. of QAr in pHj . QA/h/.�v/�hAr :

By the definition of indGP , we have (in K.LnG/):

indGP .�
0/ D

X

j;h

X

r2Œ1;m

.�1/j .mult. of QAr in pHj . QA/h/.�v/�hgr.cŠ. QAr //

D gr.cŠ�/;

where

� D
X

j;h

X

r2Œ1;m

.�1/j .mult. of QAr in pHj . QA/h/.�v/�h QAr D gr. QA/ 2 Kf.E 00/

and f is the family of simple perverse sheaves on E 00 of the form QAr .r 2 Œ1;m�/.
Thus,

indGP .�
0/ D gr.cŠ.gr.i1Š QL0ŒŒdimE 00

1=2��///:

Let f1 be the family of simple G�-equivariant perverse sheaves on E 00
1 . Let f0 be

the family of simple G�-equivariant perverse sheaves on LnG. Applying 2.2 (a) to
‚ D i1Š W Df1.E 00

1 / ! Df.E 00/, ‚0 D cŠ W Df.E 00/ ! Df0.LnG/, we obtain
gr.cŠi1Š/ D gr.cŠ/gr.i1Š/. We see that

indGP .�
0/ D gr.cŠi1Š QL0ŒŒdimO=2��/:

(Recall that dimE 00
1 D dimO.) From the definitions, we have cŠi1Š QL0 D iŠL. Hence,

indGP .�
0/ D gr.iŠLŒŒdimO=2��/ D �:

This proves (d).



214 G. Lusztig

3.16 We preserve the setup of 3.15. Let O2 be a P �-orbit in LnP �
ı
LnP . Let

E 00
2 D G� �P � 	�1.O2/, a subset of E 00. We show:

The image of E 00
2under c:E00 ! LnGis contained in NO �O: (a)

Let y 2 c.E 00/. We show that y 2 NO. We have y D Ad.g/
 for some g 2 G�
and 
 2 LnP . Replacing y by Ad.g�1/y, we may assume that y 2 LnP . By [L5,
5.9], LnP is contained in the closure of the P �-orbit of x in LnP which is clearly
contained in NO. Thus y 2 NO. We see that c.E 00/ � NO. In particular, c.E 00

2 / � NO.
By the proof of 2.15 (c), we have E 00

1 D c�1.O/. Since E 00
1 \ E 00

2 D ;, we have
c�1.O/\E 00

2 D ;; hence c.E 00
2 /\O D ;. Thus, c.E 00

2 / � NO�O and (a) is proved.
Now let � 00 2 ILnP be such that S�00 D O2. Then � 00 2 K.LnP / is defined as

in 3.4. From the definitions, we see that indGP .�
00/ 2P� A� where � runs over the

elements of ILnG such that S� is contained in the closure of c.E 00
2 /. Using this and

(a), we see that
indGP .�

00/ 2
X

�IS�� NO�O
A�: (b)

3.17 Let L0;L00 2 QILnG . Define � 0; �00 2 ILnG by L0 2 �0, L00 2 �00. Assume that
SL0 \ SL00 D ;. We show:

.�0 W � 00/ D 0: (a)

We choose an Fq-rational structure on G as in 3.4 and mixed structures on L0;L00
which makes them pure of weight 0. Let i 0 W SL0 ! LnG, i 00 W SL00 ! LnG. Let
V D SL0 �SL00 ; V1 D LnG�LnG;V2 D point. Let f1; f2 be as in 3.11. Let f be the
family of simple perverse sheaves on V consisting of L0 � L00. Let ‚ D .i 0; i 00/Š W
D.V / ! D.V1/. Let ‚0 D 
Ši

� W D.V1/ ! D.V2/ where 
; i are as in 3.10.
Then 2.2 (a) is applicable. Thus, we have gr.
Ši�.i 0; i 00/Š/ D gr.
Ši�/gr..i 0; i 00/Š/.
Hence

gr.
Ši
�/gr..i 0; i 00/Š/.L0 � L00/ D gr.
Ši�.i 0; i 00/Š/.L0 � L00/:

The right hand side is zero since i�.i 0; i 00/Š.L0 � L00/ D 0 (by our assumption
SL0\SL00 D ;). Thus, gr.
Ši�/gr..i 0; i 00/Š/.L0 �L00/ D 0. Using this and 2.10 (a),
we see that (a) holds.

4 Computation of Multiplicities

4.1 For any n 2 �, let G�nLnG be the (finite) set of G�-orbits on LnG. We define
a map

Pn ! G�nLnG (a)

as follows. Let P 2 Pn. Let M;LrtG be as in 2.9. We have L00 D LG0 for a well
defined connected reductive subgroupG0 ofG. NowG 0 acts on LnnG (by restriction
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of the adjoint action of G on LG), and there is a unique open G0-orbit O0 for this
action. Since G 0 � G�, there is a uniqueG�-orbit O on LnG that contains O0. Now
(a) associates O with P . Clearly (a) factors through a map

P
n
! G�nLnG: (b)

This is a bijection. Its inverse associates with the G�-orbit of x 2 LnG, the G�-orbit
of the parabolic subgroup associated with x in [L5, 5.2].

Another parametrization of G�nLnG was given by Vinberg [V] (see also
Kawanaka [K]).

For any 
 2 P
n
, let O� be the G�-orbit in LnG corresponding to 
 under (b).

Note that
dimO� D d�; (c)

where d� is as in 2.10. This follows easily from [L5, 5.4 (a), 5.9].

4.2 In the remainder of this section, we assume that k is as in 3.1. From the bijection
3.1 (b), we see that B.LnG/ DF�2P

n
B
�
n , where

B�n WD f�I � 2 ILnG ; S� D O�g:

4.3 We set Q.v/K.LnG/ D Q.v/˝A K.LnG/. For n 2 �, we define a Q.v/-linear
map

tn D tGn W KG ! Q.v/K.LnG/
by sending the basis element IS to indGP .A/ where .P; E/ 2 S and

A D IC.LnP ; E j ı
LnP

/ŒŒdimLnP=2��:

The pairing Q.v/K.LnG/�Q.v/K.LnG/! Q.v/ obtained from the pairing .W/ in
3.10 by linear extension will be denoted again by .W/. From 2.11 (b), we see that the
equality

.tn.�/ W tn.� 0// D .� W � 0/ (a)

holds when �; � 0 run through a basis ofKG ; hence, it holds for any �; �0 inKG . Since
tn is surjective (see 2.13 (c)) and the pairing .W/ on Q.v/K.LnG/ is non-degenerate
(see 2.14 (b)), we see that ker tn D RG so that tn induces an isomorphism

Qtn W KG=RG ! Q.v/K.LnG/: (b)

4.4 Let n 2 �. We extend ˇ W K.LnG/ ! K.LnG/ to a Q-linear endomorphism
of Q.v/K.LnG/ (denoted again by ˇ) by 
˝ � 7! N
˝ ˇ.�/. We show that

ˇ.tn.�// D tn.ˇ.�// (a)

for any � 2 KG . We may assume that � D IS for some S 2 J
G

. Then we have
ˇ.�/ D �. It is enough to show that ˇ.indGP .A// D indGP .A/ where P;A are as in
4.3. By 2.13 (f), we have ˇ.indGP .A// D indGP .ˇ.A//, and it remains to note that
ˇ.A/ D A.
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We extend ˆn W K.LnG/ ! K.L�nG/ to a Q.v/-linear isomorphism
Q.v/K.LnG/! Q.v/K.L�nG/ (denoted again by ˆn). We show that

ˆn.tn.�// D t�n.�/ (b)

for any � 2 KG . We may assume that � D IS for some S 2 J
G

. It is then enough
to show that if .P; E/ 2 S and

A D IC.LnP ; E j ı
LnP

/ŒŒdimLnP=2��;

A0 D IC.L�nP ; E j ı
L

�nP
/ŒŒdimL�nP=2��;

then ˆGn .indGP .A// D indGP .A
0/. Using 2.13 (e), we see that it is enough to show

that indGP .ˆ
P
n .A// D indGP .A

0/. Hence, it is enough to show that ˆPn .A/ D A0.
This follows from 2.12 (c) (applied to P instead of G).

4.5 Let n 2 �. Let Q 2 P �. For any � 2 KQ, we have

tGn .f
G
Q .�// D indGQ.t

Q
n .�//; (a)

where f GQ is as in 2.4 and indGQ is extended by Q.v/-linearity. We may assume that
� D IS0 for some S 0 2 J

Q
; then the result follows from 2.13 (d).

We show that 1.8 (c) holds. Using 3.3 (b), we see that it is enough to show that

tn.f
G
Q .RQ// D 0. Using (a), it is enough to show that indGQ.t

Q
n .RQ// D 0. This

follows from t
Q
n .RQ/ D 0 (see 4.3).

4.6 In Sect. 2, we tried to associate with any n 2 � and 
 2 P
n

a subset Z�n ofKG .
We will go again through the definitions (with the help of results in Sect. 3) and we
will add the requirement that

(a) for any 
 2 P
n
, tn restricts to a bijection Z�n ��! B

�
n .

We may assume that G is not a torus and that the subsets Z�n are already defined
when G is replaced by any P with P 2 P0

n. (If G is a torus, then 
 must be fGg
and we define Z�n to be the subset consisting of the unique basis element of KG .)

Assume first that n 2 � and 
 2 P0
n

(see 2.9). We define Z�n as in 2.11. We

show that (a) holds for our 
. Let � 2 Z�n . With notation in 1.11 (i), we have � D
f GP .�

0/ for some � 0 2 ZfP g
n , where P 2 
. Using 3.5 (a), tGn .f

G
P .�

0// is equal

to indGP .t
P
n .�

0// which by the induction hypothesis belongs to indGP .B
fP g
n /. Thus,

tn.f
G
P .�

0// 2 indGP .B
fP g
n /. By 2.15 (d) and its proof, indGP maps BfP g

n into B�n and

in fact defines a bijection a W BfP g
n

��! B
�
n (we use the isomorphism in [L5, 5.8]).

Thus, we have tn.f GP .�
0// 2 B�n . We consider the diagram

ZfP g
n

a1�����! Z�n
a2

?

?

y
a3

?

?

y

B
fP g
n

a�����! B
�
n ;



Graded Lie Algebras and Intersection Cohomology 217

where a1 defined by indGP , a2 is defined by tPn and a3 is defined by tGn . This diagram
is commutative by 3.5 (a). By the induction hypothesis, a2 is a bijection. We have
just seen that a is a bijection. It follows that a3a1 is a bijection. Hence a1 is injective.
By the definition ofZ�n , a1 is surjective. Thus, a1 is a bijection. In particular, 1.12 (a)
holds. Since a3a1 is a bijection, we see that a3 is a bijection. Thus (a) holds in
our case.

4.7 Let n 2 �. Define Z 0
n as in 2.11. Let L0

nG D fx 2 LnGIP.x/ ¤ Gg. Let

In D f� 2 ILnG IS� � L0
nGg; In D f�I � 2 Ing:

Now tn defines a bijection Z 0
n

��! In.
We show that 1.12 (b) holds. Let 
; 
0 be two distinct elements of P0

n
. Then

Z�n ;Z�
0

n are disjoint since their images B�n , B�
0

n under tn are disjoint. (A local sys-
tem in B�n has a support different from that of a local system in B�

0

n since 3.1 (b) is
a bijection.)

We show that 1.12 (c) holds. Using 3.5 (a) and 3.6 (a), we see that this follows
from 2.16 (b). (We use also 3.1 (c).)

We show that 1.12 (d) holds. Using 3.4 (a) and 3.6 (a), we see that it is enough
to prove the following statement (for G instead of P ). If .G; �/ is rigid and � 2
ILnG � In, then ˇ.�/� � 2P�02In A�0. This is immediate from the definitions.

We show that 1.12 (e) holds. Using 3.3 (a), we see that it is enough to show that
the matrix with entries .tn.�/ W tn.� 0// indexed by Z 0

n � Z 0
n is non-singular. It is

also enough to show that the matrix with entries .� W � 0/ indexed by In � In is
non-singular. This follows from 2.14 (c) since In is stable under � 7! ��.

4.8 Let ŒI n� be the A-submodule of K.LnG/ with basis I n. Now LnG � L0
nG is

empty (resp. is
ı
LnG) if .G; �/ is not rigid (resp. rigid). HenceL0

nG is a closed subset
of LnG. This, together with 2.4 (a) shows that f��I � 2 Ing is an A-basis of ŒI n�.

4.9 For � 2 Z 0
n, we define W �

n as in 2.13. We have tn.�/ D � where � 2 In. We
show:

(a) tn.W
�
n / D ��.

Let y D tn.W
�
n /. Applying tn to the equality ˇ.W

�
n / D W

�
n mod RG in

2.13 and using 3.4 (a), we see that ˇ.y/ D y. Applying tn to the equality
W
�
n D

P

�12Z 0

n
c�;�1�1 in 2.13, we obtain y D P

�12Z 0

n
c�;�1 tn.�1/. We see that

y DP�0

Qf�;�0�0 where �0 runs over the elements in ILnG and

Qf�;�0 ¤ 0 implies dimS�0 < dimS� or � D � 0I
Qf�;�0 ¤ 0; � ¤ �0 implies Qf�;�0 2 vZŒv�I
Qf�;�0 D 1 if � D � 0:

These conditions together with ˇ.y/ D y determine y uniquely. Since �� satisfies
the same conditions as y (see 3.4), we see that y D ��. This proves (a).
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4.10 Until the end of 4.11, we assume that .G; �/ is rigid. For n 2 �, we define
J�n as in 2.15. Let C D Q.v/ ˝A ŒI n�. Let �0 2 Z 0�n. Then t�n.�0/ D �, where

� 2 I�n. We have �0 2 J�n if and only if tn.W
�0�n/ … C , that is, if and only if

ˆn.tn.W
�0�n// … ˆn.C / that is (using 3.4 (b)), if and only if t�n.W �0�n/ … ˆn.C /

that is (using 3.9 (a) with n replaced by �n), if and only if �� … ˆn.C /. Now
f��
1I �1 2 Ing is a Q.v/-basis of C . By 2.12 (a), f P�1�I �1 2 Ing is a Q.v/-basis of

ˆn.C /. Hence the condition that �� 2 ˆn.C / is equivalent to the condition that
� D P�1 for some � 2 In. We see that �0 2 J�n if and only if P� … In.

Assume now that �0 2 J�n. Since P� … In, we have S P� D
ı
LnG. Define hn

as in 2.15. Let z D tnhn.�0/. From the definitions, we have tn.W
�0�n/ � z 2 C

and .z W C/ D 0. As we have seen earlier, we have ˆn.tn.W
�0�n// D ��. Hence

tn.W
�0�n/ D ˆ�n.��/ D P��. Thus, we have P�� � z 2 C . Since S P� D

ı
LnG, we have

P�� D P� mod C . It follows that P� � z 2 C . Using S P� D
ı
LnG and 2.17 (a), we see

that . P� W C/ D 0. Since .z W C/ D 0 we see that . P� � z W C/ D 0. Since .W/ is
non-degenerate on C (see 4.7) and P� � z 2 C , we see that P� � z D 0. Thus

(a) tnhn is the map �0 7! P� where � 2 I�n is given by t�n.�0/ D �.
We show that 2.16 holds. It is enough to show that hn is injective. It is also enough

to show that tnhn is injective. Let � 0
0 2 J�n. Define �0 2 I�n by t�n.� 0

0/ D �0.
Assume that P� D P� 0. Then P� D P� 0 and � D � 0. Since t�n W Z 0�n ! I�n is bijective,
it follows that �0 D � 0

0. Thus 2.16 is proved.
Let Cn D hn.J�n/ (see 2.15). The previous proof shows that the map Cn !

tn.Cn/ (restriction of tn) is a bijection. We see that

tn.Cn/ D f�0I �0 2 ILnG ; S�0 D ı
LnG; P� 0 2 I�ng:

4.11 Define C 0 as in 2.14. If F 2 T pr
G ; SF D C �G and rF ;SF are as in 2.14, then

for n 2 � we have tn.r�1
F ISF / D � D ��, where � 2 K.LnG/ is F j ı

LnG
. (The

last two equalities follow from [L5, 11.13].) Replacing n by �n, we have similarly
t�n.r�1

F ISF / D �0 D � 0� where � 0 2 K.L�nG/ is F j ı
L

�nG
. Using 3.4 (b), we have

ˆn.�
�/ D ˆn.tn.r�1

F ISF // D t�n.r�1
F ISF / D � 0�:

Thus, �0 D P� so that P� … I�n.
We show that the map C 0 ! tn.C 0/ (restriction of tn) is a bijection. It is enough

to note that the map F 7! F j ı
LnG

is a bijection from T pr
G to the set of semicuspidal

objects in ILnG . This follows from the fact that if x 2 ı
LnG, the centralizer of x in

G and the centralizer of x in G� have the same group of components.
We now show that 2.17 holds. First, we show that Cn \ C 0 D ;. It is enough to

show that if � 2 tn.Cn/ and Q� 2 tn.C 0/, then � ¤ Q�. From our assumption we have
P� 2 I�n, PQ� … I�n (see above). Thus, � ¤ Q�, as required.
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Next we show that Z 0
n \ .Cn [ C 0/ D ;. It is enough to show that if � 2 tn.Z 0

n/

and Q� 2 tn.Cn [ C 0/, then � ¤ Q�. From our assumption we have S� ¤
ı
LnG,

SQ� D
ı
LnG. Thus, � ¤ Q�, as required. This proves 2.17. We see also that the map

Z 0
n [ Cn [ C 0 ! tn.Z 0

n [ Cn [ C0/ (restriction of tn) is a bijection.

4.12 If .G; �/ is not rigid, then the definition of the subsets Z�n (
 2 P
n
) is complete.

If .G; �/ is rigid, then P
n
�P0

n
D fGg. For n 2 �, we set ZfGg

n D Cn[C 0. By 2.17,

this union is disjoint. The definition of the subsets Z�n (
 2 P
n
) is complete. Define

Zn as in 2.18. Note that the map Zn ! tn.Zn/ (restriction of tn) is a bijection.
We show that tn.Zn/ D B.LnG/. Let � 2 ILnG . If � 2 In, then � 2 tn.Z 0

n/. If
� 2 ILnG�In and P� 2 I�n, then � 2 tn.Cn/. If � 2 ILnG�In and P� 2 IL

�nG�I�n,
then by [L5, 12.3] we have � 2 tn.C 0/. We see that

(a) tn restricts to a bijection Zn ��! B.LnG/.

4.13 For n 2 � and � 2 Zn, we define an elementW �
n as in 2.19. We show:

(a) If tn.�/ D � with � 2 ILnG , then tn.W
�
n / D ��.

When � 2 Z 0
n, this follows from 3.9 (a). Next assume that � 2 Cn. Define �0 2 J�n

by hn.�0/ D �. Define �0 2 IL
�nG by t�n.�0/ D �0. Using the definition 3.4 (b)

and 3.9 (a) (for �n instead of n), we have

tn.W
�
n / D tn.W �0�n/ D ˆ�n.t�n.W �0�n// D ˆ�n��

0 D P�0�:

By 3.10 (a), we have � D tn.�/ D P�0. Thus (a) holds in our case.

Finally, assume that � 2 C0. In this case we have tn.W
�
n / D tn.�/ D � D ��, see

4.11. This proves (a).
Let � 2 ILnG . Let � 2 Zn be such that tn.�/ D �. Let c�;�0 be as in 2.19

(� 0 2 Zn). Applying tn to both sides of 1.19 (a) and using (a) we obtain

�� D
X

�02Zn c�;�
0 tn.�

0/:

Comparing this with 2.4 (a), we see that for any �; �0 in ILnG we have

f�;�0 D c�;�0 ; (b)

where �; �0 2 Zn are defined by tn� D �; tn� 0 D � 0. Note that (b) provides a method
to compute explicitly the matrix of multiplicities .f�;�0/.

4.14 We prove 2.18. Let S 2 JD . Let .P; E/ 2 S, L D E jı
LnP

. Let Qc; PL; A be as in

3.6. We regard PL as a pure local system of weight 0. By [L5, 21.1 (b)] and its proof,
Hi QcŠ PL is pure of weight i and is 0 unless i 2 2N. It follows that in K.LnG/ we
have indGP .A/ D

P

�2ILnG
QeS;��, where QeS;� 2 A is equal to a power of v times

P

i .mult. of L0 in Hi QcŠ PL/v�i . (Here L0 2 �.) From the definitions we have for any
� 2 Zn

(a) eS;� D QeS;�;
where � D tn.�/. Hence 2.18 holds.
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5 Further Results

5.1 In this section, we assume that k is as in 3.1.
To any n 2 � and any � 2 ILnG , we shall associate a G�-orbit S� 2 J

G
, an

element r� 2 A � f0g and an element L� 2 K.LnG/ such that L� D tn.r
�1
� IS� /.

We may assume that these objects are already defined whenG is replaced by P with
P 2 P0

n.
(i) Assume first that � is semicuspidal. There is a unique F 2 J pr

G such that

SF \ Ln� D
ı
LnG and F j ı

LnG
2 �. Let Sk D SF (see 2.18), r� D rF

(see 2.3) and L� D � D ��. These elements satisfy the required condition
(see 4.11).

(ii) Next we assume that � 2 In. We have � 2 B�n for a unique 
 2 P0
n
. Let

P 2 
. Then P ¤ G. Let a W BfP g
n

��! B
�
n be the bijection in 4.6. Let

�1 D a�1.�/. Now S�1 , r�1 , L�1 2 K.LnP / are already defined from the
induction hypothesis. Let r� D r�1 , Lk D indGP .L�1/, S� D aGP .S�1/. These
elements satisfy the required condition.

(iii) Next we assume that � … In and � is not semicuspidal. By 4.12, we have
P� 2 I�n. Now SP� , r P� , L P� 2 K.L�nG/ are defined as in (ii). Let S� D S P� ,
r� D r P� , L� D ˆ�n.L P�/. These elements satisfy the required condition.

This completes the definition of S� ; r� ; L� .

5.2 For n 2 �, we shall define a partial order � on ILnG . We may assume that �
is already defined when G is replaced by P with P 2 P0

n.
(i) Assume that at least one of �; �0 is semicuspidal. Then � � � 0 if and only if

� D � 0.
(ii) Assume that S� ¤ S�0 and neither � nor � 0 is semicuspidal. Then � � � 0 if and

only if S� � NS�0 � S�0 .
(iii) Assume that S� D S�0 and � 2 In (hence also � 0 2 In). We have �; � 0 2 B�n

for a unique 
 2 P0
n

. Let P 2 
; then P ¤ G. Let a W BfP g
n

��! B
�
n be the

bijection in 4.6. Let �1 D a�1.�/; � 0
1 D a�1.� 0/. We say that � � � 0 if and

only if �1 � � 0
1 (which is known by the inductive assumption applied to P ).

(iv) Assume that S� D S�0 , � … In (hence �0 … In) and neither � nor �0 is semi-
cuspidal. By 4.12, we have P� 2 I�n, P� 0 2 I�n. We say that � � �0 if and only
if P� � P�0 which is known from (ii) (if S P� ¤ S P�0 ) or (iii) (if S P� D S P�0).

This completes the definition of �. We write � 0 < � instead of � 0 � �, � 0 ¤ �.

5.3 Example In this subsection, we assume that G is the group of automorphisms
of a 4-dimensional k-vector space V preserving a fixed non-degenerate symplec-
tic form. We fix a direct sum decomposition V D V�1 ˚ V1 where V1; V�1 are
Lagrangian subspaces. For any t 2 k� define �.t/ 2 G by �.t/x D tx for
x 2 V1, �.t/x D t�1x for x 2 V�1. Let � D f2;�2g. Note that .G; �/ is
rigid. We identify G� with GL.V1/ by g 7! gjV1 . The grading of LG defined
by � has non-zero components in degrees �2; 0; 2 and L2G (resp. L�2G) may
be identified as a representation of G� with S2V1 (resp. S2V �

1 ) where S2 stands
for the second symmetric power. For n 2 �, the set ILnG consists of five objects
�0;n; �2;n; Q�2;n; �3;n; Q�3;n where �i;n represents the local system NQl on the G�-orbit
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of dimension i .i D 0; 2; 3/ and Q�i;n represents a non-trivial local system of rank
1 on the G�-orbit of dimension i .i D 2; 3/. The effect of the Fourier–Deligne
transform is as follows.

ˆn.�
�
0;n/ D ��

3;�n; ˆn.��
2;n/ D Q��

3;�n; ˆn.��
3;n/ D ��

0;�n; ˆn. Q��
3;n/ D ��

2;�n;
ˆn. Q��

2;n/ D Q��
2;n:

The partial order in 5.2 is �0;n < �2;n < �3;n < Q�3;n; Q�2;n is isolated. We have

L�0;n D ��
0;n; L�2;n D ��

2;n C ��
0;n; L�3;n D ��

3;n; LQ�3;n D Q��
3;n C ��

3;n;

LQ�2;n D Q��
2;n:

5.4 We show that for any n 2 � and any � 2 ILnG , we have
(a) L� 2 � C

P

�02ILnG I�0<� A �0.
We may assume that (a) is already known when G is replaced by P with P 2 P0

n.

(i) Assume that � is semicuspidal. Then L� D � and (a) is clear.
(ii) Assume that � 2 In. Let P; a; �1 be as in 4.1 (ii). By the induction hypothesis,

we have L�1 2 �1 C
P

�0

1
I�0

1
<�1

A �0
1. Applying indGP and using 2.15 (d), we

obtain
L� 2 � C

P

�0

12X A a.�0
1/C

P

�0

12Y A indGP .�
0
1/;

where
X D f�0

1I �0
1 < �1; S�0

1
D S�1g, Y D f�0

1I � 0
1 < �1; S�0

1
¤ S�1g.

For �0
1 2 X , we have Sa.�0

1/
D S� and a.k0

1/ < �. For �0
1 2 Y , we have S�0

1
�

NS�1 � S�1 . By 2.16 (b), for any � 0
1 2 Y , indGP .�

0
1/ is an A-linear combination

of elements �0 where S�0 � NS� � S� (hence �0 < �). Hence L� satisfies (a).
(iii) Assume that � … In and � is not semicuspidal. By 4.12, we have P� 2 I�n. By

(ii), we have
L P� 2 P� C

P

�0I�0< P� A �0.
Using �0 2 ��

0 C
P

�0

0<�0
A �0

0
� for �0 2 I�n, we deduce LP� 2 P�� C

P

�0I�0< P� A �0�. ApplyingˆG�n, we obtain
L� 2 �� CP�0I�0< P� A P�0�.

Using ��
1 2 �1C

P

�0

1
<�1

A �0
1 for �1 2 In, we see that it is enough to show that for

any � 0 such that � 0 < P� we have P� 0 < �. If S� D S P�0 , then this follows from 4.2 (iv).

If S� ¤ S P�0 , then S P�0 � NS� � S� (we have S� D
ı
LnG), hence again P�0 < � (using

4.2 (ii)).
This completes the proof of (a).
From (a), we deduce
(b) The set fL� I � 2 ILnGg is an A-basis of K.LnG/.

5.5 We show that:
(a) the map ILnG ! J

G
; � 7! S� is injective.

Let �; � 0 2 ILnG be such that S� D S�0 . Then tn.S�/ D tn.S�0/ hence r�L� D
r�0L�0 . Using now 4.4 (b), we deduce that � D �0 as desired.
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5.6 Let � 2 Zn and let � D tn.�/. By [L3, 3.36], the numbers QeS;� jvD1 (for var-
ious S, see 4.14) are the dimensions of the various “weight spaces” of a standard
module over an affine Hecke algebra. Using 3.14 (a) we see that the dimensions of
these weight spaces are given by the numbers eS;� jvD1 (for various S), hence are
computable from the algorithm in Sect. 2.

5.7 In this subsection, we shall summarize some of the results of this paper in terms
of the vector space NKG D KG=RG . (Any text marked as � : : :� applies only in
the case where .G; �/ is rigid.) Note that the pairing .W/ on KG induces a pairing
NKG � NKG ! Q.v/ denoted again by .W/. Also ˇ W KG ! KG induces an involution
NKG ! NKG denoted again by ˇ. Let 	 W KG ! NKG be the obvious map.

Since for n 2 �, B.LnG/ is a Q.v/-basis of Q.v/K.LnG/, we see (using 3.12 (a)
and 3.3 (b)) that 	 restricts to a bijection of Zn onto a basis Zn of NKG . We say that
Zn is a PBW-basis of NKG . � The last bijection restricts to bijections of Z 0

n; Cn; C0

onto subsets Z 0
n; Cn; C

0
of Zn. � In the case where .G; �/ is not rigid, we set

Z 0
n D Zn.
Let Mn be the ZŒv�-submodule of NKG with basis Zn. For any u 2 Zn let NW u

n D
	.W

�
n /, where � 2 Zn is given by 	.�/ D u. From 3.13 (a) and 2.4 (a) we see that

f NW n
u I u 2 Zng is a ZŒv�-basis of Mn and that for any u 2 Zn we have NW u

n � u 2
vMn. Define a bijection u 7! Pu of Zn onto Z�n as follows. Let � 2 Zn be such
that 	.�/ D u; let � 2 ILnG be such that tn.�/ D � (see 3.12 (a)). Let � 0 2 Z�n be
such that t�n� 0 D P� (see 3.12). Then Pu D 	.� 0/. The inverse of the bijection u 7! Pu
is denoted again by u 7! Pu.

For u, �, �, � 0 as above, we have NW u
n D 	.W

�
n /, tn.W

�
n / D ��, NW Pu�n D

	.W
�0

�n/, t�n.W �0

�n/ D P��. By 2.12 (a), we have ˆn.��/ D P��, hence t�n.W �0

�n/ D
ˆn.tn.W

�
n // and this equals t�n.W �

n / (see 3.4 (b)). Thus, t�n.W �0

�n � W �
n / D 0.

Since ker t�n D RG , we see that W �0

�n �W �
n 2 RG . Applying 	 , we deduce

(a) NW Pu�n D NW u
n .

Moreover, from the proof in 4.10, we see that
(b) � u 2 Cn H) Pu 2 Z�n. �

From (a) we see that the basis . NW u
n / of NKG coincides with the basis . NW u�n/. We call

this the canonical basis of NKG . It follows that Mn D M�n. We shall write M
instead of Mn DM�n. We have

(c) NW u
n � u 2 vM, NW Pu�n � Pu 2 vM.

Combining with (a), we see that
(d) u � Pu 2 vM for any u 2 Zn.

Let 	 0 WM !M=vM be the obvious map. From (a), (c), we see that there exists

a Z-basis X of M=vM such that 	 0 restricts to bijections . NW u
n / D . NW u�n/

��! X ,

Zn ��! X , Z�n
��! X . � Moreover, X can be partitioned as X D X0 t Xn t

X�n t X 0 so that 	 0 restricts to bijections Cn ��! Xn, C�n
��! X�n, C0 ��! X 0,

Z 0
n

��! X0 [X�n, Z 0
�n

��! X0 [ Xn. �We set

(e) QX D Z 0
n[Z

0
�n (if .G; �/ is not rigid), QX D Z 0

n[Z
0
�n[C

0
(if .G; �/ is rigid).
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We have
(f) X D 	 0. QX/.

We show that
(g) QX generates the ZŒv�-module M.

If .G; �/ is not rigid, this is clear. � Assume now that .G; �/ is rigid. Let M0 be the
ZŒv�-submodule of M generated by QX . If u 2 Z 0

n, then by the arguments in 2.13,
we have NW u

n 2
P

u02Z 0

n
ZŒv�u0, hence NW u

n 2M0. If u 2 Cn, then NW u
n D NW Pu�n and

this is in M0 since Pu 2 Z 0
�n (we use the previous sentence with u; n replaced by

Pu;�n). If u 2 C 0
, then NW u

n D u is again in M0. Since . NW u
n /u2Zn is a ZŒv�-basis of

M, we see that M DM0. � This proves (g).
We show how the canonical basis and the PBW-bases are determined in terms

of the subsets Z 0
n;Z

0
�n (which are defined by the inductive construction in 1.11 (i))

and (in the rigid case) by the set C0
which is defined as in 2.14.

We first define QX as in (e). Note that M is defined in terms of QX as in (g), and
then the basis X of M=vM is defined in terms of QX as in (f).

Now the canonical basis can be reconstructed in terms of M and X : for any
x 2 X , there is a unique element Ox 2 M such that 	 0. Ox/ D x and ˇ. Ox/ D Ox.
The elements f OxI x 2 Xg form the canonical basis. Now let n 2 �. We show how
to reconstruct the PBW-basis Zn. If .G; �/ is not rigid, then Zn D Z 0

n is already

known. � Assume now that .G; �/ is rigid. Then the part Z 0
n [ C0

of Zn is already
known. It remains to characterize the subset Cn of Zn. For n 2 � let Xn be the set
of all x 2 	 0.Z 0

�n/ such that x … 	 0.Z 0
n/. For any x 2 Xn, we can write uniquely

Ox D x0Cx00 where x00 is in the subspace of NKG spanned by Z 0
n and x0 is orthogonal

under .W/ to that subspace. Then Cn consists of the elements x0 for various x 2 Xn.�
5.8 Let n 2 �. Assume that .G; �/ is rigid. Let „n be the set of all � 2 ILnG such

that S� ¤
ı
LnG and S P� D

ı
L�nG. Here � 7! P� is as in 3.12. It would be interesting

to find a simple description of the set of local systems „n (without using Fourier–
Deligne transform). In particular, we would like to know which G�-orbits in LnG
are of the form S� for some � 2 „n. (Our results answer this question only in terms
of an algorithm, not in closed form.) For example, if G D GLn.k/, then „n has
only one object: the local system NQl on the 0-dimensional orbit. In the case studied
in 5.3, „n has two objects: the local system NQl on the 0 or 2-dimensional orbit.
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Crystal Base Elements of an Extremal Weight
Module Fixed by a Diagram Automorphism
II: Case of Affine Lie Algebras

Satoshi Naito and Daisuke Sagaki

Abstract We continue the study of the fixed point subset of a crystal under the
action of a Dynkin diagram automorphism, by restricting ourselves to the case of the
crystal base of an extremal weight module over a quantum affine algebra. In previous
works, we introduced and studied a canonical injection from the fixed point subset
of the crystal base above into the crystal base of a certain extremal weight module
for the associated orbit Lie algebra, in the setting of general Kac–Moody algebras.
The purpose of this paper is to prove that this (injective) map is also surjective, and
hence bijective under the assumption that the Dynkin diagram automorphism fixes
a distinguished vertex “0” of the (affine) Dynkin diagram.

Keywords Crystal bases � Extremal weight modules � Diagram automorphisms

Mathematics Subject Classifications (2000): Primary: 17B37, 17B10; Secondary:
81R50

1 Introduction

In previous works [NS1,NS3], we studied the relation between the crystal base ele-
ments of an extremal weight module fixed by a Dynkin diagram automorphism for
a general Kac–Moody algebra and the crystal base elements of an extremal weight
module for the associated orbit (Kac–Moody) Lie algebra. In this paper, we restrict
our attention to the case of affine Lie algebras and continue the study of this relation.

We briefly recall the notation and main results of [NS1, NS3]. Let g D g.A/ be
the Kac–Moody algebra over Q associated with a symmetrizable generalized Cartan
matrix (GCM) A D .aij /i;j2I with Cartan subalgebra h, simple coroots

˚

hj
�

j2I �
h, simple roots

˚

˛j
�

j2I � h�, and fundamental weights
˚

ƒj
�

j2I � h�.
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A diagram automorphism ! W I ! I of the Dynkin diagram of A naturally induces
a Lie algebra automorphism ! W g! g that preserves the triangular decomposition
of g, and hence induces the contragredient map !� W h� ! h� of the restriction
!jh of ! to h. To the data .g.A/; !/, we can associate a certain symmetrizable
Kac–Moody algebrabg with Cartan subalgebrabh, called the orbit Lie algebra. It is

known that there exists a natural Q-linear isomorphism P �
! Wbh� �! .h0/� Š .h�/0,

where h0 WD ˚h 2 h j !.h/ D h� and .h�/0 WD ˚� 2 h� j !�.�/ D ��.
For an integral weight � 2 P � h�, we denote by V.�/ the extremal weight

module of extremal weight � over the quantized universal enveloping algebra Uq.g/
of g over Q.q/, and by B.�/ its crystal base. If � 2 P \ .h�/0, then the crystal
base B.�/ comes equipped with a natural action of the diagram automorphism !,
and the fixed point subset of B.�/ under this action of ! is denoted by B0.�/. In
[NS1], for � 2 P \ .h�/0, we obtained a canonical injection R� W B0.�/ ,! bB.b�/,
where bB.b�/ denotes the crystal base of the extremal weight module of extremal
weight b� WD .P �

! /
�1.�/ 2 bh� for the orbit Lie algebrabg. Furthermore, in [NS3,

Theorem 4.2.1], we proved that if the crystal graph of bB.b�/ is connected, then the
(injective) map R� above is surjective, and hence bijective. However, since this
restriction on the weightb� 2bh� is rather strong, there are many cases to which this
result cannot be applied.

Now, let us explain the main result of this paper. Assume that g D g.A/ is an
affine Lie algebra, with canonical central element c D P

j2I a_
j hj , and that ! W

I ! I fixes a distinguished index 0 2 I . Note that in this case, the orbit Lie algebra
bg is an affine Lie algebra g.bA/ associated with a certain GCMbA D .baij /i;j2bI , where

bI is a complete list of representatives of the !-orbits in I (see Sect. 4.1 for the
explicit Dynkin diagram of bA). In addition, as is easily seen, there is no loss of
generality in assuming that � 2 P \ .h�/0 is “level-zero dominant,” i.e. that � 2
P \ .h�/0 is of the form � DP

i2I0
mi$i , with mi 2 Z�0 for i 2 I0 WD I n f0g,

where $i WD ƒi � a_
0ƒ0, i 2 I0, are the level-zero fundamental weights for g.

Then, by making use of some deep results in [BN], we can prove the following
(main) theorem.

Theorem. Let the notation and assumptions be as above. Then the (injective) map
R� W B0.�/ ,! bB.b�/ is also surjective, and hence bijective.

Remark. If � D P

i2I0
mi$i 2 P \ .h�/0, then b� D .P �

! /
�1.�/ 2 bh� is of

the form
P

i2bI0
mi b$ i , where bI 0 WD bI n f0g, and b$ i , i 2 bI 0, are the level-

zero fundamental weights for the orbit (affine) Lie algebrabg. We know from [BN,
Theorem 4.16] that the crystal graph of bB.b�/ is not connected if and only if there
exists some i 2 bI 0 for which mi � 2, in which case we cannot apply [NS3,
Theorem 4.2.1] (cf. [NS3, Example 4.2.2]).

This paper is organized as follows. In Sect. 2, we recall some of the standard
facts on the crystal bases of extremal weight modules, and also some deep results
of [BN] needed in Sect. 4. In Sect. 3, we briefly review the relevant results from
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our previous works about the fixed point subset under a diagram automorphism
for various crystal bases, including the crystal base of an extremal weight module.
Also, we show a few technical lemmas, which will be used in the proof of our main
theorem. In Sect. 4, we first fix our notation for diagram automorphisms of affine Lie
algebras and associated orbit (affine) Lie algebras, and then state our main theorem
(Theorem above). The remainder of Sect. 4 is devoted to the proof of this theorem,
for which some deep results in [BN] are needed.

2 Crystal Bases of Extremal Weight Modules

In this section, we first recall some of the standard facts on the crystal bases of
extremal weight modules from [Kas3] and [Kas4]. Next, in Sect. 2.6, we review
some deep results obtained in [BN] on the crystal bases of extremal weight modules
over quantum affine algebras, which are needed for the proof of our main theorem.

2.1 Kac–Moody Algebras and Quantized Universal
Enveloping Algebras

Let g WD g.A/ be the Kac–Moody algebra over Q associated with a symmetrizable
generalized Cartan matrix (GCM) A D .aij /i;j2I with Cartan subalgebra h, simple
coroots …_ WD ˚

hj
�

j2I � h, simple roots … WD ˚

˛j
�

j2I � h� WD HomQ.h;Q/,

and Chevalley generators
˚

Ej ; Fj j j 2 I
�

, where g˛j
D QEj and g�˛j

D QFj .
Denote byW WD ˝rj j j 2 I

˛ � GL.h�/ the Weyl group of g, where rj 2 GL.h�/ is
the simple reflection in ˛j 2 h�, and denote by .� ; �/ the standard invariant bilinear
form on h�.

Take an integral weight lattice P � h� such that ˛j 2 P for all j 2 I , and
set P � WD HomZ.P;Z/ � h. Let q be an indeterminate, and set qs WD q1=D ,
where D is the least positive integer such that D.˛j ; ˛j /=2 2 Z>0 for all
j 2 I . Following [Kas4, Definition 2.1] (and also [BN, Sect. 2.2]), we denote by
Uq.g/ D

˝

Ej ; Fj ; q
h j j 2 I; h 2 D�1P �˛ the quantized universal enveloping

algebra of g over the field Q.qs/ of rational functions in qs . Recall the weight space
decomposition: Uq.g/ D

L

ˇ2Q Uq.g/ˇ , where for ˇ 2 Q WDLj2I Z˛j ,

Uq.g/ˇ WD
˚

x 2 Uq.g/ j qhxq�h D qˇ.h/x for all h 2 D�1P ��:

Also, we have a Q.qs/-algebra antiautomorphism � W Uq.g/! Uq.g/ defined by:

8

<

:

.qh/� D q�h for h 2 D�1P �;

E�
j D Ej ; F �

j D Fj for j 2 I :
(2.1.1)
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Let eU q.g/ WD
L

�2P Uq.g/a� denote the modified quantized universal
enveloping algebra of g, where a� 2 eU q.g/� for � 2 P is a formal element
of weight � (for details, see [Kas3, Sect. 1.2]). We also have a Q.qs/-algebra
antiautomorphism � W eU q.g/! eU q.g/ defined by:

8

ˆ

ˆ

ˆ

<

ˆ

ˆ

ˆ

:

.qh/� D q�h for h 2 D�1P �;

E�
j D Ej ; F �

j D Fj for i 2 I ;
a�
�
D a�� for � 2 P :

(2.1.2)

2.2 Crystal Bases of U �
q .g/ and eU q.g/

Let UC
q .g/ (resp., U�

q .g/) be the positive (resp., negative) part of Uq.g/; that is,
the Q.qs/-subalgebra of Uq.g/ generated by

˚

Ej j j 2 I
�

(resp.,
˚

Fj j j 2 I
�

).
We denote by B.˙1/ the crystal base of U�

q .g/, equipped with the Kashiwara
operators ej ; fj , j 2 I , and denote by u˙1 the element of B.˙1/ corresponding
to the identity element 1 2 U�

q .g/.
Recall from [Kas1, Proposition 5.2.4] that the crystal lattice L.˙1/ of U�

q .g/
is stable under the antiautomorphism � W Uq.g/ ! Uq.g/. Furthermore, we know
from [Kas2, Theorem 2.1.1] that the Q-linear automorphism (also denoted by �)
on L.˙1/=qL.˙1/ induced by � W L.˙1/ ! L.˙1/ stabilizes the crystal
base B.˙1/, that is, B.˙1/� D B.˙1/. We call this bijection � W B.˙1/ !
B.˙1/ the �-operation on B.˙1/.

It is known from [Kas3, Theorem 2.1.2] that the modified quantized universal
enveloping algebra eU q.g/ (considered as a leftUq.g/-module by left multiplication)
has the crystal base B.eU q.g// D F

�2P B.Uq.g/a�/, where B.Uq.g/a�/ is the
crystal base of the left Uq.g/-module Uq.g/a� for � 2 P . We denote by ej ; fj ,
j 2 I , the Kashiwara operators on B.eU q.g//. By [Kas3, Theorem 3.1.1], for each
� 2 P , there exists an isomorphism

„� W B.Uq.g/a�/ �! B.1/˝ T� ˝ B.�1/ (2.2.1)

of crystals, where T� WD
˚

t�
�

is a crystal for Uq.g/ consisting of a single element
t� of weight � 2 P (see [Kas2, Example 1.2.4]). We define an isomorphism

„ W B.eU q.g// �!
G

�2P
B.1/˝ T� ˝ B.�1/ (2.2.2)

of crystals by taking the direct sum of the isomorphisms„�, � 2 P , in (2.2.1).
As in the case of B.˙1/, we have a bijection � W B.eU q.g// ! B.eU q.g// in-

duced by the Q.qs/-algebra antiautomorphism � W eU q.g/ ! eU q.g/ (see [Kas3,
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Theorem 4.3.2]), which we call the �-operation on B.eU q.g//. Furthermore, we
define the �-operation

� W
G

�2P
B.1/˝ T� ˝ B.�1/!

G

�2P
B.1/˝ T� ˝ B.�1/ (2.2.3)

so that the following diagram commutes:

B.eU q.g// „�����!
G

�2P
B.1/˝ T� ˝ B.�1/

�
?

?

y

?

?

y
�

B.eU q.g// „�����!
G

�2P
B.1/˝ T� ˝ B.�1/:

(2.2.4)

Proposition 2.2.1 ([Kas3, Corollary 4.3.3]). Let b12B.1/, b22B.�1/, and
� 2 P . Then, we have .b1 ˝ t� ˝ b2/

� D b�
1 ˝ t�0 ˝ b�

2 , where �0 WD ��
�wt b1 �wt b2.

2.3 Extremal Elements of Crystals

Let B be a normal crystal for Uq.g/ in the sense of [Kas3, Sect. 1.5]; recall that the
crystal base B.eU q.g// Š F

�2P B.1/ ˝ T� ˝ B.�1/ is a normal crystal (see
the comment at the end of [Kas3, Sect. 2.1]). We can define an action of the Weyl
groupW on the crystal B as follows (for more details, see [Kas3, Sect. 7]). For each
j 2 I , define Sj W B! B by:

Sj b D
8

<

:

f nj b if n WD .wt b/.hj / � 0;
e�n
j b if n WD .wt b/.hj / < 0;

for b 2 B: (2.3.1)

Then we obtain a unique action S W W ! Bij.B/, w 7! Sw, of the Weyl group W
on the set B such that Srj D Sj for all j 2 I , where for a set X , Bij.X/ denotes
the group of all bijections from the set X to itself.

Definition 2.3.1. An element b 2 B is said to be extremal (or more precisely,
W -extremal) if for every w 2 W , either ejSwb D 0 or fjSwb D 0 holds for
each j 2 I .

Remark 2.3.2. (1) Let B be a normal crystal for Uq.g/. If b 2 B is an extremal
element, then Swb is an extremal element of B whose weight is w.wt b/ for
each w 2 W .
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(2) Let B1, B2 be normal crystals for Uq.g/ and assume that ˚ W B1 �! B2 is an
isomorphism of crystals. Then the following diagram commutes for all w 2 W :

B1 ˚�����! B2
Sw

?

?

y

?

?

y
Sw

B1 ˚�����! B2:

(2.3.2)

Also, an element b 2 B1 is extremal if and only if ˚.b/ 2 B2 is extremal.

2.4 Extremal Weight Modules

Definition 2.4.1 (see [Kas3, Sect. 8]). Let M be an integrable Uq.g/-module. A
weight vector v 2 M of weight � 2 P is said to be extremal if there exists a family
fvwgw2W of weight vectors in M satisfying the following conditions:

(1) If w is the identity element e of W , then vw D ve D v;
(2) If n WD .w�/.hj / � 0, then Ej vw D 0 and F .n/j vw D vrj w;

(3) If n WD .w�/.hj / � 0, then Fj vw D 0 and E.�n/j vw D vrj w.

Here, for j 2 I and k 2 Z�0, E.k/j and F .k/j denote the kth q-divided powers of
Ej and Fj , respectively.

For � 2 P , we set

I� WD
M

b2B.Uq.g/a�/nB.�/
Q.q/G.b/ � Uq.g/a�;

where G.b/ denotes the global basis element corresponding to b 2 B.Uq.g/a�/,
and

B.�/ WD ˚b 2 B.Uq.g/a�/ j b� 2 B.eU q.g// is extremal
�

:

Theorem 2.4.2 ([Kas3, Theorem 8.2.2]). Let � 2 P be an integral weight.

(1) The subspace I� is a Uq.g/-submodule of Uq.g/a�.
(2) The quotient Uq.g/-module V.�/ WD Uq.g/a�=I� is an integrable Uq.g/-

module, which is isomorphic to theUq.g/-module generated by a single element
u� subject to the defining relation that the u� is an extremal weight vector of
weight �.

(3) The subset B.�/ of B.Uq.g/a�/ is precisely a crystal base of the integrable
Uq.g/-module V.�/.

(4) For each w 2 W , there exists an isomorphism V.�/ Š V.w�/ ofUq.g/-modules
between V.�/ and V.w�/.

(5) If we set S�
w WD � ı Sw ı � for each w 2 W , then we have S�

w .B.�// � B.w�/
for all w 2 W . Moreover, the map S�

w W B.�/ ! B.w�/ is an isomorphism of
crystals from B.�/ onto B.w�/.
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Definition 2.4.3. The Uq.g/-module V.�/ in the theorem above is called the ex-
tremal weight module of extremal weight �.

Remark 2.4.4 (see [Kas3, Sects. 8.2 and 8.3]). If � is a dominant (resp., antidom-
inant) integral weight, then the extremal weight module V.�/ is isomorphic, as a
Uq.g/-module, to the integrable highest (resp., lowest) weight module of highest
(resp., lowest) weight �. Thus, the crystal base B.�/ is isomorphic, as a crystal, to
the crystal base of the integrable highest (resp., lowest) weight module of highest
(resp., lowest) weight �.

2.5 Extremal Weight Modules Over Quantum Affine Algebras

In this and the next subsection, we assume that g D g.A/ is an affine Lie algebra,
i.e. that the GCM A D .aij /i; j2I of g is of affine type ; the vertices of the Dynkin
diagram of A D .aij /i; j2I are numbered as in [Kac, Sect. 4.8, Tables Aff 1 –
Aff 3], with “0” being a distinguished element of the index set I . Recall from [Kac,
Sect. 6.2] that the Cartan subalgebra of g is given by: h D �L

j2I Qhj
� ˚ Qd ,

where d 2 h is the scaling element, and that ˛j .d/ D ıj;0, ƒj .d/ D 0 for all
j 2 I . Note that the standard invariant bilinear form .� ; �/ on h� is normalized as in
[Kac, Sect. 6.2], so that �.c/ D .�; ı/ for all � 2 h�, where ı DP

j2I aj˛j 2 h�
and c DP

j2I a_
j hj 2 h denote the null root and the canonical central element of

g, respectively. We take an integral weight lattice P as follows:

P D
0

@

M

j2I
Zƒj

1

A˚ Z.a�1
0 ı/ � h�: (2.5.1)

Here we should note that a0 D 2 if g is of type A.2/2n , n � 2, and a0 D 1 otherwise.
Then we have

P � D
0

@

M

j2I
Zhj

1

A˚Zd � h:

Let � 2 P be an integral weight. If �.c/ > 0 (resp., �.c/ < 0), then � is con-
jugate, under the Weyl group W of g, to a dominant (resp., antidominant) integral
weight ƒ 2 P . Hence it follows from Theorem 2.4.2 (4), (5) and Remark 2.4.4 that
the extremal weight module V.�/ is isomorphic, as a Uq.g/-module, to the inte-
grable highest (resp., lowest) weight module of highest (reps., lowest) weight ƒ,
and that the crystal base B.�/ is isomorphic, as a crystal, to the crystal base of the
integrable highest (resp., lowest) weight module of highest (reps., lowest) weightƒ.
Accordingly, we are reduced to studying the extremal weight module V.�/ and its
crystal base B.�/ in the case �.c/ D 0.
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Definition 2.5.1. An integral weight � 2 P is said to be level-zero if �.c/ D 0.

We set I0 WD I nf0g, and for each i 2 I0, define a level-zero fundamental weight
$i 2 P for the affine Lie algebra g by:

$i D ƒi � a_
i ƒ0 I (2.5.2)

it is easy to check that $i .c/ D 0.

Let � 2 P be a level-zero integral weight. We see from the definitions of an
extremal weight module and its crystal base that for k 2 Z,

V.�C kı/ Š V.�/˝Q.qs/vkı as Uq.g/-modules; (2.5.3)

B.�C kı/ Š B.�/˝ Tkı as crystals; (2.5.4)

where Q.qs/vkı is the one-dimensional Uq.g/-module defined by: Ej vkı D
Fj vkı D 0 for all j 2 I , and qhvkı D qkı.h/vkı for all h 2 D�1P �. Therefore,
we may assume that �.d/ D 0, and hence � 2 P

i2I0
Z$i . Furthermore, the

element � 2Pi2I0
Z$i is conjugate, under the Weyl groupW of g, to an element

in
P

i2I0
Z�0$i . Thus, in view of Theorem 2.4.2 (4) and (5), we may assume from

the beginning that � is contained in the set
P

i2I0
Z�0$i .

2.6 Some Results of Beck and Nakajima

In this subsection, we review some deep results in [BN], which are used in the proof
of our main theorem. In order to state these results, we need (much) more notation.

First, we consider the case in which g is not of type A.2/2n , n � 2; in this case,
our numbering of the vertices of the Dynkin diagram is the same as the one in
[BN] (see [BN, Sect. 2.1]). Let $_

i , i 2 I0, be the element of
L

j2I0
Q˛j �

h� such that .˛j ; $_
i / D ıij for i; j 2 I0, and set e$ i WD di$

_
i with di WD

max
˚

1; .˛i ; ˛i /=2
�

. For each i 2 I0, define an endomorphism t
e$ i

of the vector
space h� by the same formula as [Kac, (6.5.2)]:

t
e$i
.�/ D �C �.c/ e$ i �

�

.�; e$ i /C �.c/

2
.e$ i ; e$ i /

�

ı for � 2 h�:

It is known (see, for example, [FoSS, Sect. 2] and also [W, Sect. 1.2]) that there
exist an element wi 2 W and a diagram automorphism �i W I ! I of the Dynkin
diagram of g such that w�1

i t
e$ i
.˛j / D ˛�i .j / for all j 2 I . Let U 0

q.g/ denote the

Q.qs/-subalgebra of Uq.g/ generated by Ej , Fj , tj WD q.˛j ; ˛j /hj =2, j 2 I , and
define a Q.qs/-algebra automorphism T

e$i
2 Aut.U 0

q.g// by: T
e$i
D T 00

wi ; 1
ı �i ,

where, for w 2 W , T 00
w; 1 is the Q.qs/-algebra automorphism of U 0

q.g/ defined in
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[L, Chap. 39], and �i 2 Aut.U 0
q.g// is given by: �i .Ej / D E�i .j /, �i.Fj / D F�i .j /,

and �i .tj / D t�i .j / for j 2 I . Following [B, Sect. 4.6] (see also [BN, Remark 3.6]),
we set

Ekdiı�˛i
WD T k

e$i
.T 00
ri ; 1

/�1.Ei/ for i 2 I0 and k 2 Z>0;

which is an element of UC
q .g/\Uq.g/kdi ı�˛i

by [L, Proposition 40.1.3]. We define

e i;kdi
WD Ekdiı�˛i

Ei � q2i EiEkdi ı�˛i
2 UC

q .g/\ Uq.g/kdi ı

for i 2 I0 and k 2 Z>0, where qi WD q.˛i ; ˛i /=2 for i 2 I , and then defineEi;kdiı 2
UC
q .g/ \ Uq.g/kdiı for i 2 I0 and k 2 Z>0 by the following generating function

in a variable x:

.qi � q�1
i /

1
X

kD1
Ei;kdiıx

k D log

 

1C
1
X

kD1
.qi � q�1

i /e i;kdi
xk

!

:

Then we know (see, for example, [BN, p. 351]) that

�

Ei;kdiı ; Ej;ldj ı

� D 0 for all i; j 2 I0 and k; l 2 Z>0: (2.6.1)

Furthermore, for each i 2 I0 and k 2 Z�0, we define the “integral” imaginary root
vectors eP i;kdi

2 UC
q .g/ by the following generating function in a variable x as in

[BN, (3.7)]:
X

k�0
eP i;kdi

xk D exp

0

@

X

k�0

Ei;kdiı

Œk�i
xk

1

A ;

where Œk�i WD .qki � q�k
i /=.qi � q�1

i / for i 2 I and k 2 Z�0. Note that
�

eP i;kdi
; eP j;ldj

� D 0 for all i; j 2 I0 and k; l 2 Z�0 by (2.6.1). Also, it is
easily seen that the weight of eP i;kdi

is equal to kdiı for each i 2 I0 and k 2 Z�0.
By convention, we set eP i;kdi

WD 0 2 UC
q .g/ for i 2 I0 and k 2 Z<0.

For a partition �, i.e. for a weakly decreasing sequence � D .�1 � �2 � � � � / of
nonnegative integers with finitely many nonzero parts (i.e. �k D 0 for k sufficiently
large), we denote by `.�/ its length, i.e. the number of nonzero parts of �, and set
j�j WD P

k�1 �k . Now, assume that � 2 P is of the form � D P

i2I0
mi$i , with

mi 2 Z�0 for i 2 I0. We denote by N.�/ the set of I0-tuples .�.i//i2I0
of partitions

�.i/, i 2 I0, such that `.�.i// � mi for all i 2 I0; this set is denoted by NR.�/ in
[BN, Definition 4.2]. Let c0 D .�.i//i2I0

2 N.�/. For each i 2 I0, we write the

conjugate t�.i/ of the partition �.i/ in the form t�.i/ D .t�.i/1 � t�
.i/
2 � � � � /. Set

Sc0
WD

Y

i2I0

S�.i/ ; where S�.i/ WD det.eP
i; .t�

.i/

k
�kCm/di

/1�k;m�`: (2.6.2)
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Here we take (an arbitrary) ` 2 Z�1 such that ` � `.t�.i// for all i 2 I0 ; note
that the element Sc0

2 UC
q .g/ does not depend on the choice of such an `. Since

eP i;kdi
2 UC

q .g/ \ Uq.g/kdi ı for each i 2 I0 and k 2 Z�0, it follows that Sc0
is

an element of UC
q .g/ whose weight is equal to jc0jı, where jc0j WD

P

i2I0
j�.i/jdi .

Also, we set
S�

c0
WD S_

c0
; (2.6.3)

where _ W Uq.g/ ! Uq.g/ denotes the Q.qs/-algebra automorphism of Uq.g/
defined by:

8

<

:

.qh/_ D q�h for h 2 D�1P �;

E_
j D Fj ; F _

j D Ej for j 2 I ;
(2.6.4)

and W Uq.g/! Uq.g/ denotes the Q-algebra automorphism of Uq.g/ defined by:

8

<

:

q D q�1; qh D q�h for h 2 D�1P �;

Ej D Ej ; Fj D Fj for j 2 I :
(2.6.5)

Since Sc0
2 UC

q .g/ \ Uq.g/jc0jı , it follows from the definitions of the maps _ and

that S�
c0
D S_

c0
is an element of U�

q .g/ whose weight is equal to �jc0jı.
Next, we consider the case in which g is of type A.2/2n , n � 2, with I D

˚

0; 1; 2; : : : ; n
�

as the index set. In this case, we should remark that our numbering
of the vertices of the Dynkin diagram is in an order reverse to the one in [BN] (see
[BN, Sect. 2.1]). Namely, for each 1 � i � n, the vertex i of the Dynkin diagram
under our numbering is identical to the vertex n � i of the Dynkin diagram under
the numbering in [BN].

We set InWDI n fng D
˚

0; 1; : : : ; n� 1�. Note that di D max
˚

1; .˛i ; ˛i /=2
� D 1

for all i 2 In. For each i 2 In and k 2 Z�0, we define Ei;kdiı D Ei;kı 2
UC
q .g/ \ Uq.g/kı in exactly the same way as above, with I0 replaced by In, and

then define the integral imaginary root vectors eP i;kdi
D eP i;k 2 UC

q .g/ \ Uq.g/kı
by the following generating function in a variable x:

X

k�0
eP i;kx

k D

8

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

<

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

:

exp

0

@

X

k�0

Ei;kı

Œk�i
xk

1

A if i ¤ 0;

exp

0

@

X

k�0

E0;kı

Œ2k�0
xk

1

A if i D 0:

By convention, we set eP i;kdi
D eP i;k WD 0 2 UC

q .g/ for i 2 In and k 2 Z<0.
Remark that for each i 2 I0 D

˚

1; 2; : : : ; n
�

and k 2 Z, the integral imaginary
root vector “eP i;kdi

D eP i;k” in [BN, (3.7)] (in their notation) is identical to the
element eP n�i; kdn�i

D eP n�i; k above.
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Now, assume that � 2 P is of the form � D P

i2I0
mi$i , with mi 2 Z�0

for i 2 I0 D
˚

1; 2; : : : ; n
�

. We denote by N.�/ the set of I0-tuples .�.i//i2I0
of

partitions �.i/, i 2 I0, such that `.�.i// � mi for all i 2 I0. Here we make the
following remark.

Remark 2.6.1. Set

�0 WD 2ƒ0 �ƒn; �i WD ƒi �ƒn for 1 � i � n� 1: (2.6.6)

Then, for each i 2 I0, the i th level-zero fundamental weight under the numbering
of the vertices of the Dynkin diagram in [BN] (see [BN, p. 348]) is identical to the
�n�i above. But, we see from [KNT, Lemma 5.11] that there exists w 2 W0 WD
hrj j j 2 I0i � W such that w.$i / D �n�i for all i 2 I0 D

˚

1; 2; : : : ; n
�

.
If � D P

i2I0
mi$i with mi 2 Z�0 for i 2 I0, then w� D P

i2I0
mi �n�i D

P

i2In
mn�i �i . Thus, the set N.�/ is identical to the set NR.w�/ in the notation of

[BN, Definition 4.2].

For each c0 D .�.i//i2I0
2 N.�/, we define Sc0

2 UC
q .g/ by:

Sc0
WD

Y

i2I0

S�.i/ ; where S�.i/ WD det.eP
n�i; t�

.i/

k
�kCm/1�k;m�`; (2.6.7)

with ` 2 Z�1 such that ` � `.t�.i// for all i 2 I0, and then set

S�
c0
WD S_

c0
; (2.6.8)

where the automorphisms _ W Uq.g/ ! Uq.g/ and W Uq.g/! Uq.g/ are defined
by the same formulas as (2.6.4) and (2.6.5), respectively. Then, S�

c0
D S_

c0
is an

element of U�
q .g/\ Uq.g/�jc0jı , where jc0j WD

P

i2I0
j�.i/jdn�i D

P

i2I0
j�.i/j.

We now summarize some results in [BN] in the following

Proposition 2.6.2. Assume that � 2 P is of the form � DPi2I0
mi$i , with mi 2

Z�0 for i 2 I0, and set

ƒ WD

8

ˆ

<

ˆ

:

X

i2I0

mi �n�i if g is of type A.2/2n , n � 2;

� otherwise:

(2.6.9)

(1) Let c0 2 N.�/. Then, the element S�
c0
2 U �

q .g/ is contained in the crystal lattice
L.1/ of U�

q .g/. Moreover, the element S�
c0

modqsL.1/ of L.1/=qsL.1/ is
contained in the crystal base B.1/ of U�

q .g/.
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(2) If the elements c0; c0
0 2 N.�/ are not equal, then S�

c0
modqsL.1/ ¤

S�
c0

0

modqsL.1/, and hence bc0
¤ bc0

0
. Here, for c0 2 N.�/, we set

bc0
WD „�1

ƒ

�

.S�
c0

mod qsL.1//˝ tƒ ˝ u�1
� 2 B.Uq.g/aƒ/; (2.6.10)

and similarly for c0
0 2 N.�/.

(3) Let c0 2 N.�/. Then, the element bc0
2 B.Uq.g/aƒ/ is contained in the crystal

base B.ƒ/ of the extremal weight module V.ƒ/ and is an extremal element of
weight ƒ � jc0jı.

(4) If b 2 B.ƒ/ is an extremal element and „ƒ.b/ D b1 ˝ tƒ ˝ u�1 for some
b1 2 B.1/ such that wt.b1/ 2 Z�0 ı, then b D bc0

for some c0 2 N.�/.

(5) Each element of B.ƒ/ is connected to bc0
for some c0 2 N.�/.

Proof. The first assertion of part (1) follows immediately from [BN, Corollary 3.26]
and the comment after it ; remark that the element Sc0

is equal to “L.c; 0/ with
c D .0; c0; 0/” in the notation therein (see [BN, (3.11)]). The second assertion
of part (1) follows from [BN, Proposition 3.27] and the equality “sgn.c; 0/ D 1”
(in the notation therein) proved in [BN, Sect. 5]. Part (2) is obvious by [BN, Propo-
sition 3.23]. Parts (3)–(5) are precisely [BN, Proposition 4.3] along with the equality
sgn.c; 0/ D 1. ut
Definition 2.6.3 (see the comment after [BN, (3.11)]). Let c0 2 N.�/. The ex-
tremal element bc0

2 B.ƒ/ is called the purely imaginary extremal (PIE for short)
element corresponding to c0.

Remark 2.6.4. Suppose that � 2 P is of the form � D P

i2I0
mi$i , with mi 2

Z�0 for i 2 I0, and let ƒ be as defined in (2.6.9). Recall from Remark 2.6.1 that
� is W -conjugate to ƒ, and hence B.ƒ/ Š B.�/ as crystals by Theorem 2.4.2 (5).
Also, we know from [BN, Theorem 4.16] that the connected components of the
crystal base B.ƒ/, and hence those of B.�/, are parametrized by the subset N.�/0
of N.�/ consisting of all I0-tuples .�.i//i2I0

of partitions �.i/, i 2 I0, such that
`.�.i// < mi for all i 2 I0. Therefore, the crystal graph of B.�/ is connected if and
only if mi 2

˚

0; 1
�

for all i (see also [Kas4, Proposition 5.4 (ii)]).

3 Fixed Point Subsets of Crystal Bases

In this section, we recall some basic material on diagram automorphisms and orbit
Lie algebras, and then briefly review the relevant results from our previous works
about the fixed point subset under a diagram automorphism for various crystal bases,
including the crystal base of an extremal weight module. Also, we show a few tech-
nical lemmas, which will be used in the proof of our main theorem. Throughout this
section, we assume that g D g.A/ is a Kac–Moody algebra over Q associated with
a symmetrizable GCM A D .aij /i;j2I , and use the notation of Sects. 2.1–2.4.
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3.1 Diagram Automorphisms and Orbit Lie Algebras

Let ! W I ! I be a bijection of the index set I of the GCM A D .aij /i;j2I such
that a!.i/; !.j / D aij for all i; j 2 I , called a (Dynkin) diagram automorphism;
we denote its order by N . The diagram automorphism ! naturally induces a Lie
algebra automorphism ! 2 Aut.g/ of order N such that !.h/ D h, and !.Ej / D
E!.j /, !.Fj / D F!.j /, !.hj / D h!.j / for all j 2 I . We then define a Q-linear
automorphism !� W h� ! h� by: .!�.�//.h/ D �.!�1.h// for � 2 h�, h 2 h,
and set

h0 WD ˚h 2 h j !.h/ D h�; .h�/0 WD ˚� 2 h� j !�.�/ D ��: (3.1.1)

Also, we define a subgroup eW of W by:

eW D ˚w 2 W j !�w D w!��: (3.1.2)

Note that .h�/0 is stable under the action of eW � W .

Remark 3.1.1. It is easy to verify that

!�.˛j / D ˛!.j /; !�rj .!�/�1 D r!.j / for all j 2 I : (3.1.3)

Let P � h� be an !�-stable integral weight lattice such that ˛j 2 P for all
j 2 I . We know the following lemma from [NS3, Lemma 1.2.1].

Lemma 3.1.2. (1) There exists a Q.qs/-algebra automorphism !2Aut.Uq.g// of
order N such that !.Ej / D E!.j /, !.Fj / D F!.j /, and !.qh/ D q!.h/ for all
j 2 I and h 2 D�1P �.

(2) There exists a Q.qs/-algebra automorphism ! 2 Aut.eU q.g// of order N such
that !.xa�/ D !.x/a!� .�/ for all x 2 Uq.g/ and � 2 P .

We set cij WD PNj �1
kD0 ai; !k .j / for i; j 2 I , where Nj WD #

˚

!k.j / j k � 0
�

.
For our purposes, we may (and do) assume that the diagram automorphism ! W I
! I satisfies the following condition, called the linking condition:

cjj D 1 or 2 for each j 2 I: (3.1.4)

Remark 3.1.3 (see [FuSS, Sect. 2.2]). If cjj D 1, then a
j;!

Nj =2
.j /
D �1 and

aj;!k .j / D 0 for any other 1 � k � Nj � 1, k ¤ Nj =2, where Nj is an even inte-
ger. Hence the Dynkin subdiagram corresponding to the !-orbit of this j is of type
A2 	 � � � 	 A2 (Nj=2 times). If cjj D 2, then aj;!k .j / D 0 for all 1 � k � Nj � 1.
Hence the Dynkin subdiagram corresponding to the !-orbit of this j is of type
A1 	 � � � 	 A1 (Nj times).
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We choose a complete list bI of representatives of the !-orbits in I , and set
baij WD 2cij =cjj for i; j 2bI . We know from [FuRS, Lemma 2.1] that a matrixbA D
.baij /i;j2bI is a symmetrizable GCM. Letbg WD g.bA/ be the Kac–Moody algebra over

Q associated withbA with Cartan subalgebrabh, simple coroots b…_ D ˚bhj
�

j2bI �bh,

and simple roots b… D ˚

b̨j

�

j2bI � bh� WD HomQ.bh;Q/. We call bg D g.bA/ the
orbit Lie algebra (associated with the diagram automorphism ! W I ! I ). De-
note by bW WD hbrj j j 2 bI i � GL.bh�/ the Weyl group of the orbit Lie algebra
bg, wherebrj 2 GL.bh�/ is the simple reflection in b̨j 2 bh�. Let Uq.bg / denote the
quantized universal enveloping algebra of the orbit Lie algebrabg over Q.qs/, with
weight lattice bP WD .P �

! /
�1.P \ .h�/0/, where qs is defined as in Sect. 2.1. Also,

let eU q.bg / WDL
b�2bP Uq.bg /bab� denote the modified quantized universal enveloping

algebra of the orbit Lie algebrabg, where ba
b�

is a formal element of weight b� for
b� 2 bP .

From [FuRS, Sect. 2], we know that there exist Q-linear isomorphisms P! W
h0

�!bh and P �
! Wbh� �! .h0/� Š .h�/0 such that

P!.ehj / Dbhj ; P �
! .b̨j / D ęj for all j 2bI ;

�

P �
! .
b�/
�

.h/ Db��P!.h/
�

for allb� 2bh� and h 2 h0; (3.1.5)

where we set for j 2bI ,

ehj WD 1

Nj

Nj �1
X

kD0
h!k .j / 2 h0; ęj WD 2

cjj

Nj �1
X

kD0
˛!k .j / 2 .h�/0: (3.1.6)

Also, we define wj 2 W by:

wj D

8

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

<

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

:

Nj =2�1
Y

kD0
.r!k .j /r!kCNj =2

.j /
r!k .j // if cjj D 1;

Nj �1
Y

kD0
r!k .j / if cjj D 2;

(3.1.7)

for each j 2 bI (see Remark 3.1.3). It is easily seen that wj 2 eW for all j 2 bI .
Furthermore, we know from [FuRS, Sect. 3] that there exists a group isomorphism

‚ W bW �! eW such that ‚.bw/j.h�/0 D P �
! ı bw ı .P �

! /
�1 for all bw 2 bW , and

‚.brj / D wj for all j 2bI .
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3.2 Fixed Point Subset of the Crystal Base B.Uq.g/a�/

Let � 2 P \ .h�/0. We see from [NS1, Lemma 2.4.2] that there exists a natural
action of ! on the crystal base B.Uq.g/a�/ of Uq.g/a�, induced by the restriction
of ! 2 Aut.eU q.g// to Uq.g/a�, satisfying

! ı ej D e!.j / ı ! and ! ı fj D f!.j / ı ! for all j 2 I ;
wt.!.b// D !�.wt b/ for all b 2 B.Uq.g/a�/;

(3.2.1)

where it is understood that !.0/ D 0. We set

B0.Uq.g/a�/ WD
˚

b 2 B.Uq.g/a�/ j !.b/ D b
�

; (3.2.2)

and define !-Kashiwara operatorseej and ef j , j 2bI , on B.Uq.g/a�/ by:

exj D

8

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

<

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

:

Nj =2�1
Y

kD0
.x!k .i/x

2

!
kCNj =2

.j /
x!k .j // if cjj D 1;

Nj �1
Y

kD0
x!k .j / if cjj D 2;

(3.2.3)

where x is either e or f .
Let us denote bybB.eU q.bg // DF

b�2bP
bB.Uq.bg /ba

b�
/ the crystal base of the mod-

ified quantized universal enveloping algebra eU q.bg / of the orbit Lie algebrabg, and

bybej , bf j , j 2bI , the Kashiwara operators on bB.eU q.bg //.
Proposition 3.2.1 ([NS1, Proposition 2.4.4]). Let � 2 P \ .h�/0, and set b� WD
.P �
! /

�1.�/. Then, the set B0.Uq.g/a�/ [ f0g is stable under !-Kashiwara op-
erators eej and ef j for all j 2 bI . Moreover, there exists a canonical bijection

Q� W B0.Uq.g/a�/ �! bB.Uq.bg /ba
b�
/ such that

.P �
! /

�1.wt.b// D wt.Q�.b// for all b 2 B0.Uq.g/a�/; (3.2.4)

Q� ıeej Dbej ıQ� and Q� ı ef j D bf j ıQ� for all j 2bI ; (3.2.5)

where it is understood thatQ�.0/ D 0.

Also, we have a natural action of ! on the crystal base B.˙1/ of U�
q .g/, in-

duced by the restriction of ! 2 Aut.Uq.g// to U�
q .g/, such that ! ı ej D e!.j / ı!

and ! ıfj D f!.j / ı! for all j 2 I , and wt.!.b// D !�.wt b/ for all b 2 B.˙1/
(see [NS2, Sect. 3.4]); here it is understood that !.0/ D 0. We set

B0.˙1/ WD ˚b 2 B.˙1/ j !.b/ D b�: (3.2.6)
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Let UC
q .bg / (resp., U�

q .bg /) denote the positive (resp., negative) part of Uq.bg /,

and bB.˙1/ the crystal base of U�
q .bg /, equipped with Kashiwara operators

bej ; bf j , j 2bI .

Proposition 3.2.2 ([NS2, Theorem 3.4.1]). The set B0.˙1/[ f0g is stable under
the !-Kashiwara operators eej and ef j , j 2 bI , which are defined by the same

formula as (3.2.3). Moreover, there exist canonical bijections P˙1 W B0.˙1/ �!
bB.˙1/ such that

.P �
! /

�1.wt.b// D wt.P˙1.b// for all b 2 B0.˙1/; (3.2.7)

P˙1 ıeej Dbej ı P˙1 and P˙1 ı efj D bfj ı P˙1 for all j 2bI ; (3.2.8)

where it is understood that P˙1.0/ D 0.

Remark 3.2.3. We see that !.u˙1/ D u˙1, and hence u˙1 2 B0.˙1/. Letbu˙1
denote the element of bB.˙1/ corresponding to 1 2 U�

q .bg /. Since u˙1 (resp.,

bu˙1) is a unique element of weight 0 2 P (resp., 0 2 bP ) in B.˙1/ (resp., in
bB.˙1/), we deduce from (3.2.7) that P˙1.u˙1/ Dbu˙1.

We also know from [NS3, Remark 2.4.3] that

„�
�B0.Uq.g/a�/

� D B0.1/˝ T� ˝ B0.�1/ (3.2.9)

for � 2 P \ .h�/0. Let b„
b�
W bB.Uq.bg /ba

b�
/

�! bB.1/˝ bT
b�
˝ bB.�1/ denote the

corresponding isomorphism of crystals for the orbit Lie algebrabg, where bT
b�
WD

˚

bt
b�

�

is a crystal for Uq.bg / consisting of a single elementbt
b�

of weightb� 2 bP .

Proposition 3.2.4. Let � 2 P\.h�/0, and setb� WD .P �
! /

�1.�/. Then, the following
diagram commutes :

B0.Uq.g/a�/
„������! B0.1/˝ T� ˝ B0.�1/

Q�

?

?

y

?

?

yP1˝Q�˝P�1

bB.Uq.bg /ba
b�
/

b„
b������! bB.1/˝ bT

b�
˝bB.�1/;

(3.2.10)

where Q� W T� ! bT
b�

is defined by : Q�.t�/ Dbt
b�

.

3.3 Fixed Point Subset of the Crystal Base B.�/

If � 2 P \ .h�/0, then we know from [NS1, Lemma 4.3.1] that the crystal base
B.�/ � B.Uq.g/a�/ of the extremal weightUq.g/-module V.�/ of extremal weight
� is stable under the action of ! on B.Uq.g/a�/. We set
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B0.�/ WD ˚b 2 B.�/ j !.b/ D b� � B0.Uq.g/a�/ for � 2 P \ .h�/0: (3.3.1)

Now, letbB be a normal crystal forUq.bg /. Denote bybS W bW ! Bij.bB/,bw 7! bS
bw

,

the unique action of the Weyl group bW on the set bB such that bS
brj
D bSj for all

j 2 bI , where bS j for j 2 bI is defined by the same formula as (2.3.1), with the

hat b on all symbols involved. An elementbb 2 bB is said to be extremal (or more
precisely, bW -extremal) if eitherbejbS

bw
bb D 0 or bf jbS

bw
bb D 0 holds for eachbw 2 bW

and j 2bI .
Let � W bB.eU q.bg // ! bB.eU q.bg // be the �-operation on the crystal base

bB.eU q.bg // for the orbit Lie algebrabg. For eachb� 2 bP , we set

bB.b�/ WD ˚bb 2 bB.Uq.bg /ba
b�
/ jbb� 2 bB.eU q.bg // is extremal

� � bB.Uq.bg /ba
b�
/;

(3.3.2)

which is precisely a crystal base of the extremal weight Uq.bg /-module of extremal

weightb�.
Now, combining [NS1, Theorem 4.3.2] and [NS3, Theorem 3.2.1] (see also

[NS3, Remark 4.1.2]), we obtain the following theorem.

Theorem 3.3.1. Let � 2 P \ .h�/0, and set b� WD .P �
! /

�1.�/. We define a
map R� to be the restriction Q�jB0.�/ to B0.�/ � B0.Uq.g/a�/ of the bijection

Q� W B0.Uq.g/a�/ ! bB.Uq.bg /ba
b�
/ of Proposition 3.2.1. Then, the map R� is an

injection from B0.�/ into bB.b�/.
The main result ([NS3, Theorem 4.2.1]) of our previous paper [NS3] asserts that

the (injective) mapR� W B0.�/ ,! bB.b�/ above is also surjective, and hence bijective
if the crystal graph of bB.b�/ is connected. However, this restriction on the weight
b� 2 bh� is so strong that there are many cases to which the result above cannot be
applied (see Remark 2.6.4).

3.4 Technical Lemmas

In this subsection, we collect a few technical lemmas, which will be used to deal
with Case (e) of Sect. 4.1. We define an isomorphism

b„ W bB.eU q.bg // �!
G

b�2bP

bB.1/˝ bT
b�
˝bB.�1/

of crystals for Uq.bg /, and the �-operation

� W
G

b�2bP

bB.1/˝ bT
b�
˝bB.�1/!

G

b�2bP

bB.1/˝ bT
b�
˝bB.�1/
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in the same manner as in Sect. 2.2. The next lemma follows immediately from
Proposition 2.2.1, the tensor product rule for crystals, and the definition of bSj for
j 2bI (see also [Kas4, pp. 173–174]).

Lemma 3.4.1. Letbb1˝bt
b�
˝bb2 2 bB.1/˝bT

b�
˝bB.�1/, and assume thatb�.bhj / >

0 for some j 2bI . Then, the equation

bS�
j .
bb1 ˝bt

b�
˝bb2/ Dbe�p1

j
bb1 ˝bt

brjb�
˝be�p2

j
bb2 (3.4.1)

holds for some p1; p2 2 Z�0 such that p1 C p2 D b�.bhj /, where we set bS�
bw
WD

� ıbS
bw
ı � forbw 2 bW , andbe�

j WD � ıbej ı � for j 2 I .

For an elementbb ofbB.1/˝ bT
b�
˝bB.�1/ orbB.�1/, we set

b'j .bb/ WD max
˚

k � 0 j bf kjbb ¤ 0
�

; and bf max
j
bb WD bf

b'j .bb/

j
bb:

Lemma 3.4.2. Letbb Dbb1˝bt
b�
˝bb2 2 bB.1/˝bT

b�
˝bB.�1/, and j 2bI . Assume

thatbb is an extremal element such that .wt.bb//.bhj / > 0. Then, the equation

bSj .bb1 ˝bt
b�
˝bb2/ D bf

p
j
bb1 ˝bt

b�
˝ bf max

j
bb2 (3.4.2)

holds for some p 2 Z�0.

Proof. Sincebb is an extremal element of the normal crystal bB.1/˝bT
b�
˝bB.�1/

and .wt.bb//.bhj / > 0, it follows from the definitions of bS j and bf max
j that bSjbb D

bf max
j
bb. The assertion of the lemma now follows using a formula for “ef max

i b” (in the
notation therein) on page 173 of [Kas4]. This proves the lemma. ut

Let bw 2 bW , and let bw D brjp
brjp�1

� � �br j1
be a reduced expression. We define a

subsetbB
bw
.�1/ ofbB.�1/ by:

bB
bw
.�1/ D ˚be spjp

be
sp�1

jp�1
� � �be s1j1

bu�1 j sp; sp�1; : : : ; s1 2 Z�0
�

:

We know from [Kas2, Proposition 3.2.5] (see also [Kas4, Sect. 2.3]) that the subset
bB
bw
.�1/ does not depend on the choice of a reduced expression ofbw. Furthermore,

we have the following lemma.

Lemma 3.4.3. (1) There holds
�

bB
bw.�1/

�� D bB
bw�1.�1/ in bB.�1/.

(2) Let bw 2 bW , and let bw D brjp
brjp�1

� � �brj1
be a reduced expression. Then, we

have
bf max
j1

bf max
j2
� � �bf max

jp

bb Dbu�1 for allbb 2 bB
bw
.�1/: (3.4.3)
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Proof. We know part (1) from [Kas2, Proposition 3.3.1]. Part (2) follows from
[Kas2, Proposition 3.2.5 (iii) and Lemma 3.3.3] (see also [Kas4, Sect. 2.3, state-
ments (iv) and (2.9)]). ut

4 Surjectivity of the Map R�: Case of Affine Lie Algebras

4.1 Affine Lie Algebras, Diagram Automorphisms, and Orbit Lie
Algebras

In the remainder of this paper, we assume that g D g.A/ is an affine Lie algebra
of type A.1/n .n � 2/, D.1/

n .n � 4/, or E.1/6 . We further assume that the diagram
automorphism ! W I ! I satisfies the (additional) condition that !.0/ D 0, where
0 2 I is a distinguished index (specified as below). In this subsection, we give
all pairs .g; !/ of an affine Lie algebra g and a nontrivial diagram automorphism
! W I ! I satisfying the condition above, and also give the associated orbit Lie
algebrasbg.

Case (a). The Cartan matrix A D .aij /i;j2I of g is the affine Cartan matrix of type

A
.1/
2n�1 .n � 2/, and the diagram automorphism ! W I ! I is given by: !.0/ D 0

and !.j / D 2n � j for j 2 I n f0g (note that the order N of ! is equal to 2).
Then the Cartan matrixbA D .baij /i;j2bI of the orbit Lie algebrabg is the affine Cartan

matrix of type D.2/
nC1:

0

1 2 n� 1

n

nC 12n� 22n� 1

0 1 2 n� 1 n

A:

bA:

Case (b). The Cartan matrix A D .aij /i;j2I of g is the affine Cartan matrix of type

D
.1/
nC1 .n � 3/, and the diagram automorphism ! W I ! I is given by: !.j / D j

for j 2 I n fn; nC 1g, and !.n/ D nC 1, !.nC 1/ D n (note that the order N of
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! is equal to 2). Then the Cartan matrix bA D .baij /i;j2bI of the orbit Lie algebrabg is

the affine Cartan matrix of type A.2/2n�1:

1 2 3 n� 1 n

0

1 2 3 n� 1

n

nC 1

0

A:

bA:

Case (c). The Cartan matrix A D .aij /i;j2I of g is the affine Cartan matrix of type

D
.1/
4 , and the diagram automorphism ! W I ! I is given by: !.0/ D 0, !.1/ D 1,

!.2/ D 3, !.3/ D 4, and !.4/ D 2 (note that the order N of ! is equal to 3).
Then the Cartan matrixbA D .baij /i;j2bI of the orbit Lie algebrabg is the affine Cartan

matrix of type D.3/
4 :

A:
0 1

2

3

4

0 1 2

bA:

Case (d). The Cartan matrix A D .aij /i;j2I of g is the affine Cartan matrix of type

E
.1/
6 , and the diagram automorphism ! W I ! I is given by: !.0/ D 0, !.1/ D 1,

!.2/ D 2, !.3/ D 5, !.4/ D 6, !.5/ D 3, and !.6/ D 4 (note that the order N of
! is equal to 2). Then the Cartan matrix bA D .baij /i;j2bI of the orbit Lie algebrabg is

the affine Cartan matrix of type E.2/6 :
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0 1 2

3 4

5 6

0 1 2 3 4

A:

bA:

Case (e). The Cartan matrix A D .aij /i;j2I of g is the affine Cartan matrix of type

A
.1/
2n .n � 1/, and the diagram automorphism ! W I ! I is given by: !.0/ D 0 and

!.j / D 2nC 1� j for j 2 I n f0g (note that the order of ! is equal to 2). Then the
Cartan matrixbA D .baij /i;j2bI of the orbit Lie algebrabg is the affine Cartan matrix of

type A.2/2n (it should be mentioned again that the vertices of the Dynkin diagram of

type A.2/2n are numbered in an order reverse to the one in [BN]; see [BN, Sect. 2.1]):

0

1 2 n� 1

nC 22n� 12n

0 1 2 n� 1 n

A:

bA:

n

nC 1

If n � 2, then If n D 1, then

0

1

2

0 1

Recall from Sect. 2.5 that the Cartan subalgebra h of the affine Lie algebra g

is given by: h D
	

L

j2I Qhj



˚ Qd , where d is the scaling element, and that

˛j .d/ D ıj;0, ƒj .d/ D 0 for j 2 I . Here we remark that since !.0/ D 0, the
automorphism ! W h ! h is given by: !.hj / D h!.j / for j 2 I , and !.d/ D d .
Note that !.c/ D c and !�.ı/ D ı (see Remark 3.1.1). Also, since !.d/ D d , it
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follows that !�.ƒj / D ƒ!.j / for all j 2 I . In particular, the integral weight lattice
(see (2.5.1) ; note that a0 D 1)

P D
0

@

M

j2I
Zƒj

1

A˚ Zı � h�

is !�-stable.
Similarly, the Cartan subalgebrabh of the orbit Lie algebrabg is given by: bh D

	

L

j2bI Qbhj



˚ Qbd , where bd is the scaling element. Also, the simple roots b̨j ,

j 2bI , and fundamental weights bƒj 2bh�, j 2bI , for the orbit Lie algebrabg satisfy

the following: b̨j .bd/ D ıj;0 and bƒj .bd/ D 0 for j 2bI . Letbı WDP

j2bIbajb̨j 2bh�

andbc WDP
j2bIba

_
j
bhj 2bh denote the null root and the canonical central element of

the orbit Lie algebrabg, respectively. Note thatba0 D 1 in Cases (a)–(d), andba0 D 2
in Case (e). Then the integral weight lattice bP �bh� is given by (see (2.5.1)):

bP D

0

B

@

M

j2bI
Zbƒj

1

C

A˚ Z
�

ba�1
0
bı
� �bh�:

Since !.0/ D 0, the Q-linear isomorphism P! W h0 �!bh is given by: P!.ehj / D
bhj for j 2 I , and P!.d/ D bd . It is easy to verify that

P!.c/ Dbc; and P �
! .
bı/ Dba0ı: (4.1.1)

Also, since

P �
! .
bƒj / D

Nj �1
X

kD0
ƒ!k .j / for all j 2bI ; (4.1.2)

we have bP D .P �
! /

�1.P \ .h�/0/.

4.2 Main Result

The purpose of this paper is to prove that in Cases (a)–(e) of Sect. 4.1, the (injective)
map R� W B0.�/ ,! bB.b�/ of Theorem 3.3.1 is also surjective, and hence bijective
for every � 2 P \ .h�/0. We see from (4.1.1) and the definition of P �

! (see (3.1.5))

that � 2 P \ .h�/0 satisfies �.c/ > 0 (resp., �.c/ < 0) if and only if b� WD
.P �
! /

�1.�/ satisfies b�.bc/ > 0 (resp., b�.bc/ < 0). Hence the argument in Sect. 2.5
shows that if � 2 P \ .h�/0 satisfies �.c/ > 0 or �.c/ < 0, then the crystal graph
of bB.b�/ is connected. Thus, in these cases, [NS3, Theorem 4.2.1] shows that the



Crystal Base Elements Fixed by a Diagram Automorphism 247

(injective) map R� W B0.�/ ,! bB.b�/ is surjective, and hence bijective. Therefore,
it remains to consider the case in which � 2 P \ .h�/0 is level-zero. Note that
if � 2 P \ .h�/0 is level-zero, then b� D .P �

! /
�1.�/ 2 bP is also level-zero, i.e.

b�.bc/ D 0.
We setbI 0 WDbI nf0g, and for each i 2bI 0, define a level-zero fundamental weight

b$ i 2 bP for the orbit Lie algebrabg by: b$ i D bƒi �ba_
i
bƒ0. A simple calculation

yields the following equations:

!.$i / D $!.i/ for all i 2 I0; (4.2.1)

P �
! .b$ i / D

Ni �1
X

kD0
$!k .i/ for all i 2bI 0: (4.2.2)

Let � 2 P \.h�/0 be a level-zero integral weight. Because the crystal bases B.�/
and B.�C kı/ are “isomorphic” up to shift of weights by kı for k 2 Z by (2.5.4),
we may (and do) assume that �.d/ D 0, and hence � 2 �Pi2I0

Z$i

� \ .h�/0.
Then, since m!.i/ D mi for all i 2 I0 by (4.2.1), it follows from (4.2.2) that
b� D .P �

! /
�1.�/ 2 P

i2bI0
Zb$ i . Take bw 2 bW 0 WD hbrj j j 2 bI 0i � bW such that

bwb� 2P
i2bI0

Z�0b$ i , and set w WD ‚�1.bw/ 2 hwj j j 2bI 0i � eW . Because w� D
�

P �
! ıbwı .P �

! /
�1�.�/ D P �

! .bwb�/ (see Sect. 3.1), we have w� 2 �Pi2I0
Z�0$i

�\
.h�/0 by (4.2.2). Here we recall from Theorem 2.4.2 (5) that S�

w D �ıSw ı� (resp.,
bS�
bw
D � ı bS

bw
ı �) gives an isomorphism of crystals from B.�/ � B.Uq.g/a�/

onto B.w�/ � B.Uq.g/aw�/ (resp., from bB.b�/ � bB.Uq.bg /ba
b�
/ onto bB.bwb�/ �

bB.Uq.bg /ba
bwb�
/). Since w 2 eW , and ! ı � D � ı ! from the definitions, we can

easily deduce that ! ı S�
w D S�

!�w .!�/�1 ı ! D S�
w ı ! using (3.1.3). Therefore,

under the isomorphism S�
w W B.�/

�! B.w�/, the fixed point subset B0.�/ � B.�/
is mapped onto the fixed point subset B0.w�/ � B.w�/. Furthermore, we can show,
using [NS1, Proposition 2.4.4(4)] (see also the proof of [NS1, Theorem 3.3.3]), that
the following diagram commutes:

B0.�/ R������! bB.b�/
S�

w

?

?

y

?

?

y

bS�

bw

B0.w�/ Rw������! bB.bwb�/:

Hence the map R� W B0.�/ ! bB.b�/ is surjective if and only if the map Rw� W
B0.w�/! bB.bwb�/ is surjective. Thus, we may assume from the beginning that � is
contained in the set

�P

i2I0
Z�0$i

� \ .h�/0.
Now we are ready to state the main result of this paper.
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Theorem 4.2.1. Assume that g D g.A/ is an affine Lie algebra of typeA.1/n .n � 2/,
D
.1/
n .n � 4/, or E.1/6 , and that the diagram automorphism ! W I ! I fixes the

index 0 2 I specified as in Sect. 4.1. Let � 2 �Pi2I0
Z�0$i

� \ .h�/0, and set
b� WD .P �

! /
�1.�/. Then, the (injective) map R� W B0.�/ ,! bB.b�/ of Theorem 3.3.1

is also surjective, and hence bijective.

4.3 PIE Elements Fixed by a Diagram Automorphism

We take (and fix) a level-zero integral weight � 2 P of the form � DPi2I0
mi$i ,

withmi 2 Z�0 for i 2 I0, such that !�.�/ D �; note thatm!.i/ D mi for all i 2 I0
by (4.2.1). Also, note that di D max

˚

1; .˛i ; ˛i /=2
�

is equal to 1 for all i 2 I0, since
the Cartan matrix A D .aij /i;j2I of g is symmetric.

Recall from Sect. 2.6 the set N.�/ of all I0-tuples .�.i//i2I0
of partitions �.i/,

i 2 I0, such that `.�.i// � mi for all i 2 I0. We define an action of the diagram
automorphism ! on N.�/ as follows. Let c0 D .�.i//i2I0

2 N.�/. Then we define
!.c0/ WD .�.i//i2I0

, where �.i/ WD �.!.i// for each i 2 I0. Since mi D m!.i/ for
all i 2 I0, it follows that !.c0/ 2 N.�/. We set

N0.�/ WD ˚c0 2 N.�/ j !.c0/ D c0
�

: (4.3.1)

Note that c0 D .�.i//i2I0
2 N.�/ is fixed by the diagram automorphism ! if and

only if �.i/ D �.!.i// for all i 2 I0. This, in particular, implies that in Case (e), the
number jc0j D

P

i2I0
j�.i/jdi D

P

i2I0
j�.i/j is contained in 2Z�0 D ba0Z�0 for

all c0 2 N0.�/. For each k 2 Z�0, we set

N0.�/k WD
˚

c0 2 N0.�/ j jc0j Dba0k
�

: (4.3.2)

Lemma 4.3.1. Let c0 2 N.�/. Then the element S�
c0
2 U�

q .g/ is mapped to
S�
!.c0/

under ! 2 Aut.Uq.g//. Moreover, the element S�
c0
2 U�

q .g/ is fixed by

! 2 Aut.Uq.g// if and only if c0 2 N0.�/.

Proof. We see from the definition (see Sect. 2.6) that the integral imaginary
root vector eP i;k .D eP i;kdi

/ is mapped to eP !.i/;k .D eP !.i/; kd!.i/
/ under

! 2 Aut.Uq.g// for each i 2 I0 and k 2 Z�0. Therefore, we deduce from
the definitions (2.6.2) and (2.6.7) that !.Sc0

/ D S!.c0/. Also, it follows imme-
diately from (2.6.4) and (2.6.5) that ! ı _ D _ ı ! and ! ı D ı !. Hence
we deduce that !.S�

c0
/ D S�

!.c0/
, which is the first assertion. The second assertion

follows from the first one and Proposition 2.6.2 (2). This proves the lemma. ut
Because the action of the diagram automorphism ! on B.1/ is induced by ! 2

Aut.Uq.g//, it follows from Lemma 4.3.1 and (3.2.9) that
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c0 2 N0.�/

” .S�
c0

mod qsL.1//˝ t� ˝ u�1 2 B0.1/˝ T� ˝ B0.�1/
” bc0

D „�1
�

�

.S�
c0

modqsL.1//˝ t� ˝ u�1
� 2 B0.Uq.g/a�/:

Therefore, we conclude from Proposition 2.6.2 (3) that

˚

bc0
j c0 2 N0.�/

� � B0.Uq.g/a�/ \ B.�/ D B0.�/: (4.3.3)

Now, for each k 2 Z�0, we set

B0.�/PIE;k WD
(

b 2 B0.�/
ˇ

ˇ

ˇ

ˇ

ˇ

b is extremal, and„�.b/ D b1 ˝ t� ˝ u�1
for some b1 2 B0.1/ such that wt.b1/ D �ba0kı

)

:

Then it follows from Proposition 2.6.2 (3) and (4.3.3) that the set
˚

bc0
j c0 2

N0.�/k
�

is contained in B0.�/PIE;k. Therefore, in view of Proposition 2.6.2 (2), we
obtain

#B0.�/PIE;k � #N0.�/k for all k 2 Z�0: (4.3.4)

4.4 PIE Elements for Orbit Lie Algebras

As in Sect. 4.3, we assume that � 2 P is a level-zero integral weight of the form
� D P

i2I0
mi$i , with mi 2 Z�0 for i 2 I0, such that !�.�/ D �. We set

b� D .P �
! /

�1.�/, which is equal to
P

i2bI0
mi b$ i by (4.2.2).

Recall that in Case (e), the vertices of the Dynkin diagram of type A.2/2n are num-
bered in an order reverse to the one in [BN] (see [BN, Sect. 2.1]). We defineb�i 2 bP ,
i 2 bI n WD bI n fng, as in (2.6.6). Then,b� D P

i2bI0
mi b$ i is conjugate, under the

(finite) Weyl group bW 0 WD hbrj j j 2 bI 0i � bW , to bƒ WD P

i2bI0
mib�n�i (see

Remark 2.6.1).

Let bN.b�/ denote the set of bI 0-tuples .b�.i//
i2bI0

of partitionsb�.i/, i 2 bI 0, such

that `.b�.i// � mi for all i 2bI 0. Also, for each k 2 Z�0, we set

bN.b�/k WD
˚

bc0 2 bN.b�/ j jbc0j D k
�

;

where jbc0j WD
P

i2bI0
jb�.i/jbd i , with

bd i WD
8

<

:

max
˚

1; .b̨i ; b̨i /=2
�

in Cases (a)–(d);

max
˚

1; .b̨n�i ; b̨n�i /=2
� D 1 in Case (e);

for i 2bI 0: (4.4.1)
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Remark 4.4.1. Recall that Ni 2 Z�1 is defined to be the number #
˚

!k.i/ j k � 0�

for i 2bI . We can check thatbd i D Niba�1
0 for all i 2bI 0 in Cases (a)–(e).

For each k 2 Z�0, we set

bB.b�/PIE;k WD
(

bb 2 bB.b�/
ˇ

ˇ

ˇ

ˇ

ˇ

bb is extremal, and b„
b�
.bb/ Dbb1 ˝bt

b�
˝bu�1

for somebb1 2 bB.1/ such that wt.bb1/ D �kbı

)

;

(4.4.2)

whereb� Db� in Cases (a)–(e), and b� Db� orb� D bƒ in Case (e).

Lemma 4.4.2. Let b� D .P �
! /

�1.�/ D P

i2bI0
mi b$ i be the level-zero integral

weight above for the orbit Lie algebrabg. Then, the inequality #bB.b�/PIE;k � #bN.b�/k
holds for every k 2 Z�0.

Proof. Let us fix k 2 Z�0 arbitrarily. In Cases (a)–(d), we see from Proposi-
tion 2.6.2 (2)–(4) that the equality #bB.b�/PIE;k D #bN.b�/k holds. Hence it remains

to consider Case (e). Letbw 2 bW 0 be the unique shortest element such thatbwb� D bƒ,
and letbw Dbrjp

brjp�1
� � �brj1

be a reduced expression. Then it follows (for example,
from [Kac, Lemma 3.11 b)]) that

�

brjq
brjq�1

� � �brj1
.b�/
�

.bhjqC1
/ > 0 for q D 0; 1; : : : ; p � 1: (4.4.3)

Claim. If bb 2 bB.b�/PIE;k , then the element bS
bw
bS�
bw
.bb/ is contained in bB.bƒ/PIE;k.

Namely, we havebS
bw
bS�
bw

�

bB.b�/PIE;k
� � bB.bƒ/PIE;k .

Proof of the claim. We see from (4.4.2) that the weight of an element ofbB.b�/PIE;k is
b� � kbı. Because bS�

bw
gives an isomorphism of crystals from bB.b�/ onto bB.bwb�/ D

bB.bƒ/, bS�
bw
.bb/ is an extremal element of bB.bƒ/ whose weight is b� � kbı by Re-

mark 2.3.2 (2). Also, it follows from Remark 2.3.2 (1) thatbS
bw
bS�
bw
.bb/ is an extremal

element ofbB.bƒ/ whose weight isbw.b� � kbı/ D bƒ � kbı.
Now, using lemmas in Sect. 3.4, we compute the element b„

bƒ
.bS
bw
bS�
bw
.bb//. Write

b„
b�
.bb/ as bb1 ˝bt

b�
˝bu�1 for some bb1 2 bB.1/ such that wt.bb1/ D �kbı. Then

we have

b„
bƒ
.bS
bw
bS�
bw
.bb// D b„.bS

bw
bS�
bw
.bb// D bS

bw
b„
�

bS�
bw
.bb/
�

by Remark 2.3.2 (2)

D bS
bw
bS�
bw
b„.bb/ by Remark 2.3.2 (2), along with (2.2.4)

D bS
bw
bS�
bw
b„
b�
.bb/ D bS

bw
bS�
bw
.bb1 ˝bt

b�
˝bu�1/:
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Noting (4.4.3), we obtain, by repeated application of Lemma 3.4.1,

bS�
bw
.bb1 ˝bt

b�
˝bu�1/ D bS�

jp
bS�
jp�1
� � �bS�

j1
.bb1 ˝bt

b�
˝bu�1/

Dbb0
1 ˝bt

bƒ
˝ �be�sp

jp
be

�sp�1

jp�1
� � �be�s1

j1
bu�1

�

for some sp; sp�1; : : : ; s1 2 Z�0 and bb0
1 2 bB.1/. Furthermore, again noting

(4.4.3), we obtain, by repeated application of Lemma 3.4.2,

bSwbS
�
bw
.bb1 ˝bt

b�
˝bu�1/DbS jp

bSjp�1
� � �bSj1

	

bb0
1 ˝bt

bƒ
˝ �be�sp

jp
be

�sp�1

jp�1
� � �be�s1

j1
bu�1

�




Dbb00
1 ˝bt

bƒ
˝�bf max

jp

bf max
jp�1
� � �bf max

j1
be

�sp
jp
be

�sp�1

jp�1
� � �be�s1

j1
bu�1

�

for somebb00
1 2 bB.1/. Here, sincebe�sp

jp
be

�sp�1

jp�1
� � �be�s1

j1
bu�1D

�

be
sp
jp
be
sp�1

jp�1
� � �bes1j1

bu�1
��

,

it is contained in
�

bB
bw
.�1/��, and hence in bB

bw�1.�1/ by Lemma 3.4.3 (1). It
follows from Lemma 3.4.3 (2) that

bf max
jp

bf max
jp�1
� � �bf max

j1
be

�sp
jp
be

�sp�1

jp�1
� � �be�s1

j1
bu�1

„ ƒ‚ …

2bB
bw�1

.�1/

Dbu�1;

since bw�1 D brj1
brj2
� � �brjp

is a reduced expression of bw�1. Therefore, from

the above, we conclude that b„
bƒ
.bS
bw
bS�
bw
.bb// D bb00

1 ˝bt
bƒ
˝ bu�1. Also, since

wt
�

b„
bƒ
.bS
bw
bS�
bw
.bb//

� D wt
�

bS
bw
bS�
bw
.bb/
� D bƒ � kbı, it follows that wt.bb00

1/ D �kbı.
This proves the claim.

Now, we continue the proof of the lemma. We see again from Proposi-
tion 2.6.2 (2)–(4) that the equality #bB.bƒ/PIE;k D #bN.b�/k holds. Since bS

bw
bS�
bw

is
bijective (in particular, injective), it follows from the claim above that the inequality
#bB.b�/PIE;k � #bB.bƒ/PIE;k D #bN.b�/k holds. Thus we have proved the lemma. ut

4.5 Relation Between N0.�/ and bN.b�/

As in Sects. 4.3 and 4.4, we assume that � 2 P is a level-zero integral weight of the
form � D P

i2I0
mi$i , with mi 2 Z�0 for i 2 I0, such that !�.�/ D �, and set

b� D .P �
! /

�1.�/ DP
i2bI0

mi b$ i .

Lemma 4.5.1. Let k 2 Z�0. Then, there exists a bijection ‰k W N0.�/k �! bN.b�/k .
In particular, the equation #N0.�/k D #bN.b�/k holds.

Proof. Let .�.i//i2I0
2 N0.�/k . Recall from the definition .4:3:2/ that `.�.i// � mi

and �.!.i// D �.i/ for all i 2 I0, and j.�.i//i2I0
j D P

i2I0
j�.i/j D ba0k. Now we
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define ‰k..�.i//i2I0
/ by: ‰k..�.i//i2I0

/ D .�.i//
i2bI0

; this definition makes sense

since �.!.i// D �.i/ for all i 2 I0. Since `.�.i// � mi for all i 2 I0, it follows that
‰k..�

.i//i2I0
/ D .�.i//

i2bI0
is contained in bN.b�/. Furthermore, we have

j‰k..�.i//i2I0
/j D j.�.i//

i2bI0
j D

X

i2bI0

j�.i/jbd i by the definitions

D
X

i2bI0

j�.i/jNiba�1
0 by Remark 4.4.1

Dba�1
0

X

i2bI0

Ni �1
X

kD0
j�.!k.i//j since �.!.i// D �.i/ for every i 2 I0

Dba�1
0

X

i2I0

j�.i/j D k since .�.i//i2I0
2 N0.�/k;

which implies that ‰k..�.i//i2I0
/ 2 bN.b�/k . Thus, we have obtained a map ‰k W

N0.�/k ! bN.b�/k . The injectivity of the map ‰k is clear. Hence it remains to
show the surjectivity of ‰k . Let .b�.i//

i2bI0
2 bN.b�/k . Define an I0-tuple .�.i//i2I0

by: �.!
k .i// D b�.i/ for i 2 bI 0 and 0 � k � Ni � 1. Since `.�.!

k.i/// D
`.b�.i// � mi D m!k.i/ for all i 2 bI 0 and 0 � k � Ni � 1, it follows that
.�.i//i2I0

2 N.�/. It is obvious that .�.i//i2I0
is fixed by the diagram automor-

phism !, i.e. .�.i//i2I0
2 N0.�/. Also, a computation similar to the one above

yields that j.�.i//i2I0
j D ba0j.b�.i//i2bI0

j D ba0k, i.e. .�.i//i2I0
2 N0.�/k . The sur-

jectivity of the map‰k now follows since‰k..�.i//i2I0
/ D .b�.i//

i2bI0
by definition.

This proves the lemma. ut

4.6 Proof of the Main Result

Let the notation and assumptions be as in Sect. 4.2. In order to give a proof of The-
orem 4.2.1, we need the following lemma.

Lemma 4.6.1. Let k 2 Z�0. Then, we have R�.B0.�/PIE;k/ D bB.b�/PIE;k .

Proof. Let b 2 B0.�/PIE;k . We see from [NS1, Theorem 3.3.3] that R�.b/ is a
bW -extremal element of bB.b�/. Write „�.b/ as b1 ˝ t� ˝ u�1 2 B0.1/ ˝ T� ˝
B0.�1/ for some b1 2 B0.1/ such that wt.b1/ D �ba0kı. Then we see that

b„
b�
.R�.b// D b„

b�
.Q�.b// D .P1 ˝Q� ˝ P�1/.„�.b// by Proposition 3.2.4

D P1.b1/˝bt
b�
˝bu�1 by Remark 3.2.3.
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Also, since wt.b1/ D �ba0kı, we have

wt.P1.b1// D .P �
! /

�1.wt.b1// by (3.2.7)

D �kbı by (4.1.2):

Thus we obtain R�.b/ 2 bB.b�/PIE;k , which implies that

R�.B0.�/PIE;k/ � bB.b�/PIE;k : (4.6.1)

Here we note that #R�.B0.�/PIE;k/ D #B0.�/PIE;k since R� is an injection. There-
fore, we have

#R�.B0.�/PIE;k/ D #B0.�/PIE;k

� #N0.�/k by (4.3.4)

D #bN.b�/k by Lemma 4.5.1

� #bB.b�/PIE;k by Lemma 4.4.2: (4.6.2)

Hence, by comparing the cardinalities, we conclude from the inclusion (4.6.1) that

R�.B0.�/PIE;k/ D bB.b�/PIE;k:

This proves the lemma. ut
Finally, we are in a position to complete the proof of Theorem 4.2.1. Takebb 2

bB.b�/ arbitrarily, and define b 2 B0.Uq.g/a�/ to be the inverse image Q�1
�
.bb/ ofbb

under the bijectionQ� W B0.Uq.g/a�/ �! bB.Uq.bg /ba
b�
/ of Proposition 3.2.1 (recall

that bB.b�/ is a subcrystal of bB.Uq.bg /ba
b�
/). To prove that the map R� W B0.�/ ,!

bB.b�/ is surjective, it suffices to show that this b 2 B0.Uq.g/a�/ is contained in
B0.�/; indeed, if b 2 B0.�/, then it follows from the definition of the map R�
that R�.b/ D R�.Q

�1
�
.bb// D Q�.Q

�1
�
.bb// D bb. Also, since B0.�/ D B.�/ \

B0.Uq.g/a�/, and b 2 B0.Uq.g/a�/ by definition, it is obvious that b 2 B0.�/ if
and only if b 2 B.�/.

Claim. There exist a monomial bX1 in the Kashiwara operatorsbej , bf j for j 2 bI
and an elementbb1 2 bB.b�/PIE;k for some k 2 Z�0 such thatbb D bX1bb1.

Proof of the claim. In Cases (a)–(d), the assertion follows from Proposition 2.6.2 (3)
and (5). Hence it remains to consider Case (e). As in Sect. 4.4, letb� D .P �

! /
�1.�/ be

of the formb� DP
i2bI0

mi b$ i , and bƒ DP
i2bI0

mib�n�i . We take the unique short-

est elementbw 2 bW 0 such thatbwb� D bƒ. SincebS�
bw
.bb/ 2 bB.bƒ/ by Theorem 2.4.2 (5),

it follows from Proposition 2.6.2 (3) and (5) that there exist a monomial bX2 in the
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Kashiwara operatorsbej , bf j for j 2 bI and an elementbb2 2 bB.bƒ/PIE;k for some

k 2 Z�0 such thatbS�
bw
.bb/ D bX2bb2. Also, we have

.bS
bw
bS�
bw
/�1bS�

bw
.bb/ D bS�

bw�1
bS
bw�1

bS�
bw
.bb/ D bS

bw�1
bS�
bw�1

bS�
bw
.bb/;

where the second equality follows from Remark 2.3.2 (2) since bS�
bw�1
W bB.bƒ/ !

bB.b�/ is an isomorphism of crystals for Uq.bg / (see Theorem 2.4.2 (5)). Thus we
obtain

.bS
bw
bS�
bw
/�1bS�

bw
.bb/ D bS

bw�1
bS�
bw�1

bS�
bw
.bb/ D bS

bw�1.bb/:

Similarly, we have

.bS
bw
bS�
bw
/�1.bX2bb2/ D bS�

bw�1
bS
bw�1.bX2bb2/

D bS
bw�1

�

bX2bS
�
bw�1

.bb2/
�

by Theorem 2.4.2 (5) and Remark 2.3.2 (2):

Therefore, we deduce that bS
bw�1.bb/ D bS

bw�1

�

bX2bS
�
bw�1

.bb2/
�

, and hence bb D
bX2bS

�
bw�1

.bb2/. Furthermore, again by Theorem 2.4.2 (5) and Remark 2.3.2 (2), we
see that

bS�
bw�1

.bb2/ D bS�
bw�1

bS
bw
bS
bw�1 .bb2/ D bS

bw
bS�
bw�1

bS
bw�1.bb2/ D bS

bw
.bS
bw
bS�
bw
/�1.bb2/:

Hence, if we set bb1 WD .bS
bw
bS�
bw
/�1.bb2/, then we get bb D bX2bS

bw
.bb1/. Since

bS
bw
.bb1/ D bX3bb1 for some monomial bX3 in the Kashiwara operatorsbej , bf j for

j 2 bI by the definition of bS
bw

, it suffices to show thatbb1 2 bB.b�/PIE;k. Recall from
the proof of Lemma 4.4.2 that

bS
bw
bS�
bw

�

bB.b�/PIE;k
� � bB.bƒ/PIE;k and #bB.b�/PIE;k � #bB.bƒ/PIE;k D #bN.b�/k:

Also, we see from (4.6.1) and (4.6.2) that #bB.b�/PIE;k D #bN.b�/k . Consequently, we

deduce that bS
bw
bS�
bw

�

bB.b�/PIE;k
� D bB.bƒ/PIE;k , since bS

bw
bS�
bw

is bijective (in particular,

injective). Sincebb2 2 bB.bƒ/PIE;k , this implies thatbb1 2 bB.b�/PIE;k , as desired. Thus
we have proved the claim.

Now, we continue the proof of Theorem 4.2.1. Write the monomial bX1 in the
claim above as bX1 Dbxj1

bxj2
� � �bxjl

for some l 2 Z�0, wherebxj is eitherbej or bf j
for each j 2 bI . We know from Lemma 4.6.1 that there exists b1 2 B0.�/PIE;k such

that R�.b1/ D bb1; note that b1 D Q�1
�
.bb1/ by the definition of R�. Therefore, it

follows from Proposition 3.2.1 that

b D Q�1
� .bb/ D Q�1

� .bxj1
bxj2
� � �bxjl

bb1/ Dexj1
exj2
� � �exjl

Q�1
� .bb1/

D exj1
exj2
� � �exjl

b1: (4.6.3)
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Because b1 2 B0.�/PIE;k � B.�/, and B.�/ is a subcrystal of B.Uq.g/a�/,
we conclude from (4.6.3) that b 2 B.�/, as desired. This finishes the proof of
Theorem 4.2.1.

Acknowledgments We wish to express our thanks to Professor George Lusztig for pointing out
that a result equivalent to Proposition 3.2.2 was obtained in [L, Theorem 14.4.9] under the restric-
tion on the diagram automorphism ! that no !-orbit in the Dynkin diagram contains two vertices
joined by an edge.
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t-Analogs of q-Characters of Quantum Affine
Algebras of Type E6, E7, E8

Hiraku Nakajima

Abstract We compute t-analogs of q-characters of all l-fundamental representations
of the quantum affine algebras of type E.1/6 , E.1/7 , E.1/8 by a supercomputer. (Here
l- stands for the loop.) In particular, we prove the fermionic formula for Kirillov–
Reshetikhin modules conjectured by Hatayama et al. [Remarks on fermionic
formula (1999)] for these classes of representations. We also give explicitly the
monomial realization of the crystal of the corresponding fundamental representa-
tions of the quantum enveloping algebras associated with finite dimensional Lie
algebras of types E6, E7, E8. These are computations of Betti numbers of graded
quiver varieties, quiver varieties and determination of all irreducible components of
the lagrangian subvarieties of quiver varieties of types E6, E7, E8, respectively.

Keywords Quantum affine algebras � Fundamental representations � q-character �
Supercomputer

Mathematics Subject Classifications (2000): Primary 17B37; Secondary 14D21,
14L30, 16G20

1 Introduction

Let g be a simple Lie algebra of type ADE over C with the index set I of simple
roots, Lg D g˝CŒz; z�1� be its loop algebra, and Uq.Lg/ be its quantum universal
enveloping algebra, or the quantum loop algebra for short. It is a subquotient of the
quantum affine algebra Uq.bg/, i.e., without central extension and degree operator. It
contains the quantum enveloping algebra Uq.g/ associated with g as a subalgebra.
In this chapter, we understand q as a nonzero complex number, which we assume
not to be a root of unity, for simplicity. And the algebra Uq.Lg/ should be under-
stood as the specialization of an integral form of the quantum loop algebra. In [17],
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the specialization was denoted by U".Lg/, but we use Uq.Lg/ for a brevity in this
chapter. (See [17] for the definition of the specialization.)

By Drinfeld [3] and Chari-Pressley [2], simple Uq.Lg/-modules are pa-
rametrized by I -tuples of polynomials P D .Pi .u//i2I with normalization
Pi .0/ D 1. They are called Drinfeld polynomials. Let us denote byL.P / the simple
module with Drinfeld polynomialP . When P is given by Pi .u/ D .1�au/ıiN for a
given N 2 I , we call corresponding module an N th l-fundamental representation.
(It has been called a level 0 fundamental module or simply fundamental representa-
tion in some literature.) We can assume a D 1 without the loss of generality as the
general module is a pullback of the module with a D 1 by an algebra automorphism
of Uq.Lg/.

Let �q;t.L.P // be the t-analog of q-character of a simple module L.P / defined
by the author [14, 17]. It is defined via the geometry of graded quiver varieties. It
values in certain Laurent polynomial ring with infinitely many variables with integer
coefficients. It is a t-analog of the q-character �q.L.P // introduced earlier [5, 12],
which was a refinement of the ordinary character of the restriction of L.P / to a
Uq.g/-module. In [14, 17] we “computed” �q;t .L.P // for arbitrary given L.P /, in
the sense that we gave a purely combinatorial algorithm to write down all monomi-
als and coefficients in �q;t .L.P //, where the final expression involves only C, �,
integers and variables.

In order to clarify in what sense our result is new compared with earlier results,
we define what the word compute mean precisely. When we write the word compute
in the quotation marks, it means that we give a combinatorial algorithm to compute
something in the above sense. It does not necessarily mean that we actually com-
pute it. We can write a computer program in principle, but the question whether
we can actually compute it or not depends on the size of computer memory. (For
example, it is clear that the rank n of g cannot be larger than the size of the mem-
ory.) On the other hand, when we write the word compute without the quotation
mark, we mean to compute something in a strict sense, i.e., we express something
so that it contains only finitely many ˙, �, integers and variables. For example, if

we write x DP2.2100/

iD1 ai for some explicit ai , we “compute” x, but we do not com-
pute x unless we actually compute the sum. On the other hand, we do not require
that the final expression can be read by the human, as such a concept cannot make
precise.

The algorithm is separated into three steps:

(1) “Computation” of �q;t for l-fundamental representations.
(2) “Computation” of �q;t for standard modules, i.e., tensor products of

l-fundamental representations.
(3) “Computation” of the t-analog of the composition factors of simple modules in

standard modules.
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The third step is analogous to the definition of Kazhdan–Lusztig basis. If M.P/
denote the standard module, we have

�q;t .L.P // D �q;t .L.P //; �q;t.L.P // D �q;t .M.P //C
X

QWQ<P
aPQ.t/�q;t .M.Q//

(1.1)
for some aPQ.t/ 2 t�1ZŒt�1�, where “<” is a certain explicitly defined ordering.
Thus aPQ.t/ is analogous to Kazhdan–Lusztig polynomials. The above character-
ization allows us to “compute” aPQ.t/, once �q;t .M.P // is “computed.” (And
it is known that the actual computation of Kazhdan–Lusztig polynomials is very
hard.)

In the second step, we express �q;t .M.P // as a twisted multiplication of �q;t
of l-fundamental representations. It is almost the same as usual multiplication on
the polynomials, but a product of two monomialsm,m0 is twisted as t2d.m;m

0/mm0.
Therefore, this step is very simple. It is clear that �q;t .M.P // can be “computed” if
�q;t of l-fundamental representations are “computed”.

This chapter concerns the first step. Our “computation” in [14, 17] was t-analog
of the “computation” by Frenkel–Mukhin [4]. It is based on the observation that (a)
�q;t satisfies a certain analog of the Weyl group invariance of the ordinary charac-
ters, and (b) the l-fundamental representation satisfies a certain property analogous
to that of minuscule representations of g. Recall that a simple finite dimensional
representation of g is called minuscule if all weights are conjugates of the highest
weight under the Weyl group each occurring with multiplicity 1.

When g is of classical type, i.e., of typeA,D, the author gave a tableaux sum ex-
pression of �q;t of l-fundamental representations [16]. It means that we give another
“computation” of �q;t , which are more familiar to us than the above one. It does not
mean we compute �q;t in our strict sense. In fact, the comparison of two methods
does not make sense unless we define what we mean by “familiar.” In practice, it
just means that we have a faster algorithm for the actual computer calculation.

In this chapter we report the actual computer computation of �q;t of l-

fundamental representations when g is of type E.1/6 , E.1/7 , E.1/8 . Our algorithm
is implemented in the computer language C. The source code is available at
http://www.math.kyoto-u.ac.jp/˜nakajima/Qchar/. The author’s
personal computer (Dell Dimension 9100) can give the answer up to the sixth
l-fundamental representation of E8, where our numbering of I is the following:

7 � 6 � 5 � 4 � 3 � 2 � 1

j :

8

We need about 120 Mbtyes of the memory for this calculation. For the fourth and
fifth l-fundamental representations, the computation was done on a supercomputer
FUJITSU HPC 2500 at Kyoto University. The calculation required about 2.6 Gbytes
(for fourth) and 120 Gbytes (for fifth) of memory, and it took 6 and 350 h for the cal-
culation, respectively. The final answers (stored in a compressed format as explained
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below) are 3.2 and 180 Gbytes, respectively. In fact, the calculation of the fourth one
was done several years ago and was mentioned in some of the author’s papers. How-
ever, we needed to wait for the Kyoto University to renovate the supercomputer so
that we can use 120 Gbytes of memory in a single program, and then wait for the
author to get an enough budget to use the supercomputer.

As far as the author knows, the computation (in our strict sense) for the fifth one
was not known before. Frenkel–Mukhin, Hernandez–Schedler told the author that
they wrote computer programs calculating �q;tD1 and �q;t , respectively. But both
had a problem of computer memory.

In conclusion, we can now delete the quotation mark for computation in the first
step of the algorithm for type E above.

As an application, we can compute t-analog of the ordinary characters of the re-
strictions of l-fundamental representations to Uq.g/-modules. The l-fundamental
modules are examples of the so-called Kirillov–Reshetikhin modules. Kirillov–
Reshetikhin gave conjectural formula for the ordinary character of the restriction of
a Kirillov–Reshetikhin module [10]. Its graded version (i.e., t-analog) together with
an interpretation in terms of the conjectural crystal base was given by Hatayama,
Kuniba, Okado, Takagi and Yamada [6]. Then Lusztig conjectured that their con-
jectural grading is the same as the cohomological degree [13], in a certain class of
Kirillov–Reshetikhin modules including l-fundamental representations. Therefore,
the formula in [6], in the class, gives the generating function of Poincaré polynomi-
als of quiver varieties.

In general, the conjectural formula is expressed as a summation over partitions
and called a fermionic formula. The author gave an expression for t D 1 in [15,
Corollary 1.3] (the result was extended to type BCFG in [7]). It is again given as a
summation over partition, but the definition of the binomial coefficient appearing in
the coefficients is different. The equivalence between two expressions is not known
so far1 therefore, the original fermionic formula is remained open.

For an l-fundamental representation, the original fermionic formula can be given
by an explicit polynomial by the so-called Kleber’s algorithm [11]. Here we do not
make precise what we mean by “explicit.” For types A,D, it was shown in [16] that
this ‘explicit’ expression for an l-fundamental representation is equal to the “com-
putation” in [14]. For type E , the algorithm can be used to compute the fermionic
formula in our strict sense. Then the result can be checked in some special cases
previously computed (at least for t D 1) (e.g., [1]), but most of all l-fundamental
representations have remained open. Remark that Kleber’s algorithm does not apply
to the modified formula in [15]; so it is not known that the modified formula gives
the computation in the strict sense.

Our computation of �q;t gives the explicit expression and we find that it is
the same as one given in [6]. Therefore, we prove Lusztig’s conjecture for all
l-fundamental representations.

1 The equivalence between two expressions is proved by P. Di Francesco and R. Kedem, Proof of
the combinatorial Kirillov–Reshetikhin conjecture, Internat. Math. Res. Notices 7 (2008), Art. ID
rnn006, 57 pp.



t -Analogs of q-Characters of Type En 261

Also as another application, we determine all monomials appearing in the mono-
mial realization of the crystal corresponding to fundamental representations of type
E . For types A, D, they were determined in [16] as an application of the ex-
plicit description of �q;t of l-fundamental representations. For types B , C , they
were determined in [9]. For types F , G, they can be easily determined (cf. [8]). In
conclusion, we describe the monomial realization of the crystals of all fundamental
representations explicitly.

2 t-Analogs of q-Characters

We shall not give the definition of quantum loop algebras, nor their finite di-
mensional representations in this chapter. (See [14] for a survey.) We just review
properties of �q;t , as axiomatized in [17].

Let Yt
def:D ZŒt; t�1; Yi;a; Y �1

i;a �i2I;a2C� be a Laurent polynomial ring of uncount-
ably many variables Yi;a’s with coefficients in ZŒt; t�1�. A monomial in Yt means
a monomial only in Yi̇;a, containing no t’s. Therefore, a polynomial is a sum of
monomials multiplied by Laurent polynomials in t , called coefficients as usual. Let

Ai;a
def:D Yi;aqYi;aq�1

Y

j Wj¤i
Y
cij

j;a ;

where cij is the .i; j /-entry of the Cartan matrix. Recall that q is a nonzero com-
plex number, at which we make a specialization of Uq.Lg/. Let M be the set of
monomials in Yt .

Definition 2.1. (1) For a monomial m 2M, we define ui;a.m/ 2 Z be the degree
in Yi;a, i.e.,

m D
Y

i;a

Y
ui;a.m/

i;a :

(2) A monomial m 2 M is said i -dominant if ui;a.m/ � 0 for all a. It is said
l-dominant if it is i -dominant for all i .

(3) Letm;m0 be monomials in M. We saym � m0 ifm=m0 is a monomial inA�1
i;a

(i 2 I , a 2 C�). Here a monomial in A�1
i;a means a product of nonnegative

powers of A�1
i;a . It does not contain any factors Ai;a. In such a case, we define

vi;a.m;m0/ 2 Z�0 by

m D m0Y

i;a

A
�vi;a.m;m

0/

i;a :

This is well-defined since the q-analog of the Cartan matrix is invertible. We
say m < m0 if m � m0 andm ¤ m0.

(4) For an i -dominant monomialm 2M, we define

Ei .m/
def:D m

Y

a

ui;a.m/
X

raD0
t ra.ui;a.m/�ra/

�

ui;a.m/
ra

�

t

A
�ra
i;aq;

where Œ nr �t is the t-binomial coefficient.
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(5) We define a ring involution on Yt by t D t�1, Y ˙
i;a D Yi̇;a.

Suppose that l-dominant monomials mP 1 , mP 2 and monomials m1 � mP 1 ,
m2 � mP 2 are given. We define an integer d.m1; mP 1 Im2; mP 2/ by

d.m1; mP 1 Im2; mP 2/

def:D
X

i;a

�

vi;aq.m
1; mP 1/ui;a.m

2/C ui;aq.mP1/vi;a.m
2; mP2/

�

: (2.2)

For an I -tuple of rational functions Q=R D .Qi .u/=Ri .u//i2I with Qi .0/ D
Ri .0/ D 1, we set

mQ=R
def:D

Y

i2I

Y

˛

Y

ˇ

Yi;˛Y
�1
i;ˇ ;

where ˛ (resp. ˇ) runs roots of Qi .1=u/ D 0 (resp. Ri .1=u/ D 0), i.e., Qi .u/ D
Q

˛.1 � ˛u/ (resp. Ri .u/ D Q

ˇ .1 � ˇu/). As a special case, an I -tuple of poly-
nomials P D .Pi .u//i2I defines mP D mP=1. The l-dominant monomial mP˛

appeared above is associated with an I -tuple of polynomials P D .Pi .u//i2I . In
this way, the set M of monomials are identified with the set of I -tuple of rational
functions, and the set of l-dominant monomials are identified with the set of I -tuple
of polynomials.

The t-analog of the Grothendieck ring Rt is a free ZŒt; t�1�-module with base
fM.P/g where P D .Pi .u//i2I is the Drinfeld polynomial. (We do not recall the
definition of standard modules M.P/ here, but the reader safely consider them as
formal variables.)

The t-analog of the q-character homomorphism is a ZŒt; t�1�-linear homo-
morphism �q;t WRt ! Yt : It is defined as the generating function of Poincaré
polynomials of graded quiver varieties, or the generating function of graded dimen-
sions of l-weight spaces of a Uq.Lg/-module [18], and will not be reviewed in this
chapter.

We also need a slightly modified version:

e�q;t .M.P // D
X

m

td.m;mP Im;mP /am.t/m if �q;t .M.P // D
X

m

am.t/m:

If we know one of �q;t and e�q;t , we know the remaining one.
The following was proved in [14, 17]:

Fact 2.3. (1) The �q;t of a standard module M.P/ has a form

�q;t .M.P // D mP C
X

am.t/m;

where the summation runs over monomialsm < mP .

(2) For each i 2 I , e�q;t .M.P // can be expressed as a linear combination (over
ZŒt; t�1�) of Ei .m/ with i -dominant monomialsm.
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(3) Suppose that two I -tuples of polynomials P 1 D .P 1i /, P 2 D .P 2i / satisfy the
following condition:

a=b … fqn j n 2 Z; n � 2g for any pair a, b with P 1i .1=a/ D 0,
P 2j .1=b/ D 0 (i; j 2 I ). (2.4)

Then we have

e�q;t .M.P
1P 2// D

X

m1;m2

t2d.m
1;m

P 1 Im2;m
P 2 /am1.t/am2 .t/m1m2;

where e�q;t .M.P
a// DPma ama .t/ma with a D 1; 2.

Moreover, properties (1),(2),(3) uniquely determine �q;t .M.P //.
(4) The �q;t of the simple module L.P / is given by (1.1).

Apart from the existence problem, one can consider the above properties (1)–(3)
as the definition of �q;t (an axiomatic definition). We only use the above properties,
and the reader can safely forget the original definition. Note that we will prove the
existence of �q;t by our computer calculation.

By the property (1), we call the monomial mP corresponding to the Drinfeld
polynomial P l-highest weight monomial.

3 Algorithm

In this section, we shall explain our algorithm to determine e�q;t .L.P // recursively
starting from the l-dominant weight monomialmP . It is a slight modification of one
in [4]. We shall also explain why we require large memory to compute �q;t of the
fifth l-fundamental representation of Uq.Lg/ with g D E8. The problem does not
exist for the other l-fundamental representations.

We take a Drinfeld polynomial P D .Pi .u// Pi .u/ D .1 � u/ıiN corresponding
to the N th l-fundamental representation.

One of the key property of �q;t of an l-fundamental representation is that all
monomials appearing in �q;t are not l-dominant except the l-highest one. This was
proved in [4, Corollary 4.5] and [17, 4.13].

For each monomialm in e�q;t .L.P //, we determine the coefficient am.t/ 2 ZŒt �
and the I -tuple of polynomial .am;i .t//i2I 2 ZŒt � (called colouring) recursively.
Let us introduce several concepts. We saym is admissible if all am;i .t/ are the same
for any i such that m is not i -dominant. We say the algorithm fails at m if m is not
admissible. We say the algorithm stops at m if m is l-dominant.

Now we explain the algorithm. At the first stage, we set amP
.t/ D 1 and

amP ;i .t/ D 0 for all i 2 I for the l-highest weight monomial mP . Next, take a
monomialm such that am.t/ and am;i .t/ are determined. If m is not i -dominant for
any i (this will happen if m the l-lowest weight vector), we do nothing on m and
go to the next monomial. If m is i -dominant, we compute .am.t/� am;i .t//Ei .m/.
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We call this procedure the i -expansion atm. We add a monomialm0 appearing there
to the list. And for a monomialm0 in the list, we set am0;i .t/ be the sum of the con-
tribution to m0 in the i -expansion at m for various m < m0 which is i -dominant.
As there is only finitely many m < m0, am0;i .t/ will be eventually determined. Af-
ter all am0;i.t/ are determined in this way, we can ask m0 is admissible or not. If
m0 is not admissible (i.e., the algorithm fails at m0), we stop. If m0 is l-dominant
(i.e., the algorithm stop at m0), we stop. If m0 is admissible and not l-dominant,
we set am0.t/ D am0;i .t/ for some (and any by admissibility) i such that m0 is not
i -dominant. We continue this procedure until all am.t/ and am;i .t/ are determined,
and all .am.t/ � am;i .t//Ei .m/ are expanded, or we stop at some m.

Now we apply the algorithm starting from the l-highest weight monomial mP .
As e�q;t .L.P // satisfies the properties (1) and (2) in Fact 2.3, the algorithm cannot
fail. As e�q;t .L.P // does not contain l-dominant monomials other than l-highest
one, the algorithm cannot stop. Finally as L.P / is a finite dimensional, e�q;t.L.P //
contains only finitely many monomials. Therefore, we eventually determine all
am.t/ and am;i .t/.

Remark 3.1. If we apply the same algorithm in case g is a Kac–Moody Lie algebra
(say an affine Lie algebra), the algorithm does not fail, does not stop, but we always
get a new monomial in the expansion. Therefore, the procedure never end.

Now we consider the fifth l-fundamental representation of Uq.Lg/ with g D E8,
and we will explain the reason why we need various tricks to save the size of data.
Because of these tricks, we had not known how big the total size is in advance; so
we used the following guess: We know that the dimension of the fourth fundamental
representation of g is 146325270, while fifth one is 6899079264. Therefore, we
expect that the corresponding�q;t ’s have a similar ratio. We first compute the fourth
l-fundamental representations and expect that the total size of the fifth one is about
50 times as much. This turned out to be approximately correct as we can see from
the data in Introduction.

By [16, Proposition 3.4], the set of monomials appearing in the q-character of an
l-fundamental representation has a Uq.g/-crystal structure, which is isomorphic to
the corresponding fundamental representation of Uq.g/. In particular, the number
of the monomials appearing in the fifth l-fundamental representation is equal to the
dimension of the fifth fundamental representation of g D E8, i.e., 6899079264 �
6:4 � 230 D 6:4Giga. For each monomialm, we must remember (a) the expression
of the monomial and (b) the colouring, i.e., an I -tuple of polynomials in t .

Let us first consider how we can express the monomial. It is known that l-lowest
weight monomial, i.e., the unique monomial with (ordinary) weight �$5, is Y �1

5;q30

(see e.g., [4, 6.8]). We have

Y�1
5;q30

D Y5;1 � A1;q5A1;q7A1;q9A1;q11A1;q13A
2
1;q15

A1;q17A1;q19A1;q21A1;q23A1;q25

� A2;q4A
2
2;q6

A2
2;q8

A2
2;q10

A2
2;q12

A3
2;q14

A3
2;q16

A2
2;q18

A2
2;q20

A2
2;q22

A2
2;q24

A2;q26

� A3;q3A
2
3;q5

A3
3;q7

A3
3;q9

A3
3;q11

A4
3;q13

A4
3;q15

A4
3;q17

A3
3;q19

A3
3;q21

A3
3;q23

A2
3;q25

A3;q27

� A4;q2A
2
4;q4

A3
4;q6

A4
4;q8

A4
4;q10

A5
4;q12

A5
4;q14

A5
4;q16

A5
4;q18

A4
4;q20

A4
4;q22

A3
4;q24

A2
4;q26

A4;q28
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� A6;q2A
2
6;q4

A2
6;q6

A3
6;q8

A4
6;q10

A4
6;q12

A4
6;q14

A4
6;q16

A4
6;q18

A4
6;q20

A3
6;q22

A2
6;q24

A2
6;q26

A6;q28

� A7;q3A7;q5A7;q7A
2
7;q9

A2
7;q11

A2
7;q13

A2
7;q15

A2
7;q17

A2
7;q19

A2
7;q21

A7;q23A7;q25A7;q27

� A8;q2A8;q4A
2
8;q6

A2
8;q8

A3
8;q10

A3
8;q12

A3
8;q14

A3
8;q16

A3
8;q18

A3
8;q20

A2
8;q22

A2
8;q24

A8;q26A8;q28 :

Any other monomial is given equal to Y5;1 multiplied by a part of Ai;qk ’s appeared
above. We record the monomial as a sequence ofAm

i;qk ’s, where i runs 1 to 8, k runs

from 1 to 29 and m runs from 1 to 6. We can store the triple .i; k;m/ in a single
short int, i.e., 16bit of memory. The length of the sequence is at most 106,
which is the length for Y �1

5;q30 . A naive count gives 6899079264 � 106 � 16bit >
1;300Gbyte: This is too large. Therefore, we use the following trick: Noticing that
many monomials share the same sequences of Am

i;qk ’s, we store the data into a tree
so that we do not need to repeat the common part. By this trick, it becomes uncertain
how much size we need in advance, as we mentioned above.

Next let us turn to colouring. By [17], �q;t .L.P // D
P

m am.t/m is given by
the Poincaré polynomials of various graded quiver varieties corresponding to m.
Therefore, the degree of the coefficient am.t/ is equal to the (real) dimension of the
variety corresponding to m. On the other hand, the dimension of the graded quiver
variety is bounded by half of the ordinary quiver variety containing it. For the fifth
fundamental representation, the maximum (among various connected components)
of the dimension is equal to 60. Therefore, the maximum of the degree is 30. As
am;i .t/ is given by a virtual Hodge polynomial of a certain stratum of the graded
quiver variety, the degree is also less than or equal to 30. As am.t/, am;i .t/ are poly-
nomials in t2, we have 30=2C1 D 16 coefficients. Therefore, we must record 16�8
integers for each monomial. We did not know how large integers were in advance.
As a result of our calculation, it turns out we can store it into a short int. Then
we would need 16 � 8 � 16bit D 256byte for each monomial. This is huge size,
though it could be handled by our computer probably. However, we note that many
monomialsm have coefficient am.t/ D 1. We store am;i .t/ for those monomials in
a special format to save the size of data. As we do not need am;i .t/ for the final re-
sult, they are not included. (As a result of our calculation, we find that 4639565354
among 6899079264monomials have this property.)

We have explained the total size of the data so far. In practice, it is more important
to know how much memory is required in the course of the calculation. For the
simplicity of the program, we replace the ordering < among monomials by more
manageable ordering given by

depthm
def:D
X

i;a

vi;a.m;mP /:

Therefore, the l-highest weight vector has depth 0, Y5;1A�1
5;q has depth 1, etc. We

expand the monomial of depth 0, then monomials with depth 1, monomials with
depth 2, and so on. When we expand all monomials of given depth, we store all
obtained monomials together with colouring in memory. As a single monomial ap-
pears many times in the expansions at various monomials, it is not practical to save
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the data in the hard disk. Therefore, the most crucial point is to save the size of data
so that the program requires, in a fixed depth, up to 200Gbyte of memory, which is
the limit of the supercomputer. We estimated the memory requirement by that for
fourth l-fundamental representation as above, and we guessed that the calculation
was possible. This turns out to be true fortunately.

4 Results

We only consider the fifth l-fundamental representation of Uq.Lg/ with g D E8.
As the final result is a huge polynomial, we cannot give it here. So we only give

a part of the information. The monomial whose coefficient with the highest degree
t30 is

.1C 4t2 C 10t4 C 20t6 C 33t8 C 47t10 C 59t12 C 66t14
C66t16 C 59t18 C 47t20C 33t22 C 20t24 C 10t26 C 4t28 C t30/
�Y1;q14Y �1

1;q16Y
2
3;q14Y

�2
3;q16Y

3
5;q14Y

�3
5;q16Y7;q14Y �1

7;q16 :

The coefficient is the Poincaré polynomial of a certain graded quiver variety.
We define the t-graded character by

cht .L.P // D e�q;t .L.P //
ˇ

ˇ

Yi;a!yi
:

If we put t D 1, it becomes the ordinary character of the restriction of L.P / to
Uq.g/. It is also equal to the generating function of the Poincaré polynomials of
the quiver varieties, where the degree 0 is corresponds to the middle degree. For
example, the coefficient of the weight 0 is

1357104C2232771t2C2002423t4C1317308t6C716312t8C342421t10C148512t12
C59490t14C22162t16C7687t18C2463t20C726t22C192t24C44t26C8t28Ct30:

Let V.�/ denote the irreducible highest weight representation of Uq.g/ with the
highest weight �. Let chV.�/ be its character. If we write

cht L.P / D
X

�

M.P; �; t/ chV.�/;

the coefficientM.P; �; t/ is specialized to the multiplicity of V.�/ in the restriction
of L.P / at t D 1. The fermionic formula mentioned in the Introduction is a con-
jectural expression of M.P; �; t/ (for P corresponding to the Kirillov–Reshetikhin
modules).
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As we have computed e�q;t.L.P //,M.P; �; t/ can be given if we compute V.�/.
Let us compute V.�/ by the method in [14, 7.1.1], i.e.,

V.�/ D e�q;t .L.Q//
ˇ

ˇ

Yi;a!yi ;t!0
;

where Q corresponding to � is given as follows: We choose an orientation for each
edge of the Dynkin diagram and choose a function mW I ! Z such that m.i/ �
m.j / D 1 for an oriented edge i ! j . Then we take

Qi .u/ D .1 � uqm.i//h�;hii:

For this choice of Q, it is known that cht .L.Q// D e�q;t .L.Q//jYi;a!yi
is equal

to the generating function of shifted Poincaré polynomial of the quiver variety as
above. In particular, it is independent of the choice of the orientation. For each
dominant weight � appearing in cht L.P /, we chooseQ D Q� as above and define
matrices P.t/ D .P��.t// and IC.t/ D .IC��.t// by

cht L.Q�/ D
X

�

P��.t/e
� C non dominant terms;

cht L.Q�/ D
X

�

IC��.t/ chV.�/:

Then we have
IC.t/ D P.t/P.0/�1:

By [14, 17], IC��.t/ is the Poincaré polynomial of the stalk of the intersection co-
homology sheaf of a stratum of the quiver variety corresponding to � at a point in
the stratum corresponding to �. In our case, it is given by

IC.t/ D
0

@

Table 1
Table 3 Table 4

0
0 Table 2

1

A ;

where yi D e$i . The first row gives cht .L.P // for the fifth l-fundamental repre-
sentation L.P /. We see that it coincides with the conjectural formula in [6]. The
same assertion for other l-fundamental representations can be proved by invoking
other rows. The same can be proved for types E6, E7 in the same manner.
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Table 2 $8 2$1 $2 $7 $1 0

$8 1 0 t 2 t 2+t 4 t 4 C t 6 t 8

2$1 0 1 t 2 t 4 t 2 C t 4 C t 6 t 4 C t 8

$2 0 0 1 t 2 t 2 C t 4 t 6

$7 0 0 0 1 t 2 t 4

$1 0 0 0 0 1 t 2

0 0 0 0 0 0 1
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Ultra-Discretization of the G
.1/

2
-Geometric

Crystals to the D
.3/

4
-Perfect Crystals

Toshiki Nakashima

Abstract We obtain the affirmative answer to the conjecture in [14]. More
precisely, let � WD .V ; feig; f�ig; f"ig/ be the affine geometric crystal of type G.1/2
in [14] and UD.�; T; �/ a ultra-discretization of � with respect to a certain positive
structure � . Then we show that UD.�; T; �/ is isomorphic to the limit of coherent
family of perfect crystals of typeD.3/

4 in [9].

Keywords Geometric crystal � Perfect crystal � Ultra-discretization

Mathematics Subject Classifications (2000): Primary 17B37; 17B67; Secondary
22E65; 14M15

1 Introduction

In [4], we introduced the notion of perfect crystal, which holds several nice proper-
ties, e.g., the existence of the isomorphism of crystals:

B.�/ Š B.�.�//˝B;

where B is a perfect crystal of level l 2 Z>0, B.�/ is the crystal of the integrable
highest weight module of a quantum affine group with the level l highest weight �
and � is a certain bijection on dominant weights. Iterating this isomorphism, one
can get the so-called Kyoto path model for B.�/, which plays a crucial role in
calculating the one-point functions for vertex-type lattice models [4, 5].
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In [5], perfect crystals with arbitrary level have been constructed explicitly for
affine Kac–Moody algebra of type A.1/n , B.1/n , C .1/n , D.1/

n , D.2/
nC1, A.2/2n�1 and A.2/2n .

In [16], theG.1/2 case has been accomplished. But so far, the other cases exceptD.3/
4

have not yet been obtained. In a recent work [9], they constructed the perfect crystal
of type D.3/

4 with arbitrary level explicitly. A coherent family of perfect crystals
is defined in [6], and it has been shown that the perfect crystals in [5] constitute a
coherent family. A coherent family fBlgl�1 of perfect crystals Bl possesses a limit
B1 which still keeps a structure of crystal. This has a similar property to Bl , that
is, there exists the isomorphism of crystals:

B.1/ Š B.1/˝ B1;

where B.1/ is the crystal of the nilpotent subalgebra U�
q .g/ of a quantum affine

algebraUq.g/. An iteration of the isomorphism also produces a path model ofB.1/
[6]. It is shown in [9] that the obtained perfect crystals consists of a coherent family,
and the structure of the limit B1 has been described explicitly.

Geometric crystal is an object defined over certain algebraic (or ind-) variety
which seems to be a kind of geometric lifting of Kashiwara’s crystal. It is de-
fined in [1] for reductive algebraic groups and is extended to general Kac–Moody
cases in [12]. For a fixed Cartan data .A; f˛i gi2I ; f˛_

i gi2I /, a geometric crystal
consists of an ind-variety X over the complex number C, a rational C�-action
ei W C� � X �! X and rational functions �i ; "i W X �! C .i 2 I /, which satisfy
the conditions as in Definition 2.1. It has many similarity to the theory of crys-
tals, e.g., some product structure, Weyl group actions and R-matrices. Moreover,
one has a direct connection between geometric crystals and free crystals, called
tropicalization/ultra-discretization procedure (see Sect. 2). Here let us explain this
procedure. For an algebraic torus T 0 and a birational morphism � W T 0 ! X , the
pair .T 0; �/ is positive if it satisfies the conditions as in Sect. 2, roughly speak-
ing: Through the morphism � , we can induce a geometric crystal structure on
T 0 from X and express the data eci , �i and "i .i 2 I / using the coordinate
of T 0 explicitly. In case each of them is expressed as a ratio of positive poly-
nomials, it is said that .T 0; �/ is a positive structure of the geometric crystal
.X; feig; f�ig; f"ig/. Then using a map v W C.c/ n f0g ! Z (v.f / WD deg.f /),
we can define a morphism T 0 ! Zm (m D dimT 0 D dimX ), which defines the
so-called ultra-discretization functor. If � W T 0 ! X is a positive structure on X ,
then we obtain a Kashiwara’s crystal from X by applying the ultra-discretization
functor [1].

Let G (resp. g D ht; ei ; fi ii2I ) be the affine Kac–Moody group (resp. algebra)
associated with a generalized Cartan matrix A D .aij /i;j2I . Let B˙ be fixed Borel
subgroups and T the maximal torus such thatBC\B� D T . Set yi .c/ WDexp.cfi /,
and let ˛_

i .c/ 2 T be the image of c 2 C� by the group morphism C� ! T

induced by the simple coroot ˛_
i as in 2.1. We set Yi .c/ WD yi .c

�1/ ˛_
i .c/ D

˛_
i .c/ yi .c/. Let W (resp. eW ) be the Weyl group (resp. the extended Weyl group)
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associated with g. The Schubert cell Xw WD BwB=B .w D si1 � � � sik 2 W / is bira-
tionally isomorphic to the variety

B�
w WD

˚

Yi1.x1/ � � �Yik .xk/ j x1; : : : ; xk 2 C�� � B�;

and Xw has a natural geometric crystal structure [1, 12].
We choose 0 2 I as in [7, 8], and let f$i gi2Inf0g be the set of level 0 fundamen-

tal weights. Let W.$i / be the fundamental representation of Uq.g/ with $i as an
extremal weight [7, 8]. Let us denote its specialization at q D 1 by the same nota-
tion W.$i /. It is a finite-dimensional g-module. Let P .$i / be the projective space
.W.$i / n f0g/=C�.

For any i 2 I , define c_
i WDmax.1; 2

.˛i ;˛i /
/: Then the translation t.c_

i $i / belongs

to eW (see [10]). For a subset J of I , let us denote by gJ the subalgebra of g gener-

ated by fei ; figi2J . For an integral weight �, define I.�/ WD
n

j 2 I j h˛_
j ; �i � 0

o

.

Here we state the conjecture given in [10]:

Conjecture 1.1 ([10]). For any i 2 I , there exist a unique variety X endowed with
a positive g-geometric crystal structure and a rational mapping �WX �! P .$i /
satisfying the following property:

(i) For an arbitrary extremal vector u 2 W.$i /�, writing the translation t.c_
i �/

as 	w 2 eW with a Dynkin diagram automorphism 	 and w D si1 � � � sik , there
exists a birational mapping 
WB�

w �! X such that 
 is a morphism of gI.�/-
geometric crystals, and that the composition � ı 
WB�

w ! P .$i / coincides
with Yi1.x1/ � � �Yik .xk/ 7! Yi1.x1/ � � �Yik .xk/u, where u is the line including
u,

(ii) The ultra-discretization .see Sect. 2/ of X is isomorphic to the crystal B1.$i /
of the Langlands dual gL.

In [10], the cases i D 1 and g D A.1/n ; B
.1/
n ; C

.1/
n ;D

.1/
n ; A

.2/
2n�1; A

.2/
2n ;D

.2/
nC1 have

been resolved, that is, certain positive geometric crystal V.g/ associated with the
fundamental representationW.$1/ for the above affine Lie algebras has been con-
structed, and it was shown that the ultra-discretization limit of V.g/ is isomorphic
to the limit of the coherent family of perfect crystals as above for gL the Langlands
dual of g. In [14] for the case i D 1 and g D G

.1/
2 , a positive geometric crystal

V was constructed. However, the ultra-discretization of the geometric crystal has
not been given there, though it was conjectured that the ultra-discretization of V is
isomorphic to B1 as in [9].

In this chapter, we shall describe the structure of the crystal obtained by ultra-
discretization process from the geometric crystal V for g D G

.1/
2 in [14]. Finally,

we shall show that the crystal is isomorphic to B1 as in [9].

2 Geometric Crystals

In this section, we review Kac–Moody groups and geometric crystals following
[1, 11, 15].
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2.1 Kac–Moody Algebras and Kac–Moody Groups

Fix a symmetrizable generalized Cartan matrix A D .aij /i;j2I with a finite index
set I . Let .t; f˛igi2I ; f˛_

i gi2I / be the associated root data, where t is a vector space
over C and f˛i gi2I � t� and f˛_

i gi2I � t are linearly independent satisfying
˛j .˛

_
i / D aij .

The Kac–Moody Lie algebra g D g.A/ associated with A is the Lie algebra
over C generated by t, the Chevalley generators ei and fi .i 2 I / with the usual
defining relations [3, 15]. There is the root space decomposition g D L

˛2t� g˛.
Denote the set of roots by � WD f˛ 2 t� j ˛ ¤ 0; g˛ ¤ .0/g. Set Q D P

i Z˛i ,
QC D P

i Z�0˛i , Q_ WD P

i Z˛_
i and �C WD � \ QC. An element of �C is

called a positive root. Let P � t� be a weight lattice such that C ˝ P D t�, whose
element is called a weight.

Define simple reflections si 2 Aut.t/ .i 2 I / by si .h/ WD h � ˛i .h/˛_
i , which

generate the Weyl group W . It induces the action of W on t� by si .�/ WD � �
�.˛_

i /˛i . Set �re WD fw.˛i / j w 2 W; i 2 I g, whose element is called a real root.
Let g0 be the derived Lie algebra of g and let G be the Kac–Moody group asso-

ciated with g0([15]). Let U˛ WD exp g˛ .˛ 2 �re/ be the one-parameter subgroup of
G. The group G is generated by U˛ .˛ 2 �re/. Let U˙ be the subgroup generated
by U˙˛ (˛ 2 �reC D �re \QC), i.e., U˙ WD hU˙˛ j ˛ 2 �reCi.

For any i 2 I , there exists a unique homomorphism; �i W SL2.C/ ! G such
that

�i

��

c 0

0 c�1
��

D c˛_

i ; �i

��

1 t

0 1

��

D exp.tei /; �i

��

1 0

t 1

��

D exp.tfi /;

where c 2 C� and t 2 C. Set ˛_
i .c/ WD c˛

_

i , xi .t/ WD exp .tei /, yi .t/ WD exp .tfi /,
Gi WD �i .SL2.C//, Ti WD �i .fdiag.c; c�1/ j c 2 C_g/ and Ni WD NGi

.Ti /. Let T
(resp. N ) be the subgroup of G with the Lie algebra t (resp. generated by the Ni ’s),
which is called a maximal torus in G, and let B˙ D U˙T be the Borel subgroup
of G. We have the isomorphism � W W ��!N=T defined by �.si / D NiT=T . An

element si WD xi .�1/yi .1/xi .�1/ D �i

��

0 ˙1
�1 0

��

is in NG.T /, which is a

representative of si 2 W D NG.T /=T .

2.2 Geometric Crystals

Let W be the Weyl group associated with g. Define R.w/ for w 2 W by

R.w/ WD f.i1; i2; : : : ; il/ 2 I l j w D si1si2 � � � sil g;

where l is the length of w. Then R.w/ is the set of reduced words of w.
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LetX be an ind-variety, �i W X ! C and "i W X �! C (i 2 I ) rational functions
on X , and ei W C� �X �! X ..c; x/ 7! eci .x// a rational C�-action.

For a word i D .i1; : : : ; il/ 2 R.w/ .w 2 W /, set ˛.j / WD sil � � � sij C1
.˛ij /

.1 	 j 	 l/ and

ei W T �X ! X

.t; x/ 7! eti .x/ WD e˛
.1/.t/
i1

e
˛.2/.t/
i2

� � � e˛.l/.t/
il

.x/:

Definition 2.1. A quadruple .X; feigi2I ; f�i ; gi2I ; f"igi2I / is a G (or g)-geometric
crystal if

(i) f1g �X � dom.ei / for any i 2 I .
(ii) �j .eci .x// D caij �j .x/.

(iii) ei D ei0 for any w 2 W , i, i0 2 R.w/.
(iv) "i .eci .x// D c�1"i.x/.

Note that the condition (iii) as above is equivalent to the following so-called
Verma relations:

e
c1

i e
c2

j D ec2

j e
c1

i if aij D aj i D 0;
e
c1

i e
c1c2

j e
c2

i D ec2

j e
c1c2

i e
c1

j if aij D aj i D �1;
e
c1

i e
c2

1
c2

j e
c1c2

i e
c2

j D ec2

j e
c1c2

i e
c2

1
c2

j e
c1

i if aij D�2; aj iD�1;
e
c1

i e
c3

1c2

j e
c2

1c2

i e
c3

1c
2
2

j e
c1c2

i e
c2

j D ec2

j e
c1c2

i e
c3

1c
2
2

j e
c2

1c2

i e
c3

1c2

j e
c1

i if aij D�3; aj iD�1:

Note that the last formula is different from the one in [1, 12, 13] which seems to be
incorrect. The formula here may be correct.

2.3 Geometric Crystal on Schubert Cell

Let w 2 W be a Weyl group element and take a reduced expression w D si1 � � � sil .
LetX WD G=B be the flag variety, which is an ind-variety andXw � X the Schubert
cell associated with w, which has a natural geometric crystal structure [1, 12]. For
i WD .i1; : : : ; ik/, set

B�
i WD fYi.c1; : : : ; ck/ WD Yi1.c1/ � � �Yil .ck/ j c1; : : : ; ck 2 C�g � B�; (2.1)

which has a geometric crystal structure [12] isomorphic to Xw. The explicit forms
of the action eci , the rational function "i and �i on B�

i are given by

eci .Yi1.c1/ � � �Yil .ck// D Yi1.C1/ � � �Yil .Ck/;
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where

Cj WDcj �

X

1�m�j;imDi

c

c
ai1;i

1 � � � caim�1;i

m�1 cm
C

X

j<m�k;imDi

1

c
ai1;i

1 � � � caim�1;i

m�1 cm

X

1�m<j;imDi

c

c
ai1;i

1 � � � caim�1;i

m�1 cm
C

X

j�m�k;imDi

1

c
ai1;i

1 � � � caim�1;i

m�1 cm

; (2.2)

"i .Yi1.c1/ � � �Yil .ck// D
X

1�m�k;imDi

1

c
ai1;i

1 � � � caim�1;i

m�1 cm
; (2.3)

�i .Yi1.c1/ � � �Yil .ck// D c
ai1;i

1 � � � caik ;i

k
: (2.4)

2.4 Positive Structure, Ultra-Discretizations and Tropicalizations

Let us recall the notions of positive structure, ultra-discretization and tropicalization.
The setting below is same as [10]. Let T D .C�/l be an algebraic torus over C

and X�.T / WD Hom.T;C�/ Š Zl (resp. X�.T / WD Hom.C�; T / Š Zl ) be the
lattice of characters (resp. co-characters) of T . Set R WD C.c/ and define

v W R n f0g �! Z
f .c/ 7! deg.f .c//;

where deg is the degree of poles at c D 1. Here note that for f1; f2 2 R n f0g, we
have

v.f1f2/ D v.f1/C v.f2/; v

�

f1

f2

�

D v.f1/ � v.f2/: (2.5)

A non-zero rational function on an algebraic torus T is called positive if it is written
as g=h, where g and h are a positive linear combination of characters of T .

Definition 2.2. Let f WT ! T 0 be a rational morphism between two algebraic tori
T and T 0. We say that f is positive, if �ıf is positive for any character �WT 0 ! C.

Denote by MorC.T; T 0/ the set of positive rational morphisms from T to T 0.

Lemma 2.3 ([1]). For any f 2 MorC.T1; T2/ and g 2 MorC.T2; T3/, the compo-
sition g ı f is well-defined and belongs to MorC.T1; T3/.

By Lemma 2.3, we can define a category TC whose objects are algebraic tori
over C and arrows are positive rational morphisms.

Let f WT ! T 0 be a positive rational morphism of algebraic tori T and T 0. We
define a map bf WX�.T /! X�.T 0/ by

h�;bf .
/i D v.� ı f ı 
/;

where � 2 X�.T 0/ and 
 2 X�.T /.
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Lemma 2.4 ([1]). For any algebraic tori T1, T2, T3, and positive rational
morphisms f 2 MorC.T1; T2/, g 2 MorC.T2; T3/, we have 1g ı f Dbg ı bf :

By this lemma, we obtain a functor

UD W TC �! Set

T 7! X�.T /
.f W T ! T 0/ 7! .bf W X�.T /! X�.T 0//

Definition 2.5 ([1]). Let � D .X; feigi2I ; fwti gi2I ; f"igi2I / be a geometric crystal,
T 0 an algebraic torus and � W T 0 ! X a birational isomorphism. The isomorphism
� is called positive structure on � if it satisfies

(i) For any i 2 I the rational functions �i ı � W T 0 ! C and "i ı � W T 0 ! C are
positive.

(ii) For any i 2 I , the rational morphism ei;� W C� � T 0 ! T 0 defined by
ei;�.c; t/ WD ��1 ı eci ı �.t/ is positive.

Let � W T ! X be a positive structure on a geometric crystal � D .X , feigi2I ,
fwti gi2I , f"igi2I /. Applying the functor UD to positive rational morphisms ei;� W
C� � T 0 ! T 0 and � ı � W T 0 ! T (the notations are as above), we obtain

Qei WD UD.ei;�/ W Z �X�.T /! X�.T /;
wti WD UD.�i ı �/ W X�.T 0/! Z;

"i WD UD."i ı �/ W X�.T 0/! Z:

Now, for given positive structure � W T 0 ! X on a geometric crystal � D .X ,
feigi2I , fwti gi2I , f"igi2I /, we associate the quadruple .X�.T 0/, f Qeigi2I , fwti gi2I ,
f"igi2I / with a free pre-crystal structure (see [1, 2.2]) and denote it by UD�;T 0.�/.
We have the following theorem:

Theorem 2.6 ([1, 12]). For any geometric crystal � D .X; feigi2I ; f�igi2I ;
f"igi2I / and positive structure � W T 0 ! X , the associated pre-crystal
UD�;T 0.�/ D .X�.T 0/; feigi2I ; fwtigi2I ; f"igi2I / is a crystal (see [1, 2.2]).

Now, let GCC be a category whose object is a triplet .�; T 0; �/ where � D
.X; feig; f�ig; f"ig/ is a geometric crystal and � W T 0 ! X is a positive structure on
�, and whose morphism f W .�1; T 0

1; �1/ �! .�2; T
0
2; �2/ is given by a morphism

' W X1 �! X2 (�i D .Xi ; : : : /) such that

f WD ��1
2 ı ' ı �1 W T 0

1 �! T 0
2;

is a positive rational morphism. Let CR be a category of crystals. Then by the theo-
rem above, we have
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Corollary 2.7. UD�;T 0 as above defines a functor

UD W GCC �! CR;
.�; T 0; �/ 7! X�.T 0/;

.f W .�1; T 0
1; �1/! .�2; T

0
2; �2// 7! .bf W X�.T 0

1/! X�.T 0
2//:

We call the functor UD ultra-discretization as [12, 13] instead of “tropicaliza-
tion” as in [1]. And for a crystal B , if there exists a geometric crystal � and a
positive structure � W T 0 ! X on � such that UD.�; T 0; �/ Š B as crystals, we
call an object .�; T 0; �/ in GCC a tropicalization of B , where it is not known that
this correspondence is a functor.

3 Limit of Perfect Crystals

We review limit of perfect crystals following [6]. (See also [4, 5]).

3.1 Crystals

First, we review the theory of crystals, which is the notion obtained by abstract-
ing the combinatorial properties of crystal bases. Let .A, f˛i gi2I , f˛_

i gi2I / be a
Cartan data.

Definition 3.1. A crystal B is a set endowed with the following maps:

wt W B �! P;

"i W B �! Z t f�1g; 'i W B �! Z t f�1g for i 2 I;
Qei W B t f0g �! B t f0g; Qfi W B t f0g �! B t f0g for i 2 I;
Qei .0/ D Qfi .0/ D 0:

Those maps satisfy the following axioms: for all b; b1; b2 2 B , we have

'i .b/ D "i .b/C h˛_
i ;wt.b/i;

wt. Qeib/ D wt.b/C ˛i if Qeib 2 B;
wt. Qfib/ D wt.b/ � ˛i if Qfib 2 B;
Qeib2 D b1” Qfib1 D b2 . b1; b2 2 B/;
"i .b/ D �1 H) Qeib D Qfib D 0:

The following tensor product structure is one of the most crucial properties of
crystals.
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Theorem 3.2. Let B1 andB2 be crystals. Set B1˝B2 WD fb1˝b2I bj 2 Bj .j D
1; 2/g. Then we have

(i) B1 ˝ B2 is a crystal.
(ii) For b1 2 B1 and b2 2 B2, we have

Qfi .b1 ˝ b2/ D
� Qfib1 ˝ b2 if 'i .b1/ > "i.b2/;
b1 ˝ Qfib2 if 'i .b1/ 	 "i.b2/;

Qei .b1 ˝ b2/ D
�

b1 ˝ Qeib2 if 'i .b1/ < "i .b2/;
Qeib1 ˝ b2 if 'i .b1/ � "i .b2/:

Definition 3.3. LetB1 andB2 be crystals. A strict morphism of crystals W B1 �!
B2 is a map  W B1 t f0g �! B2 t f0g satisfying:  .0/ D 0,  .B1/ � B2,  
commutes with all Qei and Qfi and

wt. .b// D wt.b/; "i . .b// D "i .b/; 'i . .b// D 'i .b/ for any b 2 B1:

In particular, a bijective strict morphism is called an isomorphism of crystals.

Example 3.4. If .L;B/ is a crystal base, then B is a crystal. Hence, for the crys-
tal base .L.1/; B.1// of the nilpotent subalgebra U�

q .g/ of the quantum algebra
Uq.g/, B.1/ is a crystal.

Example 3.5. For � 2 P , set T� WD ft�g. We define a crystal structure on T� by

Qei .t�/ D Qfi .t�/ D 0; "i .t�/ D 'i .t�/ D �1; wt.t�/ D �:

Definition 3.6. For a crystalB , a colored oriented graph structure is associated with
B by

b1
i�!b2” Qfib1 D b2:

We call this graph a crystal graph of B .

3.2 Affine Weights

Let g be an affine Lie algebra. The sets t, f˛i gi2I and f˛_
i gi2I be as in Sect. 2.1.

We take dim t D ]I C 1. Let ı 2 QC be the unique element satisfying f� 2 Q j
h˛_
i ; �i D 0 for any i 2 I g D Zı, and c 2 g be the canonical central element

satisfying fh 2 Q_ j hh; ˛i i D 0 for any i 2 I g D Zc. We write [2, 6.1]

c D
X

i

a_
i ˛

_
i ; ı D

X

i

ai˛i :

Let . ; / be the non-degenerateW -invariant symmetric bilinear form on t� normal-
ized by .ı; �/ D hc; �i for � 2 t�. Let us set t�

cl WD t�=Cı and let cl W t� �! t�
cl
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be the canonical projection. Here we have t�
cl Š

L

i .C˛
_
i /

�. Set t�
0 WD f� 2 t� j

hc; �i D 0g, .t�
cl/0 WD cl.t�

0/. Since .ı; ı/ D 0, we have a positive-definite symmet-
ric form on t�

cl induced by the one on t�. Let ƒi 2 t�
cl .i 2 I / be a classical weight

such that h˛_
i ; ƒj i D ıi;j , which is called a fundamental weight. We choose P

so that Pcl WD cl.P / coincides with
L

i2I Zƒi and we call Pcl a classical weight
lattice.

3.3 Definitions of Perfect Crystal and Its Limit

Let g be an affine Lie algebra, Pcl be a classical weight lattice as above and set
.Pcl/

C
l
WD f� 2 Pcl j hc; �i D l; h˛_

i ; �i � 0g .l 2 Z>0/.

Definition 3.7. A crystal B is a perfect of level l if

(i) B ˝ B is connected as a crystal graph.
(ii) There exists �0 2 Pcl such that

wt.B/ � �0 C
X

i¤0
Z�0cl.˛i /; ]B�0

D 1:

(iii) There exists a finite-dimensional U 0
q.g/-module V with a crystal pseudo-base

Bps such that B Š Bps=˙1.
(iv) The maps "; ' W Bmin WD fb 2 B j hc; ".b/i D lg�!.PC

cl /l are bijective,
where ".b/ WDPi "i .b/ƒi and '.b/ WDPi 'i .b/ƒi .

Let fBlgl�1 be a family of perfect crystals of level l and set J WD f.l; b/ j l > 0;
b 2 Bmin

l
g.

Definition 3.8. A crystal B1 with an element b1 is called a limit of fBlgl�1 if

(i) wt.b1/ D ".b1/ D '.b1/ D 0.
(ii) For any .l; b/ 2 J , there exists an embedding of crystals:

f.l;b/ W T".b/ ˝ Bl ˝ T�'.b/ ,! B1
t".b/ ˝ b ˝ t�'.b/ 7! b1

(iii) B1 D
S

.l;b/2J Imf.l;b/.

As for the crystal T�, see Example 3.5. If a limit exists for a family fBlg, we say
that fBlg is a coherent family of perfect crystals.

The following is one of the most important properties of limit of perfect crystals.

Proposition 3.9. Let B.1/ be the crystal as in Example 3.4. Then we have the
following isomorphism of crystals:

B.1/˝ B1
��!B.1/:
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4 Perfect Crystals of Type D
.3/

4

In this section, we review the family of perfect crystals of typeD.3/
4 and its limit [9].

We fix the data for D.3/
4 . Let f˛0; ˛1; ˛2g, f˛_

0 ; ˛
_
1 ; ˛

_
2 g and fƒ0; ƒ1; ƒ2g be

the set of simple roots, simple coroots and fundamental weights, respectively. The
Cartan matrix A D .aij /i;jD0;1;2 is given by

A D
0

@

2 �1 0

�1 2 �3
0 �1 2

1

A ;

and its Dynkin diagram is as follows:

�
0

����
1

�
2

The standard null root ı and the canonical central element c are given by

ı D ˛0 C 2˛1 C ˛2 and c D ˛_
0 C 2˛_

1 C 3˛_
2 ;

where ˛0 D 2ƒ0 �ƒ1 C ı; ˛1 D �ƒ0 C 2ƒ1 �ƒ2; ˛2 D �3ƒ1 C 2ƒ2:
For a positive integer l , we introduceD.3/

4 -crystals Bl and B1 as

Bl D
(

b D .b1; b2; b3; Nb3; Nb2; Nb1/ 2 .Z�0/6
ˇ

ˇ

ˇ

ˇ

ˇ

b3 
 Nb3 .mod 2/;
P

iD1;2.bi C Nbi /C b3C Nb3

2
	 l

)

;

B1 D
(

b D .b1; b2; b3; Nb3; Nb2; Nb1/ 2 .Z/6
ˇ

ˇ

ˇ

ˇ

ˇ

b3 
 Nb3 .mod 2/;
P

iD1;2.bi C Nbi /C b3C Nb3

2
2 Z

)

:

Now we describe the explicit crystal structures of Bl and B1. Indeed, most of them
coincide with each other except for "0 and '0. In the rest of this section, we use the
following convention: .x/C D max.x; 0/,

Qe1b D

8

ˆ

ˆ

<

ˆ

ˆ

:

.: : : ; Nb2 C 1; Nb1 � 1/ if Nb2 � Nb3 � .b2 � b3/C;

.: : : ; b3 C 1; Nb3 � 1; : : :/ if Nb2 � Nb3 < 0 	 b3 � b2;

.b1 C 1; b2 � 1; : : :/ if . Nb2 � Nb3/C < b2 � b3;

Qf1b D

8

ˆ

ˆ

<

ˆ

ˆ

:

.b1 � 1; b2 C 1; : : :/ if . Nb2 � Nb3/C 	 b2 � b3;

.: : : ; b3 � 1; Nb3 C 1; : : :/ if Nb2 � Nb3 	 0 < b3 � b2;

.: : : ; Nb2 � 1; Nb1 C 1/ if Nb2 � Nb3 > .b2 � b3/C;

Qe2b D
(

.: : : ; Nb3 C 2; Nb2 � 1; : : :/ if Nb3 � b3;

.: : : ; b2 C 1; b3 � 2; : : :/ if Nb3 < b3;
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Qf2b D
(

.: : : ; b2 � 1; b3 C 2; : : :/ if Nb3 	 b3;

.: : : ; Nb3 � 2; Nb2 C 1; : : :/ if Nb3 > b3;

"1.b/ D Nb1C. Nb3 � Nb2 C .b2 � b3/C/C; '1.b/ D b1 C .b3 � b2C. Nb2 � Nb3/C/C;
"2.b/ D Nb2 C 1

2
.b3 � Nb3/C; '2.b/ D b2 C 1

2
. Nb3 � b3/C;

"0.b/ D
(

l � s.b/Cmax A � .2z1 C z2 C z3 C 3z4/ b 2 Bl ;
�s.b/Cmax A � .2z1 C z2 C z3 C 3z4/ b 2 B1;

'0.b/ D
(

l � s.b/Cmax A b 2 Bl ;
�s.b/Cmax A b 2 B1;

where

s.b/ D b1 C b2 C b3 C Nb3
2

C Nb2 C Nb1; (4.1)

z1 D Nb1 � b1; z2 D Nb2 � Nb3; z3 D b3 � b2; z4 D . Nb3 � b3/=2; (4.2)

A D .0; z1; z1C z2; z1C z2C 3z4; z1C z2C z3C 3z4; 2z1C z2C z3C 3z4/: (4.3)

For b 2 Bl , if Qeib or Qfib does not belong to Bl , namely, if bj or Nbj for some j
becomes negative, we understand it to be 0.

Let us see the actions of Qe0 and Qf0. We shall consider the conditions (E1)–(E6)
and (F1)–(F6) [9].

.E1/ z1 C z2 C z3 C 3z4 < 0; z1 C z2 C 3z4 < 0; z1 C z2 < 0; z1 < 0;

.E2/ z1 C z2 C z3 C 3z4 < 0; z2 C 3z4 < 0; z2 < 0; z1 � 0;

.E3/ z1 C z3 C 3z4 < 0; z3 C 3z4 < 0; z4 < 0; z2 � 0; z1 C z2 � 0;

.E4/ z1 C z2 C 3z4 � 0; z2 C 3z4 � 0; z4 � 0; z3 < 0; z1 C z3 < 0;

.E5/ z1 C z2 C z3 C 3z4 � 0; z3 C 3z4 � 0; z3 � 0; z1 < 0;

.E6/ z1 C z2 C z3 C 3z4 � 0; z1 C z3 C 3z4 � 0; z1 C z3 � 0; z1 � 0:

(Fi ) (1 	 i 	 6) is obtained from (Ei ) by replacing � (resp. <) with > (resp. 	).
We define

Qe0b D

8

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

<

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

:

E1b WD .b1 � 1; : : :/ if (E1);

E2b WD .: : : ; b3 � 1; Nb3 � 1; : : : ; Nb1 C 1/ if (E2);

E3b WD .: : : ; b3 � 2; : : : ; Nb2 C 1; : : :/ if (E3);

E4b WD .: : : ; b2 � 1; : : : ; Nb3 C 2; : : :/ if (E4);

E5b WD .b1 � 1; : : : ; b3 C 1; Nb3 C 1; : : :/ if (E5);

E6b WD .: : : ; Nb1 C 1/ if (E6);
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Qf0b D

8

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

<

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

:

F1b WD .b1 C 1; : : :/ if (F1);

F2b WD .: : : ; b3 C 1; Nb3 C 1; : : : ; Nb1 � 1/ if (F2);

F3b WD .: : : ; b3 C 2; : : : ; Nb2 � 1; : : :/ if (F3);

F4b WD .: : : ; b2 C 1; : : : ; Nb3 � 2; : : :/ if (F4);

F5b WD .b1 C 1; : : : ; b3 � 1; Nb3 � 1; : : :/ if (F5);

F6b WD .: : : ; Nb1 � 1/ if (F6):

The following is one of the main results in [9]:

Theorem 4.1 ([9]).

(i) The D.3/
4 -crystal Bl is a perfect crystal of level l .

(ii) The family of the perfect crystals fBlgl�1 forms a coherent family and the crys-
tal B1 is its limit with the vector b1 D .0; 0; 0; 0; 0; 0/.

As was shown in [9], the minimal elements are given

.Bl/min D f.˛; ˇ; ˇ; ˇ; ˇ; ˛/ j ˛; ˇ 2 Z�0; 2˛ C 3ˇ 	 lg:

Let J D f.l; b/ j l 2 Z�1; b 2 .Bl/ming and the maps "; ' W .Bl/min ! .PC
cl /l be

as in Sect. 3. Then we have wt b1 D 0 and "i.b1/ D 'i .b1/ D 0 for i D 0; 1; 2.
For .l; b0/ 2 J , since ".b0/ D '.b0/, one can set � D ".b0/ D '.b0/. For

b D .b1; b2; b3; Nb3; Nb2; Nb1/ 2 Bl , we define a map

f.l;b0/ W T� ˝ Bl ˝ B�� �! B1
by

f.l;b0/.t� ˝ b ˝ t��/ D b0 D .
1; 
2; 
3; N
3; N
2; N
1/;
where b0 D .˛; ˇ; ˇ; ˇ; ˇ; ˛/, and


1 D b1 � ˛; N
1 D Nb1 � ˛;

j D bj � ˇ; N
j D Nbj � ˇ .j D 2; 3/:

Finally, we obtain B1 DS.l;b/2J Imf.l;b/.

5 Fundamental Representation for G
.1/

2

5.1 Fundamental Representation W.$1/

Let c D P

i a
_
i ˛

_
i be the canonical central element in an affine Lie algebra g (see

[2, 6.1]), fƒi j i 2 I g the set of fundamental weight as in the previous section and
$1 WD ƒ1�a_

1ƒ0 the (level 0) fundamental weight. LetW.$1/ be the fundamental
representation of U 0

q.g/ associated with $1 [7, 8].
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By [7, Theorem 5.17], W.$1/ is a finite-dimensional irreducible integrable
U 0
q.g/-module and has a global basis with a simple crystal. Thus, we can consider

the specialization q D 1 and obtain the finite-dimensional g-moduleW.$1/, which
we call a fundamental representation of g and use the same notation as above.

We shall present the explicit form of W.$1/ for g D G.1/2 .

5.2 W.$1/ for G
.1/

2

The Cartan matrix A D .ai;j /i;jD0;1;2 of type G.1/2 is

A D
0

@

2 �1 0

�1 2 �1
0 �3 2

1

A :

Then the simple roots are

˛0 D 2ƒ0 �ƒ1 C ı; ˛1 D �ƒ0 C 2ƒ1 � 3ƒ2; ˛2 D �ƒ1 C 2ƒ2;

and the Dynkin diagram is:

�
0

�
1

� ���
2

The g-moduleW.$1/ is a 15-dimensional module with the basis,

f i ; i ;;; 01 ; 02 j i D 1; : : : ; 6g:

The following description of W.$1/ slightly differs from [16]:

wt. 1 / D ƒ1 � 2ƒ0; wt. 2 / D �ƒ0 �ƒ1 C 3ƒ2; wt. 3 / D �ƒ0 Cƒ2;
wt. 4 / D �ƒ0Cƒ1�ƒ2; wt. 5 / D �ƒ1C2ƒ2; wt. 6 / D �ƒ0C2ƒ1�3ƒ2;
wt. i / D �wt. i / .i D 1; : : : ; 6/; wt. 01 / D wt. 02 / D wt.;/ D 0:

The actions of ei and fi on these basis vectors are given as follows:

f0

�

02 ; 6 ; 4 ; 3 ; 2 ; 1 ;;
�

D
�

1 ; 2 ; 3 ; 4 ; 6 ;;; 2 1

�

;

e0

�

1 ; 2 ; 3 ; 4 ; 6 ; 02 ;;
�

D
�

;; 6 ; 4 ; 3 ; 2 ; 1 ; 2 1

�

;

f1

�

1 ; 4 ; 6 ; 01 ; 02 ; 5 ; 2 ;;
�

D
�

2 ; 5 ; 02 ; 3 6 ; 2 6 ; 4 ; 1 ; 6

�

;

e1

�

2 ; 5 ; 01 ; 02 ; 6 ; 4 ; 1 ;;
�

D
�

1 ; 4 ; 3 6 ; 2 6 ; 02 ; 5 ; 2 ; 6

�

;
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f2

�

2 ; 3 ; 4 ; 5 ; 01 ; 02 ; 6 ; 4 ; 3

�

D
�

3 ; 2 4 ; 3 6 ; 01 ; 2 5 ; 5 ; 4 ; 2 3 ; 3 2

�

;

e2

�

3 ; 4 ; 6 ; 01 ; 02 ; 5 ; 4 ; 3 ; 2

�

D
�

3 2 ; 2 3 ; 4 ; 2 5 ; 5 ; 01 ; 3 6 ; 2 4 ; 3

�

;

where we give non-trivial actions only.

6 Affine Geometric Crystal V1.G
.1/

2
/

Let us review the construction of the affine geometric crystal V.G.1/2 / in W.$1/

following [14].
For 
 2 .t�

cl/0, let t.
/ be the translation as in [7, Sect. 4]. Then we have

t.e$1/ D s0s1s2s1s2s1 DW w1;
t.wt. 2 // D s2s1s2s1s0s1 DW w2:

Associated with these Weyl group elements w1 and w2, we define algebraic varieties
V1 D V1.G.1/2 / and V2 D V2.G.1/2 / � W.$1/, respectively:

V1WDfv1.x/WDY0.x0/Y1.x1/Y2.x2/Y1.x3/Y2.x4/Y1.x5/ 1 j xi2C�; .0	i	5/g;
V2WDfv2.y/WDY2.y2/Y1.y1/Y2.y4/Y1.y3/Y0.y0/Y1.y5/ 2 j yi2C�; .0	i	5/g:

Owing to the explicit forms of fi ’s on W.$1/ as above, we have f 30 D 0, f 31 D 0
and f 42 D 0 and then

Yi .c/ D
�

1Cfi
c
C f

2
i

2c2

�

˛_
i .c/ .i D 0; 1/; Y2.c/ D

�

1Cf2
c
C f

2
2

2c2
C f

3
2

6c3

�

˛_
2 .c/:

We get explicit forms of v1.x/ 2 V1 and v2.y/ 2 V2 as in [14]:

v1.x/ D
X

1�i�6

�

Xi i CXi i

�

CX01
01 CX02

02 CX;;;

v2.y/ D
X

1�i�6

�

Yi i C Yi i

�

C Y01
01 C Y02

02 C Y;;;

where the rational functions Xi ’s and Yi ’s are all positive (as for their explicit
forms, see [14]) and then we get the positive birational isomorphism � W V1 �!
V2 (v1.x/ 7! v2.y/) and its inverse ��1 is also positive. The actions of ec0
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on v2.y/ (respectively �0.v2.y// and "0.v2.y/// are induced from the ones on
Y2.y2/Y1.y1/Y2.y4/Y1.y3/Y0.y0/Y1.y5/ as an element of the geometric crystal
V2. We define the action ec0 on v1.x/ by

ec0v1.x/ WD ��1 ı ec0 ı �.v1.x//: (6.1)

We also define �0.v1.x// and "0.v1.x// by

�0.v1.x// WD �0.�.v1.x///; "0.v1.x// WD "0.�.v1.x///: (6.2)

Theorem 6.1 ([14]). Together with (6.1) and (6.2) on V1, we obtain a positive
affine geometric crystal � WD .V1; feigi2I ; f�igi2I ; f"igi2I / .I D f0; 1; 2g/, whose
explicit form is as follows: first we have eci , �i and "i for i D 1; 2 from the formula
(2.2)–(2.4).

ec1.v1.x// D v1.x0; C1x1; x2; C3x3; x4; C5x5/;
ec2.v1.x// D v1.x0; x1; C2x2; x3; C4x4; x5/;

where

C1 D
c x0

x1
C x0 x2

3

x1
2 x3
C x0 x2

3 x4
3

x1
2 x3

2 x5

x0

x1
C x0 x2

3

x1
2 x3
C x0 x2

3 x4
3

x1
2 x3

2 x5

; C3 D
c x0

x1
C c x0 x2

3

x1
2 x3
C x0 x2

3 x4
3

x1
2 x3

2 x5

c x0

x1
C x0 x2

3

x1
2 x3
C x0 x2

3 x4
3

x1
2 x3

2 x5

;

C5 D
c
�

x0

x1
C x0 x2

3

x1
2 x3
C x0 x2

3 x4
3

x1
2 x3

2 x5

�

c x0

x1
C c x0 x2

3

x1
2 x3
C x0 x2

3 x4
3

x1
2 x3

2 x5

; C2 D
c x1

x2
C x1 x3

x2
2 x4

x1

x2
C x1 x3

x2
2 x4

; C4 D
c
�

x1

x2
C x1 x3

x2
2 x4

�

c x1

x2
C x1 x3

x2
2 x4

;

"1.v1.x// D x0

x1
C x0 x2

3

x12 x3
C x0 x2

3 x4
3

x12 x32 x5
; "2.v1.x// D x1

x2
C x1 x3

x22 x4
;

�1.v1.x// D x21x
2
3x
2
5

x0x
3
2x
3
4

; �2.v1.x// D x22x
2
4

x1x3x5
:

We also have ec0 , "0 and �0 on v1.x/ as:

ec0.v1.x// D v1

�

D

c �E x0;
F

c �E x1;
G

c �E x2;
D �H
c2 �E � F x3;

D

c �Gx4;
D

c �H x5

�

;

"0.v1.x// D E

x03 x23 x3
; �0.v1.x// D x20

x1x3x5
;

where

D D c2 x0
2 x2

3 x3 C x1 x23 x32 x5 C c x0
�

x1 x3
3 C 3 x1 x2 x32 x4

C3 x1 x22 x3 x42 C x23
�

x3
2 C x1 x43 C x1 x3 x5

	

�

;
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E D x0
2 x2

3 x3 C x1 x23 x32 x5 C x0
�

x1 x3
3 C 3 x1 x2 x32 x4

C3 x1 x22 x3 x42 C x23
�

x3
2 C x1 x43 C x1 x3 x5

	

�

;

F D c x0
2 x2

3 x3 C x1 x23 x32 x5 C x0
�

c x1 x3
3 C 3 c x1 x2 x32 x4

C3 c x1 x22 x3 x42 C x23
�

x3
2 C c x1 x43 C c x1 x3 x5

�

/;

G D c x0
2 x2

3 x3 C x1 x23 x32 x5 C x0
�

x1 x3
3 C .2C c/ x1 x2 x32 x4

C .1C 2 c/ x1 x22 x3 x42 C x23
�

x3
2 C c x1 x43 C c x1 x3 x5

	

�

;

H D c x0
2 x2

3 x3 C x1 x23 x32 x5 C x0
�

x1 x3
3 C 3 x1 x2 x32 x4

C3 x1 x22 x3 x42 C x23
�

x3
2 C x1 x43 C c x1 x3 x5

	

�

:

7 Ultra-Discretization

We denote the positive structure on � as in the previous section by � W T 0 WD
.C�/6 �! V1. Then by Corollary 2.7, we obtain the ultra-discretization
UD.�; T 0; �/, which is a Kashiwara’s crystal. Now we show that the conjecture in
[14] is correct and it turns out to be the following theorem.

Theorem 7.1. The crystal UD.�; T 0; �/ as above is isomorphic to the crystal B1
of type D.3/

4 as in Sect. 4.

In order to show the theorem, we shall see the explicit crystal structure on X WD
UD.�; T 0; �/. Note that UD.�/ D Z6 as a set. Here as for variables in X , we use
the same notations c; x0; x1; : : : ; x5 as for �.

For x D .x0; x1; : : : ; x5/ 2 X , it follows from the results in the previous section
that the functions wti and "i (i D 0; 1; 2) are given as

wt0.x/ D 2x0 � x1 � x3 � x5; wt1.x/ D 2.x1 C x3 C x5/ � x0 � 3x2 � 3x4;
wt2.x/ D 2.x2 C x4/ � x1 � x3 � x5:

Set

˛ WD 2x0 C 3x2 C x3; ˇ WD x1 C 3x2 C 2x3 C x5; � WD x0 C x1 C 3x3;
ı WD x0 C x1 C x2 C 2x3 C x4; � WD x0 C x1 C 2x2 C x3 C 2x4;
� WD x0 C 3x2 C 2x3;  WD x0 C x1 C 3x2 C 3x4;

 WD x0 C x1 C 3x2 C x3 C x5: (7.1)

Indeed, from the explicit form of E as in the previous section, we have

UD.E/ D max.˛; ˇ; �; ı; �; �;  ; 
/;
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and then

"0.x/ D max.˛; ˇ; �; ı; �; �;  ; 
/ � .3x0 C 3x2 C x3/;
"1.x/ D max.x0�x1; x0C3x2�2x1�x3; x0C3x2C3x4�2x1�2x3�x5/;
"2.x/ D max.x1 � x2; x1 C x3 � 2x2 � x4/: (7.2)

Next, we describe the actions of Qei .i D 0; 1; 2/. Set „j WD UD.Cj /jcD1 (j D
1; : : : ; 5). Then we have

„1 D max.1Cx0�x1; x0C3x2�2x1�x3; x0C3x2C3x4�2x1�2x3�x5/
�max.x0�x1; x0C3x2�2x1�x3; x0C3x2C3x4�2x1�2x3�x5/;

„3 D max.1Cx0�x1; 1Cx0C3x2�2x1�x3; x0C3x2C3x4�2x1�2x3�x5/
�max.1Cx0�x1; x0C3x2�2x1�x3; x0C3x2C3x4�2x1�2x3�x5/;

„5 D max.1Cx0�x1; 1Cx0C3x2�2x1�x3; 1Cx0C3x2C3x4�2x1�2x3�x5/
�max.1Cx0�x1; 1Cx0C3x2�2x1�x3; x0C3x2C3x4�2x1�2x3�x5/;

„2 D max.1Cx1�x2; x1Cx3�2x2�x4/ �max.x1�x2; x1Cx3�2x2�x4/;
„4 D max.1Cx1�x2; 1Cx1Cx3�2x2�x4/ �max.1Cx1�x2; x1Cx3�2x2�x4/:

Therefore, for x 2 X we have

Qe1.x/ D .x0; x1 C„1; x2; x3 C„3; x4; x5 C„5/;
Qe2.x/ D .x0; x1; x2 C„2; x3; x4 C„4; x5/:

We obtain the action Qfi (i D 1; 2) by setting c D �1 in UD.Ci /.
Finally, we describe the action of Qe0. Set

‰0 WD max.2C ˛; ˇ; 1C �; 1C ı; 1C �; 1C �; 1C  ; 1C 
/
�max.˛; ˇ; �; ı; �; �;  ; 
/ � 1;

‰1 WD max.1C ˛; ˇ; 1C �; 1C ı; 1C �; �; 1C  ; 1C 
/
�max.˛; ˇ; �; ı; �; �;  ; 
/ � 1;

‰2 WD max.1C ˛; ˇ; �; 1C ı; 1C �; �; 1C  ; 1C 
/
�max.˛; ˇ; �; ı; �; �;  ; 
/ � 1;

‰3 WD max.2C ˛; ˇ; 1C �; 1C ı; 1C �; 1C �; 1C  ; 1C 
/
Cmax.1C ˛; ˇ; �; ı; �; �;  ; 1C 
/ �max.1C ˛; ˇ; �; ı; �; �;  ; 1C 
/
�max.1C ˛; ˇ; �; 1C ı; 1C �; �; 1C  ; 1C 
/ � 2;

‰4 WD max.2C ˛; ˇ; 1C �; 1C ı; 1C �; 1C �; 1C  ; 1C 
/
�max.1C ˛; ˇ; �; 1C ı; 1C �; �; 1C  ; 1C 
/ � 1;

‰5 WD max.2C ˛; ˇ; 1C �; 1C ı; 1C �; 1C �; 1C  ; 1C 
/
�max.1C ˛; ˇ; �; ı; �; �;  ; 1C 
/ � 1;
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where ˛; ˇ; : : : ; 
 are as in (7.1). Therefore, by the explicit form of ec0 as in the
previous section, we have

Qe0.x/ D .x0 C‰0; x1 C‰1; x2 C‰2; x3 C‰3; x4 C‰4; x5 C‰5/: (7.3)

Now, let us show the theorem.

Proof of Theorem 7.1. Define the map

�W X �! B1;
.x0; : : : ; x5/ 7! .b1; b2; b3; b3; b2; b1/;

by

b1Dx5; b2Dx4�x5; b3Dx3�2x4; b3D2x2�x3; b2 D x1�x2; b1 D x0�x1;
and ��1 is given by

x0 D b1 C b2 C b3 C b3
2

C b2 C b1; x1 D b1 C b2 C b3 C b3
2

C b2;

x2 D b1 C b2 C b3 C b3
2

; x3 D 2b1 C 2b2 C b3; x4 D b1 C b2; x5 D b1;

which means that� is bijective. Here note that b3Cb3

2
2 Z by the definition of B1.

We shall show that � is commutative with actions of Qei and preserves the functions
wti and "i , that is,

Qei .�.x// D �. Qeix/; wti .�.x// D wti .x/; "i .�.x// D "i.x/ .i D 0; 1; 2/:

First, let us check wti : Set b D �.x/. By the explicit forms of wti on X and B1,
we have

wt0.�.x// D '0.�.x// � "0.�.x// D 2z1 C z2 C z3 C 3z4

D 2.b1 � b1/C .b2 � b3/C .b3 � b2/C 3

2
.b3 � b3/

D 2.b1 � b1/C b2 � b2 C b3 � b3
2

D 2x0 � x1 � x3 � x5 D wt0.x/;

wt1.�.x// D '1.�.x// � "1.�.x//
D b1 C .b3 � b2 C . Nb2 � Nb3/C/C � . Nb1 C . Nb3 � Nb2 � .b2 � b3/C/C/
D b1 � b1 � b2 C b2 C b3 � b3 D 2.x1 C x3 C x5/ �x0 � 3x2 � 3x4
D wt1.x/;

wt2.�.x// D '2.�.x// � "2.�.x// D b2 C 1

2
. Nb3 � b3/C � Nb2 C 1

2
.b3 � Nb3/C

D b2 � b2 C 1

2
.b3 � b3/ D 2.x2 C x4/� x1 � x3 � x5 D wt2.x/:
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Next, we shall check "i :

"1.�.x// D Nb1 C . Nb3 � Nb2 C .b2 � b3/C/C
D max. Nb1; Nb1 C Nb3 � Nb2; Nb1 C Nb3 � Nb2 C b2 � b3/
D max.x0�x1; x0C3x2�2x1�x3; x0C3x2C3x4�2x1�2x3�x5/
D "1.x/;

"2.�.x// D Nb2 C 1

2
.b3 � Nb3/C D max. Nb2; Nb2 C 1

2
.b3 � Nb3/C/

D max.x1 � x2; x1 C x3 � 2x2 � x4/ D "2.x/:

Before checking "0.�.x// D "0.x/, we see the following formula, which has been
given in [12, Sect. 6].

Lemma 7.2. Form1; : : : ; mk 2 R and t1; : : : ; tk 2 R�0 such that t1C� � �Ctk D 1,
we have

max

 

m1; : : : ; mk ;

k
X

iD1
timi

!

D max.m1; : : : ; mk/:

By the facts

ı D 2� C  
3

; � D � C 2 
3

; (7.4)

and Lemma 7.2, we have

max.˛; ˇ; �; ı; �; �;  ; 
/ D max.˛; ˇ; �; �;  ; 
/: (7.5)

Here let us see "0:

"0.�.x// D �s.b/CmaxA� .2z1 C z2 C z3 C 3z4/

D �x0 Cmax.0; z1; z1 C z2; z1 C z2 C 3z4;

z1 C z2 C z3 C 3z4; 2z1 C z2 C z3 C 3z4/ � .˛ � ˇ/
D �x0 Cmax.�2x0 C x1 C x3 C x5;�x0 C x3;
� x0 C x1 � 3x2 C 2x3;�x0 C x1 � x3 C 3x4;�x0 C x1 C x5; 0/

D �.3x0 C 3x2 C x3/Cmax.x1 C 3x2 C 2x3 C x5;
x0 C 3x2 C 2x3; x0 C x1 C 3x3; x0 C x1 C 3x2 C 3x4;
x0 C x1 C 3x2 C x3 C x5; 2x0 C 3x2 C x3/

D �.3x0 C 3x2 C x3/Cmax.ˇ; �; �;  ; 
; ˛/:

On the other hand, we have

"0.x/ D �.3x0 C 3x2 C x3/Cmax.˛; ˇ; �; ı; �; �;  ; 
/:

Then by (7.5), we get "0.�.x// D "0.x/.
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Let us show Qei .�.x// D �. Qei .x// (x 2 X ; i D 0; 1; 2). As for Qe1, set

A D x0 � x1; B D x0C 3x2� 2x1 � x3; C D x0C 3x2C 3x4� 2x1� 2x3 � x5:

Then we obtain„1 D max.AC 1; B; C /�max.A;B; C /; „3 D max.AC 1; BC
1; C /�max.AC1; B; C /; „5 D max.AC1; BC1; CC1/�max.AC1; BC1; C /:
Therefore, we have

„1 D 1; „3 D 0; „5 D 0; if A � B;C
„1 D 0; „3 D 1; „5 D 0; if A < B � C
„1 D 0; „3 D 0; „5 D 1; if A;B < C;

which implies

Qe1.x/ D

8

ˆ

ˆ

<

ˆ

ˆ

:

.x0; x1 C 1; x2; : : : ; x5/ if A � B;C

.x0; : : : ; x3 C 1; x4; x5/ if A < B � C

.x0; : : : ; x4; x5 C 1/ if A;B < C:

Since A D b1, B D b1 C b3 � b2 and C D b1 C b3 � b2 C b2 � b3, we get
(b D �.x/)

�. Qe1.x// D

8

ˆ

ˆ

<

ˆ

ˆ

:

.: : : ; Nb2 C 1; Nb1 � 1/ if Nb2 � Nb3 � .b2 � b3/C;

.: : : ; b3 C 1; Nb3 � 1; : : :/ if Nb2 � Nb3 < 0 	 b3 � b2;

.b1 C 1; b2 � 1; : : :/ if . Nb2 � Nb3/C < b2 � b3;

which is the same as the action of Qe1 on b D �.x/ as in Sect. 4. Hence, we have
�. Qe1.x// D Qe1.�.x//.

Let us see �. Qe2.x// D Qe2.�.x//. Set

L D x1 � x2; M WD x1 C x3 � 2x2 � x4:

Then„2 D max.1CL;M/�max.L;M/ and„4 D max.1CL; 1CM/�max.1C
L;M/. Thus, one has

„2 D 1; „4 D 0 if L �M;
„2 D 0; „4 D 1 if L < M;

which means

Qe2.x/ D
(

.x0; x1; x2 C 1; x3; x4; x5/ if L �M;

.x0; x1; x2; x3; x4 C 1; x5/ if L < M:
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Since L �M D x2 � x3 C x4 D b3�b3

2
, one gets

�. Qe2.x// D
(

.: : : ; Nb3 C 2; Nb2 � 1; : : :/ if Nb3 � b3;

.: : : ; b2 C 1; b3 � 2; : : :/ if Nb3 < b3;

where b D �.x/. This action coincides with the one of Qe2 on b 2 B1 as in Sect. 4.
Therefore, we get �. Qe2.x// D Qe2.�.x//.

Finally, we shall check Qe0.�.x// D �. Qe0.x//. For the purpose, we shall estimate
the values ‰0; : : : ; ‰5 explicitly.

First, the following cases are investigated:

.e1/ ˇ > ˛; �; ı; �; �;  ; 
;

.e2/ ˇ 	 � > ˛; �; ı; �;  ; 
;

.e3/ ˇ; � 	 � > ˛; ı; �;  ; 
;

.e4/ ˇ; �; ı; �; � 	  > ˛; 
;

.e40/ ˇ; �; �; �;  	 ı > ˛; 
;
.e400/ ˇ; �; ı; �;  	 � > ˛; 
;
.e5/ ˇ; �; ı; �; �;  	 
 > ˛;
.e6/ ˛ � ˇ; �; ı; �; �;  ; 
:

It is easy to see that each of these conditions are equivalent to the conditions .E1/–
.E6/ in Sect. 4, more precisely, we have .ei/ , .Ei / (i D 1; 2; : : : ; 6), and that
(e1)–(e6) cover all cases and they have no intersection. Note that the cases (e40) and
(e400) are included in the case (e4), thanks to (7.4).

Let us show .e1/ , .E1/: the condition (e1) means ˇ � ˛ D �.2z1 C z2 C
z3 C 3z4/ > 0, ˇ � � D �.z1 C z2/ > 0, ˇ � ı D �.z1 C z2 C z4/ > 0,
ˇ � � D �.z1 C z2C 2z4/ > 0, ˇ � � D �z1 > 0, ˇ � D �.z1C z2 C 3z4/ > 0
and ˇ � 
 D �.z1 C z2 C z3 C 3z4/ > 0, which is equivalent to the condition
z1C z2 < 0, z1 < 0, z1C z2C 3z4 < 0 and z1C z2 C z3 C 3z4 < 0. This is just the
condition .E1/. Other cases are shown similarly.

Under the condition (e1) (, .E1/), we have

‰0 D ‰1 D ‰2 D ‰4 D ‰5 D �1; ‰3 D �2;

which means Qe0.x/ D .x0�1; x1�1; x2�1; x3�2; x4�1; x5�1/. Thus, we have

�. Qe0.x// D .b1 � 1; b2; : : : ; b1/;
which coincides with the action of Qe0 under .E1/ in Sect. 4. Similarly, we have

.e2/) .‰0; ‰1; ‰2; ‰3; ‰4; ‰5/ D .0;�1;�1;�1; 0; 0/
) Qe0.x/ D .x0; x1 � 1; x2 � 1; x3 � 1; x4; x5/
) �. Qe0.x// D .b1; b2; b3 � 1; b3 � 1; b2; b1 C 1/;
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which coincides with the action of Qe0 under .E2/ in Sect. 4.

.e3/) .‰0; ‰1; ‰2; ‰3; ‰4; ‰5/ D .0; 0;�1;�2; 0; 0/
) Qe0.x/ D .x0; x1; x2 � 1; x3 � 2; x4; x5/
) �. Qe0.x// D .b1; b2; b3 � 2; b3; b2 C 1; b1/;

which coincides with the action of Qe0 under .E3/ in Sect. 4.

(e4)) .‰0; ‰1; ‰2; ‰3; ‰4; ‰5/ D .0; 0; 0;�2;�1; 0/
) Qe0.x/ D .x0; x1; x2; x3 � 2; x4 � 1; x5/
) �. Qe0.x// D .b1; b2 � 1; b3; b3 C 2; b2; b1/;

which coincides with the action of Qe0 under .E4/ in Sect. 4.

.e5/) .‰0; ‰1; ‰2; ‰3; ‰4; ‰5/ D .0; 0; 0;�1;�1;�1/
) Qe0.x/ D .x0; x1; x2; x3 � 1; x4 � 1; x5 � 1/
) �. Qe0.x// D .b1 � 1; b2; b3 C 1; b3 C 1; b2; b1/;

which coincides with the action of Qe0 under .E5/ in Sect. 4.

.e6/) .‰0; ‰1; ‰2; ‰3; ‰4; ‰5/ D .1; 0; 0; 0; 0; 0/
) Qe0.x/ D .x0 C 1; x1; x2; x3; x4; x5/
) �. Qe0.x// D .b1; b2; b3; b3; b2; b1 C 1/;

which coincides with the action of Qe0 under .E6/ in Sect. 4. Now, we have
�. Qe0.x// D Qe0.�.x//. Therefore, the proof of Theorem 7.1 has been completed.

ut
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On Hecke Algebras Associated with Elliptic
Root Systems

Yoshihisa Saito and Midori Shiota

Abstract We define the elliptic Hecke algebras for arbitrary marked elliptic root
systems in terms of the corresponding elliptic Dynkin diagrams and make a “dictio-
nary” between the elliptic Hecke algebras and the double affine Hecke algebras.

Keywords Elliptic root systems � Double affine Hecke algebras

Mathematics Subject Classifications (2000): Primary 17B35; Secondary 14D30,
16G20

1 Introduction

In a process of solving the Macdonald’s inner product conjecture, Cherednik
[C92, C95] introduced a new class of algebras, so-called the double affine Hecke
algebras. Recently, it is known that the theory of double affine Hecke algebras gives
a very powerful tool in the study of orthogonal polynomials.

Cherednik’s construction is generalized to an important class of non-reduced root
systems, .C_

n ; Cn/ by Noumi [No95], Noumi-Stokman [NS04] and Sahi [Sa99].
When n D 1 (rank 1 case), the corresponding orthogonal polynomials are the
Askey-Wilson polynomial [AW85] which include as special and limiting cases
all the classical families of orthogonal polynomials in one variable. In [Mc03],
Macdonald formulated all the above results uniformly (see also [K97]).

On the other hand, motivated by the theory of elliptic singularities, Saito [Sa85]
introduced a notion of the marked elliptic root systems, which is a generaliza-
tion of finite or affine root systems. In that article, he also introduced a dia-
gram which describes the structure of a marked elliptic root system, so-called the
elliptic Dynkin diagram. This diagram consists of some vertices and edges. In
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the original motivation, these vertices correspond to vanishing cycles and edges
describe intersection numbers of them. After that, he and Takebayashi studied the
structure of the corresponding Weyl groups (elliptic Weyl groups) and found a new
presentation of them by using the elliptic Dynkin diagrams [ST97]. As a general-
ization of the work of Saito and Takebayashi, Yamada [Y00] defined a q-analogue
of elliptic Weyl groups called the elliptic Hecke algebras for “one-codimensional”
marked elliptic root systems which have only one dotted line in their elliptic Dynkin
diagrams. He also pointed out a connection between the elliptic Hecke algebras and
the double affine Hecke algebras.

In this article we define the elliptic Hecke algebra for an arbitrary marked
elliptic root system in terms of the corresponding elliptic Dynkin diagram and
make a “dictionary” between elliptic Hecke algebras and double affine Hecke
algebras.

Let us briefly summarize the content of this article. In Sect. 1, we review the
theory of double affine Hecke algebra following [C05] and [Mc03]. In Sect. 2, after
giving a brief introduction on elliptic root systems, we give a definition of elliptic
Hecke algebras for marked elliptic root systems which belong to group (A), (B),
(C) or (D) (c.f. 3.1). After that, we introduce another presentation of elliptic Hecke
algebras by using Lusztig’s relations. Lusztig’s relations play on important role in
the presentation of affine Hecke algebras. By using this presentation, we compare
double affine Hecke algebras and elliptic Hecke algebras in Sect. 3.

All proofs of the results of this article are omitted. They will be given in a future
publication.

Finally, we must refer to the results of Takebayashi. He already introduced a no-
tion of elliptic Hecke algebras. More precisely, in [T02], he defined them for elliptic
root systems of type .1; 1/ and compare them and double affine Hecke algebras.
After that, in [T05], he defined them for arbitrary marked elliptic root systems ex-
cept for the group (D) (c.f. 3.1), but he did not compare them and double affine
Hecke algebras for arbitrary cases. In his definition, he use new diagrams which
are called “completed elliptic Dynkin diagrams.” But, as we mentioned above, the
elliptic Dynkin diagram have a concrete meaning in geometrical setting. Therefore,
in this article, we try to “re-define” elliptic Hecke algebras by using the original el-
liptic Dynkin diagrams, in stead of completed elliptic Dynkin diagrams and to make
an explicit “dictionary” between the elliptic Hecke algebras and the double affine
Hecke algebras for arbitrary cases.

2 Double Affine Hecke Algebras

2.1 Affine Root Systems and Affine Weyl Groups

Let V be an n-dimensional R-vector space with a positive definite symmetric bilin-
ear form h�; �i and R0 � V an irreducible reduced finite root system. We denote the
root lattice by Q.R0/, the weight lattice by P.R0/ and the Weyl group by W.R0/.
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Fix faigniD1 a basis of R0 and let P.R0/C be the set of dominant weights with re-
spect to this basis. Set P.R0/� WD �P.R0/C. Let R_

0 WD fa_I a 2 R0g be the dual
root system of R0. Here a_ WD 2a= ha; ai.

Let F WD V ˚ Rc. We think u C rc 2 F as an affine linear function on V by
the following way: .u C rc/.v/ D hu; vi C r .v 2 V /. We extend h�; �i to F as:
huC rc; u0 C r 0ci WD hu; u0i. Set a0 WD �� C c, where � is the highest root of R0.
Then c 2 F can be written in the following form: c D Pn

iD0 niai .ni 2 Z>0/. It
is known that S.R0/ WD fa C rcI a 2 R0; r 2 Zg is an irreducible reduced affine
root system with a basis faigniD0. Set S.R0/

_ WD fa_I a 2 S.R0/g. It is also an
irreducible reduced affine root system with a basis fa_

i gniD0. Any irreducible affine
root system S is isomorphic to either S.R0/ or S.R0/

_.
Assume that S is an irreducible reduced affine root system. Namely, S D S.R0/

or S.R0/
_. In this case, we can consider S as a subset of F . The Weyl groupW.S/

is generated by reflections wf .f 2 S/ where wf .g/ D g � hg; f _i f for g 2 F .
Since wf D wf _ , W.S.R0// D W.S.R0/

_/. Therefore, when we discuss on
W.S/, we may assume that S D S.R0/. For simplicity, we denote wai

D wa_

i

by wi . W.S/ is a Coxeter group generated by fwigniD0. Define an action of v 2 V
on F as t.v/ W f 7! f � hf; vi c. It is known that W.S/ D W.R0/Ë t.Q.R_

0 //. Let
eW .S/ WD W.R0/ Ë t.P.R_

0 // be an extended affine Weyl group. For w 2 eW .S/,
define the length of w as l.w/ WD jSC \ w�1S�j. Here SC � S is the set of
positive roots, and S� WD �SC. Set � WD fw 2 eW .S/I l.w/ D 0g. Then we
have eW .S/ Š � Ë W.S/ and � Š P.R_

0 /=Q.R
_
0 /. Let f!i gniD1 denote the set

of fundamental weights of R0. Let vi be the shortest element of W.R0/ such that
vi .!i / 2 P.R0/�, and define ui 2 eW .S/ by ui D t.!i /v�1

i . For the sake of con-
venience, we put u0 D 1. Let J WD fj I 0 � j � n; nj D 1g. Then we have
� D fuj I j 2 J g.

In this exposition, an irreducible but non-reduced affine root system refers to a
unique type of root systems. It is called type .C_

n ; Cn/ defined as: the set of roots
S D S.Cn/

_ [ S.Cn/. The root lattice Q..C_
n ; Cn// is the Z-submodule of F

generated by all the roots of .C_
n ; Cn/. The Weyl group W..C_

n ; Cn// is just equal
to W.S.Cn//. The number of W..C_

n ; Cn//-orbit in S is five.

2.2 Affine Hecke Algebras and Double Affine Hecke Algebras

Assume that S D S.R0/ or S.R0/
_. The braid group QB of the extended affine

Weyl group eW .S/ is the group with generators T .w/ .w 2 eW .S/) and relations
T .v/T .w/ D T .vw/ if l.v/ C l.w/ D l.vw/. We shall write Ti D T .wi /, Uj D
T .uj /. Then QB is generated by Ti .i D 0; : : : ; n/ and Uj .j 2 J /. Let B � QB be
the subgroup generated by Ti .i D 0; : : : ; n/.

Let ZŒ�˙1
0 ; : : : ; �˙1

n � be the Laurent polynomial ring in �0; : : : ; �n and QI �
ZŒ�˙1

0 ; : : : ; �˙1
n � (resp. I) an ideal generated by �i � �j where wi and wj are

conjugate in eW .S/ (resp. W.S/). Let QAa WD ZŒ�˙1
0 ; : : : ; �˙1

n �= QI, and Aa WD
ZŒ�˙1

0 ; : : : ; �˙1
n �=I.
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Definition 2.1. Let H.W.S// (resp. H.eW .S//) be the quotient algebra of the group
algebra AaŒB� (resp. QAaŒ QB�) by the ideal generated by the elements .Ti � �i /.Ti C
��1

i / for i D 0; : : : ; n. We call H.W.S// the affine Hecke algebra and H.eW .S//
the extended affine Hecke algebra, respectively.

We introduce another presentation of H.eW .S//. For �0 2 P.R_
0 /C, define

Y �0 D T .t.�0// 2 H.eW .S//. For any element �0 2 P.R_
0 /, we write �0 D

�0 � � 0 by �0; �0 2 P.R_
0 /C. Then we define Y �0 D Y �0

.Y �0

/�1. We can easily
check that this definition is unambiguous and the Y �0

are pairwise commutative.
We define Y �0 2 H.W.S// by replacing P.R_

0 / by Q.R_
0 / and P.R_

0 /C by
P.R_

0 /C \Q.R_
0 /.

Let

b.z1; z2I x/ WD z1 � z�1
1 C .z2 � z�1

2 /x

1 � x2
:

Theorem 2.2. H.eW .S// (resp. H.W.S//) is an associative QAa-algebra (resp.
Aa-algebra) generated by Ti .i D 1; : : : ; n/, Y �0

.�0 2 P.R_
0 // (resp. Q.R_

0 /)
subject to the following relations:

(A1) .Ti � �i /.Ti C ��1
i / D 0,

(A2) For i ¤ j such that wi wj has order mij , TiTjTi : : : D TjTiTj : : : with
mij factors on each side,

(A3) Y �0

Y �0 D Y �0C�0

, Y �0

Y ��0 D 1,
(A4) Y �0

Ti � TiY
wi �0 D b.�i ; �i IY �a_

i /.Y �0 � Y wi �0

/.

We prepare to define double affine Hecke algebras. We consider following three
types of triplet „ D .R0IS;ƒs/:

(type I) R0 is a finite irreducible reduced root system, S D S.R0/ or
S.R0/

_, ƒs D Q.S.R0//,
(type II) R0 is a finite irreducible reduced root system, S D S.R0/ or

S.R0/
_, ƒs D Q.S.R0/

_/,
(type III) R0 is a root system of type Cn .n � 1/, S is an affine root system

of type .C_
n ; Cn/, ƒs D Q.S.R0/

_/. Here we denote C1 D A1.

We put

L D
8

<

:

P.R0/; if „ is of type I;
P.R_

0 /; if „ is of type II;
Q.R_

0 /; if „ is of type III;
L0 D

�

P.R_
0 /; if „ is of type I or II;

Q.R_
0 /; if „ is of type III:

Let c0 WD e�1c, where e is the exponent of �. Set ƒ WD L ˚ Zc0. Then, ƒs

is a sublattice of ƒ. We normalize h�; �i so that h�; �i D 2 if „ is of type I or II,
h�; �i D 4 if „ is of type III. Let a]

i D ai if „ is of type I, a_
i if „ is of type II or

III. We define W.„/ WD W.R0/ Ë t.L0/, and W.„/s WD W.R0/ Ë t.Q.R_
0 //. Let

A WD QAa if„ is type I or II, AaŒ.�
\
0/

˙1; .�
\
n/

˙1� if„ is type III, where �\
0 and � \

n are
new indeterminates.
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Definition 2.3. The double affine Hecke algebra H.„/ is an associative A-algebra
generated by H.W.„// and X� .� 2 ƒ/ subject to the following relations: For a
triplet „ which is of type I or II,

(D1) X�X� D X�C�, X�X�� D 1 .�; � 2 ƒ/,
(D2) TiX

wi � �Xwi �Ti D b.�i ; �i IXa
]

i /.X� �Xwi �/ .i D 0; : : : ; n/,
(D3) UjX

�U �1
j Xuj � .j 2 J /.

For a triplet „ which is of type III, we set � \
i WD �i for i D 1; : : : ; n � 1, T \

0 WD
X�a_

0 T �1
0 and T \

n WD X�a_

n T �1
n . The defining relations are (D1) and

(D20) TiX
wi � �Xwi �Ti D b.�i ; �

\
i IXa

]

i /.X� �Xwi �/ .i D 0; : : : ; n/,
(D4) .T \

k
� �\

k
/.T

\

k
C .�\

k
/�1/ D 0 .k D 0; n/.

The small double affine Hecke algebra H.„/s is subalgebra of H.„/ generated
by Ti .i D 0; : : : ; n/ and X� .� 2 ƒs/.

Remark 2.4. If „ is of type III, then we have H.„/ D H.„/s . In this case, H.„/
just coincides with the algebra which is introduced by Noumi-Stokman [NS04] and
Sahi [Sa99].

The next theorem is borrowed from [C05] and [Mc03].

Theorem 2.5. The elements fT .w/UjX
�Iw 2 W.S.R0//; j 2 J; � 2 ƒg form a

A-basis of H.„/.
Similarly, we have the following theorem.

Theorem 2.6. The elements fT .w/X�Iw 2 W.S.R0//; � 2 ƒsg form a A-basis of
H.„/s .

Corollary 2.7. There exists an isomorphism

H.„/ Š
M

j 2J;�2ƒ=ƒs

H.„/sUjX
�

as H.„/s-algebras.

3 Elliptic Hecke Algebras

3.1 Marked Elliptic Root Systems

Let F be an .n C 2/-dimensional R-vector space equipped with symmetric posi-
tive semi-definite bilinear form I .�; �/ with a two-dimensional radical. For ˛ 2 F
such that I .˛; ˛/ ¤ 0, we define ˛_ WD 2˛=I .˛; ˛/, and s˛ W F 3 u 7!
u � I .u; ˛_/ ˛ 2 F .
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Definition 3.1. A subset R � F is called elliptic root system, if the following
conditions are satisfied:

(i) I .˛; ˛/ ¤ 0 for any ˛ 2 R,
(ii) Q.R/˝Z R D F whereQ.R/ is the Z-submodule of F generated by R,
(iii) s˛.R/ D R for any ˛ 2 R,
(iv) I .˛; ˇ_/ 2 Z for any ˛; ˇ 2 R,
(v) R is irreducible, i.e., there is no partition of R into two non-empty subsets

R1 and R2 such that I .˛; ˇ/ D 0 for all ˛ 2 R1 and ˇ 2 R2.

We define the elliptic Weyl group as W.R/ WD hs˛i˛2R. Let G be a
1-dimensional subspace of rad I over Q. We fix a pair .R;G/ which is called
a marked elliptic root system. Let .R;G/ and .R0; G0/ be two marked elliptic root
systems. We assume R (resp. R0) is a subset of an R-vector space F (resp. F 0).
We say .R;G/ and .R0; G0/ are isomorphic if there exists a linear isomorphism

	 W F �! F 0 which induces bijections R
�! R0 and G

�! G0.
Let ı1 be a generator of the lattice G \Q.R/. For ˛ 2 R, put k˛ WD minfk 2

Z>0I˛Ckı1 2 Rg, and ˛� WD ˛Ck˛ı1. Let 
a W F ! F=G, 
f W F ! F= rad I
be the canonical projections and set Ra WD 
a.R/, Rf WD 
f .R/. Then Ra (resp.
Rf ) is an irreducible affine (resp. finite ) root system. In this article, we always
assume that both Ra and Rf are reduced. Let �a D f˛0; : : : ; ˛ng � R such that

a.�a/ is a basis of Ra and 
f .f˛1; : : : ; ˛ng/ is a basis of Rf . Let �f be the
corresponding highest root of Rf . We have �f D

Pn
iD1 ni
f .˛i / .ni 2 Z>0/. Let

ı2 WD ˛0 CPn
iD1 ni˛i 2 Q.R/. Let IR be a constant multiple of I normalized

in the way that minfIR .˛; ˛/ I˛ 2 Rg D 2. Put mi WD IR.˛i ;˛i /ni

2k˛i

, and mmax WD
maxfmi I 0 � i � ng. Set �max WD f˛i 2 �aImi D mmaxg, and ��

max WD f˛�
i I˛i 2

�maxg. We introduce elliptic Dynkin diagrams.

Definition 3.2. The elliptic Dynkin diagram �.R;G/ of the marked elliptic root
system .R;G/ is a finite graph with its set of vertices � WD �a[��

max and edges are
determined by the following convention (C): for ˛; ˇ 2 �

�˛ �ˇ if I.˛; ˇ/ D I.ˇ; ˛/ D 0,

�˛ �ˇ if I.˛; ˇ_/ D I.ˇ; ˛_/ D �1,

�˛ �ˇ��
if I.˛; ˇ_/ D �� and I.ˇ; ˛_/ D �1 for � D 2; 3,

�˛ �ˇ
1

if I.˛; ˇ_/ D I.ˇ; ˛_/ D �2,

�˛ �ˇ if I.˛; ˇ_/ D I.ˇ; ˛_/ D 2.

We shall use the conventions:

� � D � ��� D � ��� for � D 1,

� ��� D � ���
�1

for � D 2˙1; 3˙1.
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For later use, we assume that both Ra and Rf are reduced. Under this
assumption, the classification of the isomorphism classes of marked elliptic root
systems are given by Saito [Sa85] as follows:

Let b� be one of diagrams which are listed in Appendix. If ˛ is a vertex in the
diagramb� , we denote ˛ 2 b� . Consider the following data:

bF WD the vector space spanned by the vertices ofb� over R,
bI WD the symmetric bilinear form on bF defined (up to a positive constant factor) by

the above convention (C),
bs˛ WD the reflection with respect to the vertex ˛ 2 b� on .bF ;bI /,
bc WD Q

˛2b�bs˛ , wherebs˛� comes next tobs˛ ,
bR WD S

˛2b� bW � ˛, where bW is the group which is generated bybs˛ for all ˛ 2 b� ,

b�max WD f˛ 2 b� I ˛� 2 b�g and b�
�
max WD f˛� I ˛ 2 b�maxg,

bG WD the linear space spanned by ˛� � ˛ for all ˛ 2 b�max,
blmax WD maxf] of vertices in a connected component of b� n .b�max [b��

max/g,
m.b�/ WDblmax C 1:

We remark that these data are determined by the given diagramb�. Set

F
b�
WD bF =.bc

m.b�/ � Id
bF
/bF ; .R

b�
; G
b�
/ WD the image of .bR;bG/ in F

b�
:

Theorem 3.3 (Saito [Sa85]).

(1) .R
b�
; G
b�
/ is a marked elliptic root system such that the corresponding elliptic

Dynkin diagram �.R
b�
; G
b�
/ just coincides with b� and both .R

b�
/a and .R

b�
/f

are reduced.
(2) Conversely, for a marked elliptic root system .R;G/ such that bothRa andRf

are reduced, there is the unique diagram b� in Appendix such that .R;G/ is
isomorphic to .R

b�
; G
b�
/.

Namely the isomorphism classes of marked elliptic root systems are completely
classified by the diagrams listed in Appendix. We say .R;G/ is of type X .t1;t2/

n if
�.R;G/ is a diagram of type X .t1;t2/

n . In that case, this diagram is called the elliptic
Dynkin diagram of type X .t1;t2/

n .

We form marked elliptic root systems into four groups (cf. Appendix).

(A) A.1;1/
n .n � 1/, D.1;1/

n .n � 4/, E.1;1/
6 , E.1;1/

7 , E1;1
8 .

(B) B.1;2/
n .n � 2/, B.2;2/

n .n � 2/, C .1;2/
n .n � 2/, C .2;2/

n .n � 3/, F .1;2/
4 ,

F
.2;2/
4 , G.1;3/

2 , G.3;3/
2 .

(C) B.1;1/
n .n � 3/, B.2;1/

n .n � 2/, C .1;1/
n .n � 2/, C .2;1/

n .n � 2/, F .1;1/
4 ,

F
.2;1/
4 , G.1;1/

2 , G.3;1/
2 .

(D) A.1;1/�
1 , B.2;2/�

n .n � 2/, C .1;1/�
n .n � 2/.

We put ˛�
i WD k˛i

˛_
i and set Q..R;G/a/ WDLn

iD0 Z˛�
i .
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Theorem 3.4 (Saito and Takebayashi [ST97]). Let .R;G/ be a marked elliptic
root system which belongs to a group (A), (B) or (C). We have

Q..R;G/a/ D
8

<

:

Q.Ra/ D Q.R_
a /; if .R;G/ belongs to (A);

Q.Ra/; if .R;G/ belongs to (B);
Q.R_

a /; if .R;G/ belongs to (C):

Namely, there is an irreducible reduced finite root system R
.0/

f
such that .R;G/a D

S.R
.0/

f
/ or S.R.0/

f
/_.

If .R;G/ belongs to (D), then Q..A.1;1/�
1 /a/ D Q.S.A1//, Q..B

.2;2/�
n /a/ D

Q..C
.1;1/�
n /a/ D Q..C_

n ; Cn//, respectively.

Let us define the notion of boundary side. For ˛; ˇ 2 � which are connected as
�˛i

� ˛j
��

for some � D 2˙1; 3˙1, set k.˛Iˇ/ D k˛=kˇ . By [Sa85], k.˛Iˇ/
must be equal to 1 or �.

Definition 3.5 (boundary side). Under the above setting, ˛ is the boundary side
(b-side for short) of the bond �˛i

� ˛j
��

if k.˛Iˇ/ D minf1; �g.

3.2 Elliptic Hecke Algebras

Let .R;G/ be a marked elliptic root system. Let ZŒt˙1
˛ �˛2� be the Laurent

polynomial ring with indeterminates t˛ .˛ 2 �/. Let J � ZŒt˙1
˛ �˛2� be an

ideal generated by t˛ � tˇ where ˛ and ˇ are in the same W.R/-orbit. Put
A WD ZŒt˙1

˛ �˛2�=J .

Definition 3.6. The elliptic Hecke algebra H.R;G/ is an associative A-algebra
generated by g˛ .˛ 2 �/ subject to the following relations:

(H0) .g˛ � t˛/.g˛ C t�1
˛ / D 0,�˛

(H1-1) g˛gˇ D gˇg˛ ,�˛ �ˇ

(H1-2) g˛gˇg˛ D gˇg˛gˇ ,�˛ �ˇ

(H1-3) g˛gˇg˛gˇ D gˇg˛gˇg˛ ,�˛ �ˇ�2˙1

(H1-4) g˛gˇg˛gˇg˛gˇ D gˇg˛gˇg˛gˇg˛ ,�˛ �ˇ�3˙1
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In the following diagrams ((H2-1)�(H4)), we always assume ˛; ˇ 2 �a. For ˛ 2
�a, we set x˛� WD g˛g˛� .

(H2-1) gˇx˛�gˇx˛� D x˛�gˇx˛�gˇ ,

�˛�

�˛

�ˇ

����

����

(H2-2)
gˇx˛�gˇx˛� D x˛�gˇx˛�gˇ ,

gˇx˛�gˇx˛� commutes with
g˛ ; g˛� and gˇ ,

�˛�

�˛

�ˇ

����

����

1

(H2-3)
xˇ�x˛� D gˇx˛�gˇ ,

x˛�xˇ� D g˛xˇ�g˛ ,

�˛� �ˇ�

�˛ �ˇ

�
�

�
�

�
�

�
�

(H2-4)
x˛�xˇ� D xˇ�x˛� ,

x˛�xˇ� commutes with g˛ ; g˛�; gˇ ; gˇ�.

�˛� �ˇ�

�˛ �ˇ

�
�

�
�

�
�

�
�

1

In the next three diagrams, we assume ˛ is b-side for the bond �˛ � ˇ��
for

� D 2˙1; 3˙1.

(H3-1)
gˇx˛�gˇx˛� D x˛�gˇx˛�gˇ ,

g˛gˇx˛�gˇ D gˇx˛�gˇg˛ ,

�˛�

�˛

�ˇ

����

����

����

���	

2˙1

(H3-2)
gˇx˛�gˇx˛� D x˛�gˇx˛�gˇ

D g˛gˇx˛�gˇg˛ ,

�˛�

�˛

�ˇ

����

����

����

���	

3˙1

(H3-3) xˇ�x˛� D gˇx˛�gˇ .

�˛� �ˇ�

�˛ �ˇ

�

�

�
�

�
�

�
�

�
�

�
��


�
���

2˙1
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In the next diagram, we assume �;�0 D 1; 2˙1; 3˙1 and ˛ 62 �max.

(H4)

xˇ�g�g˛xˇ�g˛ D g˛xˇ�g˛g�xˇ� .�˛

�
ˇ�

�
ˇ

������

����

���	

����

����

����

����

���	

�0�

We introduce another presentation of H.R;G/. For ˛j 2 �a n �max, there is a
subdiagram of �.R;G/ of the form:

�ˇ�

0

�ˇ0

�
ˇ1

����

����

����

���	

�
ˇ2

�
ˇlk D ˛j

�

� D 1; 2˙1; 3˙1.

We define x
ˇ

�

liC1

WD gˇliC1
x

ˇ
�

li

gˇliC1
x�1

ˇ
�

li

.0 � i � k � 1/ inductively.

Proposition 3.7. The elements x
˛

�

i

.˛i 2 �a/ are pairwise commutative.

For � D Pn
iD0 �i˛

�
i , we define x� WD .x

˛
�
0

/�0.x
˛

�
1

/�1 : : : .x
˛

�
n
/�n . By

Proposition 3.7, it is well-defined. In the below, we set t˛�

i
WD t˛i

.˛i 2 �a n �max/.

Proposition 3.8. For each ˛i 2 �a, and � 2 Q..R;G/a/, we have

g˛i
x� � xs˛i

.�/g˛i
D b.t˛i

; t˛�

i
I x

˛
�

i

/.x� � xs˛i
.�//:

Definition 3.9. Let .R;G/ be a marked elliptic root system. OH.R;G/ is an asso-
ciative A-algebra generated by Og˛i

.˛i 2 �a/, Ox� .� 2 Q..R;G/a// subject to the
following relations: Replacing g˛ by Og˛i

, the relations (H0) and (H1-1) � (H1-4)
in Definition 3.6 hold for Og˛i

.˛i 2 �a/.

(H02) Ox� Ox� D Ox�C�; Ox� Ox�� D 1; .�; � 2 Q..R;G/a//,

(H03) Og˛i
Ox�� Oxs˛i

.�/ Og˛i
Db.t˛i

; t˛�

i
I Ox�1

˛
�

i

/. Ox�� Oxs˛i
.�//; .� 2 Q..R;G/a//.

The next proposition can be checked by examining each defining relation.

Proposition 3.10. We have an algebra isomorphism  W H.R;G/ ! OH.R;G/,
g˛i
7! Og˛i

.˛i 2 �a/, g˛�

i
7! Og�1

˛i
Ox
˛

�

i

.˛i 2 �max/.
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4 Double Affine Hecke Algebras and Elliptic Hecke Algebras

Firstly, we give the correspondence between marked elliptic root systems which
belong to the groups (A), (B), or (C) and double affine Hecke algebras of type I, II.
Let .R;G/ a marked elliptic root system which belongs to a group (A), (B) or (C).
We normalize I so that I .�e; �e/ D 2, where �e D Pn

iD1 ni˛i . By Theorem 3.4,

there is an irreducible reduced finite root system R
.0/

f
such that .R;G/a D S.R.0/

f
/

or S.R.0/

f
/_. Then„.R;G/ WD .R.0/

f
; RaIQ..R;G/a// is a triplet of type I or II in

the sense of Sect. 1.2. The explicit correspondence is the following:

B
.1;2/
n ; B

.2;1/
n ; C

.1;2/
n ; C

.2;1/
n ; F

.1;2/
4 ; F

.2;1/
4 ; G

.1;3/
2 ; G

.3;1/
2 I

X
.k;k/
n .X D A � G/ II

Remark 4.1. If .R;G/ is of type A.1;1/
n ;D

.1;1/
n ; E

.1;1/

k
.k D 6; 7; 8/, then the corre-

sponding triplet may be regarded as of type II.

In each case we consider the corresponding double affine Hecke alge-
bra H.„.R;G// and the coordinate ring A D ZŒ�˙1

0 ; : : : ; �˙1
n �= QI . Let $ W

ZŒt˙1
˛ �˛2� ! ZŒ�˙1

0 ; : : : ; �˙1
n � be a surjective homomorphism defined by t˛i

7! �i

and t˛�

i
7! �i for i D 0; : : : ; n.

Lemma 4.2. The map $ induces a surjective homomorphism A! A.

By this lemma, A can be regarded as an A-algebra. By Definition 2.3 and Propo-
sition 3.10, we obtain the following theorem which is one of the main theorems in
this article.

Theorem 4.3. There exists an isomorphism A ˝A H.R;G/
�! Hs.„.R;G//

which is defined by

g˛i
7! Ti ; x

˛
�

i

7! Xa
]

i .i D 0; : : : ; n/:

By Corollary 2.7 and Theorem 4.3, we obtain a comparison between double
affine Hecke algebras and elliptic Hecke algebras if marked elliptic root systems
belong to the groups (A), (B) and (C).

Secondly, let .R;G/ be a marked elliptic root system of type A.1;1/
1 , C .1;1/

n or

B
.2;2/
n .n � 2/. We normalize I so that I .�e; �e/ D 4 where �e is as above.

Then ‡.R;G/ WD .Rf ; Ra [ R_
a IQ..R;G/a// is a triplet of type III. As same

as in the first case, let us consider the corresponding double affine Hecke alge-
bra H.‡.R;G// and the coordinate ring A D AaŒ.�

\
0/

˙1; .�
\
n/

˙1�, where Aa D
ZŒ�˙1

0 ; : : : ; �˙1
n �=I. Let $ 0 W ZŒt˙1

˛ �˛2� ! ZŒ�˙1
0 ; : : : ; �˙1

n ; .�
\
0/

˙1; .�
\
n/

˙1� be a
surjective homomorphism defined by t˛i

7! �i .i D 0; : : : ; n/, t˛�

j
7! �j .j D

1; : : : ; n � 1/ and t˛�

k
7! �

\

k
.k D 0; n/. In this setting, Lemma 4.2 turns into
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Lemma 4.4. The map $ 0 induces an isomorphism A
�! A.

By a similar argument as in the first case, we have the following statement.

Theorem 4.5. There exists an algebra isomorphism H.R;G/
�! H.‡.R;G//

which is defined by

g˛i
7! Ti ; x

˛
�

i

7! Xa
]

i .i D 0; : : : ; n/:

Since‡.R;G/ is a triplet of type III, as we already mentioned in Remark 1.4, the
corresponding double affine Hecke algebra H.‡.R;G// is nothing but the algebra
which is introduced by Noumi-Stokman [NS04] and Sahi [Sa99]. Therefore the
above theorem says that the elliptic Hecke algebra H.R;G/ of typeA.1;1/

1 , C .1;1/
n or

B
.2;2/
n .n � 2/ is isomorphic to the algebra which is introduced by Noumi-Stokman

and Sahi.

Appendix

Table 1 Elliptic Dynkin diagrams for marked elliptic root systems

A
.1;1/
n

�

�

�

�

�

�

�

�

�

�

˛1

˛�

1

˛n

˛�

n
˛0

˛�

0

�
��
�

��
�

��
�

��
��









��

�
�

�
�

��������
�

�
�

�
��

�
�

�
�

�
��

�
�

�
�

�� ������
�

�
�

�
��

�
�

�
�

�
��

.n � 2/

�

�

�

�

˛0

˛�

0

˛1

˛�

1

�
��
�

��

1

.n D 1/

A
.1;1/�
1

�

�

�

˛0

˛1

˛�

1

���

���

1

B
.1;1/
n

�

�

�

�

�

�

�

�

�

˛1

˛0

˛2

˛�

2

˛n�1

˛�

n�1

˛n�
��
�

��
�

��
�

��
��









��

�����	

���
���

2

.n � 3/

(continued)
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Table 1 (continued)

B
.1;2/
n

�

�

�

�

�

�

�

�

�

�

˛1

˛0

˛2

˛�

2

˛n�1

˛�

n�1

˛n

˛�

n

�
��
�

��
�

��
�

��
��









��

�

�

�
��

�
��
�

����


2

.n � 3/

B
.2;1/
n

�

�

�

�

�

�

�

�
˛0

˛1

˛�

1

˛n�1

˛�

n�1

˛n��� ���

���
���

�
��
�

��
��









��

�����	

���
���

2 2

.n � 2/

B
.2;2/
n

�

�

�

�

�

�

�

�

�

�

˛0

˛�

0

˛1

˛�

1

˛n�1

˛�

n�1

˛n

˛�

n

�

�

�
��
�

��
�

�� �
�� �

��
�

��
��









��

�

�

�
��

�
��
�

����


2 2

.n � 2/

C
.1;1/
n

�

�

�

�

�

�

�

�

�

�

˛0

˛�

0

˛1

˛�

1

˛n�1

˛�

n�1

˛n

˛�

n

�

�

�
��

�
��
�

����
 �
��
�

��
��









��

�

�

�
��
�
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Table 1 (continued)
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Table 1 (continued)
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Green’s Formula with C�-Action
and Caldero–Keller’s Formula for
Cluster Algebras

Jie Xiao and Fan Xu

Abstract It is known that Green’s formula over finite fields gives rise to the
comultiplications of Ringel–Hall algebras and quantum groups (see [Invent. Math.
120 (1995), 361–377], see also [J. Amer. Math. Soc. 4 (1991), 365–421]). In this
chapter, we prove a projective version of Green’s formula in a geometric way.
Then following the method of Hubery in [Hubery, Acyclic cluster algebras via
Ringel–Hall algebras (preprint)], we apply this formula to proving Caldero–Keller’s
multiplication formula for acyclic cluster algebras of arbitrary type.

Keywords Green’s formula � Cluster algebra � C�-action

Mathematics Subject Classifications (2000): 14M99, 16G20, 16G70, 17B35

1 Introduction

1.1 Green’s Theorem and Acyclic Cluster Algebras

Green in [Gre] found a homological counting formula for hereditary abelian cat-
egories over finite fields. It leads to the comultiplication formula for Ringel–Hall
algebras, and as a generalization of the result of Ringel in [Rin1], it gives a real-
ization of the positive part of the quantized enveloping algebra for arbitrary type
symmetrizable Kac–Moody algebra. It is coincident with the comultiplication de-
fined by the restriction functor in the geometric realization of the positive part of
the quantized enveloping algebra (see [Lu]). In [DXX], we gave Green’s formula
over the complex numbers C via Euler characteristic and applied it to realizing co-
multiplication of the universal enveloping algebra. However, one should notice that
many nonzero terms in the original formula vanish when we consider it over the
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complex numbers C: In the following, we show that the geometric correspondence
in the proof of Green’s formula admits a canonical C�-action. Then we obtain a new
formula, which can be regarded as the projective version of Green’s formula.

Our motivation comes from cluster algebras. Cluster algebras were introduced
by Fomin and Zelevinsky [FZ]. In [BMRRT], the authors categorified a lot of clus-
ter algebras by defining and studying the cluster categories related to clusters and
seeds. Under the framework of cluster categories, Caldero and Keller realized the
acyclic cluster algebras of simply laced finite type by proving a cluster multipli-
cation theorem [CK]. At the same time, Hubery researched on realizing acyclic
cluster algebras (including non simply laced case) via Ringel–Hall algebras for val-
ued graphs over finite fields [Hu2]. He counted the corresponding Hall numbers and
then deduced the Caldero–Keller multiplication when evaluating at q D 1 where q
is the order of the finite field. It seems that his method only works for the case of
tame hereditary algebras [Hu3], due to the difficulty of the existence of Hall poly-
nomials. In this chapter, we realize that the whole thing is independent of that over
finite fields. By counting the Euler characteristics of the corresponding varieties
and constructible sets with pushforward functors and geometric quotients, we show
that the projective version of Green’s theorem and the “higher order” associativity
of Hall multiplication imply that Caldero–Keller’s multiplication formula holds for
acyclic cluster algebras of arbitrary type. We remark here that for the elements in
the dual semicanonical basis which are given by certain constructible functions
on varieties of nilpotent modules over a preprojective algebra of arbitrary type, a
similar multiplication formula has been obtained in [GLS].

1.2 The chapter is organized as follows. In Sect. 2, we recall the general theory
of algebraic geometry needed in this chapter. This is followed in Sect. 3 by a short
survey of Green’s formula over finite fields without proof. In particular, we consider
many variants of Green’s formula under various group actions. These variants can
be viewed as the counterparts over finite field of the projective version of Green’s
formula. We give the main result in Sect. 4. Two geometric versions of Green’s
formula are proved. As an application, in Sect. 5 we prove Caldero–Keller multi-
plication formula following Hubery’s method [Hu2], and also we give an example
using the Kronecker quiver.

2 Preliminaries

2.1 Module Varieities

Let Q D .Q0;Q1; s; t/ be a quiver, where Q0, also denoted by I , and Q1 are
the sets of vertices and arrows, respectively, and s; t W Q1 ! Q0 are maps such
that any arrow ˛ starts at s.˛/ and terminates at t.˛/: For any dimension vector
d DPi ai i 2 NI; we consider the affine space over C

Ed .Q/ D
M

˛2Q1

HomC.C
as.˛/ ;Cat.˛//:
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Any element x D .x˛/˛2Q1
in Ed .Q/ defines a representation M.x/ with

dimM.x/ D d in a natural way. For any ˛ 2 Q1; we denote the vector space at
s.˛/ (resp. t.˛/) of the representationM byMs.˛/ (resp.Mt.˛/) and the linear map
from Ms.˛/ to Mt.˛/ by M˛: A relation in Q is a linear combination

Pr
iD1 �ipi ;

where �i 2 C and pi are paths of length at least two with s.pi / D s.pj / and
t.pi / D t.pj / for all 1 � i; j � r: For any x D .x˛/˛2Q1

2 Ed and any path
p D ˛m � � �˛2˛1 in Q, we set xp D x˛m

� � �x˛2
x˛1

: Then x satisfies a relation
Pr
iD1 �ipi if

Pr
iD1 �ixpi

D 0: If R is a set of relations in Q; then let Ed .Q;R/
be the closed subvariety of Ed .Q/ which consists of all elements satisfying all
relations in R: Any element x D .x˛/˛2Q1

in Ed .Q;R/ defines in a natural
way a representation M.x/ of A D CQ=J with dimM.x/ D d ; where J is the
admissible ideal generated by R. We consider the algebraic group

Gd .Q/ D
Y

i2I
GL.ai ;C/;

which acts on Ed .Q/ by .x˛/g D .gt.˛/x˛g
�1
s.˛/

/ for g 2 Gd and .x˛/ 2 Ed :
It naturally induces an action of Gd .Q/ on Ed .Q;R/: The induced orbit space
is denoted by Ed .Q;R/=Gd.Q/: There is a natural bijection between the set
M.A; d/ of isomorphism classes of C-representations of A with dimension vec-
tor d and the set of orbits of Gd .Q/ in Ed .Q;R/: So we may identify M.A; d/

with Ed .Q;R/=Gd .Q/:
The intersection of an open subset and a close subset in Ed .Q;R/ is called a

locally closed subset. A subset in Ed .Q;R/ is called constructible if and only if it
is a disjoint union of finitely many locally closed subsets. Obviously, an open set
and a closed set are both constructible sets. A function f on Ed .Q;R/ is called
constructible if Ed .Q;R/ can be divided into finitely many constructible sets such
that f is constant on each such constructible set. Write M.X/ for the C-vector
space of constructible functions on some complex algebraic variety X .

Let O be a constructible set as defined above. Let 1O be the characteristic func-
tion of O, defined by 1O.x/ D 1, for any x 2 O and 1O.x/ D 0, for any x … O. It
is clear that 1O is the simplest constructible function, and any constructible function
is a linear combination of characteristic functions. For any constructible subset O in
Ed .Q;R/, we call O Gd -invariant if Gd �O D O:

In the following, we will always assume constructible sets and functions to be
Gd -invariant unless particular stated.

2.2 Euler Characterisitcs and Pushforward Functor

Let � denote Euler characteristic in compactly supported cohomology. Let X be an
algebraic variety and O a constructible subset which is the disjoint union of finitely
many locally closed subsets Xi for i D 1; : : : ; m: Define �.O/ D Pm

iD1 �.Xi /:
Note that it is well defined. We will use the following properties:
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Proposition 2.1 ([Rie] and [Joy]). Let X; Y be algebraic varieties over C: Then

(1) If the algebraic varietyX is the disjoint union of finitely many constructible sets
X1; : : : ; Xr , then

�.X/ D
r
X

iD1
�.Xi /:

(2) If ' W X �! Y is a morphism with the property that all fibers have the same
Euler characteristic �, then �.X/ D � � �.Y /: In particular, if ' is a locally
trivial fibration in the analytic topology with fibre F; then �.X/ D �.F / ��.Y /:

(3) �.Cn/ D 1 and �.Pn/ D nC 1 for all n � 0:
We recall the definition pushforward functor from the category of algebraic

varieties over C to the category of Q-vector spaces (see [Mac] and [Joy]). Let
� W X ! Y be a morphism of varieties. For f 2M.X/ and y 2 Y; define

��.f /.y/ D
X

c2Q

c�.f �1.c/ \ ��1.y//:

Theorem 2.2 ([Di], [Joy]). Let X; Y and Z be algebraic varieties over C; �W
X ! Y and W Y ! Z be morphisms of varieties, and f 2M.X/: Then ��.f / is
constructible, �� WM.X/!M.Y / is a Q-linear map and . ı�/� D . /� ı .�/�
as Q-linear maps from M.X/ to M.Z/:

In order to deal with orbit spaces, we need to consider geometric quotients.

Definition 2.3. Let G be an algebraic group acting on a variety X and � W X ! Y

be a G-invariant morphism, i.e. a morphism constant on orbits. The pair .Y; �/ is
called a geometric quotient if � is open and for any open subset U of Y , the associ-
ated comorphism identifies the ring OY .U / of regular functions on U with the ring
OX .��1.U //G of G-invariant regular functions on ��1.U /.

The following result due to Rosenlicht [Ro] is essential to us.

Lemma 2.4. Let X be a G-variety, then there exists an open and dense G-stable
subset which has a geometric G-quotient.

By this lemma, we can construct a finite stratification over X: Let U1 be an
open and dense G-stable subset of X as in Lemma 2.4. Then dimC.X � U1/ <
dimC X: We can use the above lemma again, and there exists a dense open G-
stable subset U2 of X � U1 which has a geometric G-quotient. Inductively, we
get a finite stratification X D Sl

iD1 Ui , where Ui is a G-invariant locally closed
subset and has a geometric quotient, l � dimC X: We denote by �Ui

the ge-
ometric quotient map on Ui : Define the quasi Euler–Poincaré characteristic of
X=G by �.X=G/ WD P

i �.�Ui
.Ui//: If fU 0

i g is another choice in the definition
of �.X=G/, then �.�Ui

.Ui // D P

j �.�Ui \U 0

j
.Ui \ U 0

j // and �.�U 0

j
.U 0
j // D

P

i �.�Ui \U 0

j
.Ui \ U 0

j //: Thus
P

i �.�Ui
.Ui // D P

i �.�U 0

i
.U 0
i // and �.X=G/

is well defined (see [XXZ]). Similarly, �.O=G/ WD P

i �.�Ui
.O \ Ui // is well

defined for any G-invariant constructible subset O of X:
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2.3 Quasi Euler Characteristics

We also introduce the following notation. Let f be a constructible function over a
variety X; and it is natural to define

Z

x2X
f .x/ WD

X

m2C

m�.f �1.m//: (1)

Comparing with Proposition 2.1, we also have the following (see [XXZ]).

Proposition 2.5. Let X; Y be algebraic varieties over C under the actions of the
algebraic groupsG and H , respectively. Then

(1) If the algebraic variety X is the disjoint union of finitely many G-invariant
constructible sets X1; : : : ; Xr , then

�.X=G/ D
r
X

iD1
�.Xi=G/:

(2) If a morphism ' W X �! Y induces a quotient map � W X=G ! Y=H whose
fibers all have the same Euler characteristic �, then �.X=G/ D � � �.Y=H/:

Moreover, if there exists an action of an algebraic groupG on X as in Definition
2.3, and f is a G-invariant constructible function over X; we define

Z

x2X=G
f .x/ WD

X

m2C

m�.f �1.m/=G/: (2)

In particular, we frequently use the following corollary.

Corollary 2.6. Let X; Y be algebraic varieties over C under the actions of an al-
gebraic group G: These actions naturally induce an action of G on X � Y: Then

�.X �G Y / D
Z

y2Y=G
�.X=Gy/;

where Gy is the stabilizer in G of y 2 Y and X �G Y is the orbit space of X � Y
under the action of G:

3 Green’s Formula Over Finite Fields

3.1 Green’s Theorem

In this section, we recall Green’s formula over finite fields ([Gre], [Rin2]). Let
k be a finite field and ƒ a hereditary finitary k-algebra, i.e. Ext1.M;N / is a
finite set and Ext2.M;N / D 0 for any ƒ-modules M;N . Let P be the set of
isomorphism classes of finite ƒ-modules. Let H.ƒ/ be the Ringel–Hall algebra as-
sociated with modƒ: Green introduced on H a comultiplication so that H becomes
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a bialgebra up to a twist on H˝H: His proof of the compatibility between the mul-
tiplication and the comultiplication completely depends on the following Green’s
formula.

Given ˛ 2 P ; let V˛ be a representative in ˛; and a˛ D jAutƒ V˛j: Given �; �
and � in P ; let g�

��
be the number of submodules Y of V� such that Y and V�=Y

belong to � and �, respectively.

Theorem 3.1. Let k be a finite field and ƒ a hereditary finitary k-algebra. Let
�; �; � 0; �0 2 P : Then

a�a�a�0a�0

X

�

g���g
�
�0�0a

�1
� D

X

˛;ˇ;�;ı

jExt1.V� ; Vˇ /j
jHom.V� ; Vˇ /jg

�
�˛g

�0

�ı
g
�

ıˇ
g
�0

˛ˇ
a˛aˇaıa� :

Suppose X 2 �; Y 2 �;M 2 � 0; N 2 �0 and A 2 �; C 2 ˛;B 2 ı;D 2 ˇ;
E 2 �: Set h��

�
WD jExt1.X; Y /E j; where Ext1.X; Y /E is the subset of Ext1.X; Y /

consisting of elements ! such that the middle term of an exact sequence represented
by! is isomorphic toE: Then the above formula can be rewritten as ([DXX], [Hu2])

X

�

g���h
�0�0

�
D

X

˛;ˇ;�;ı

jExt1.A;D/jjHom.M;N /j
jHom.A;D/jjHom.A; C /jjHom.B;D/jg

�0

�ı
g
�0

˛ˇ
h
�˛

�
hıˇ� :

3.2 Counting the Crossings Under Group Actions

For fixed kQ-modules X; Y;M;N with dimX C dimY D dimM C dimN; we
fix a Q0-graded k-space E such that dimE D dimX C dimY: Let .E;m/ be the
kQ-module structure on E given by an algebraic morphism m W ƒ ! EndkE: Let
Q.E;m/ be the set of .a; b; a0; b0/ such that the row and the column of the following
diagram are exact:

0

��
Y

a0

��
0 �� N

a �� .E;m/
b ��

b0

��

M �� 0

X

��
0

(3)
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Let

Q.X; Y;M;N / D
[

mWƒ!Endk E

Q.E;m/:

It is clear that

jQ.E;m/j D g���g��0�0a�a�a�0a�0 ;

where � 2 P satisfies .E;m/ 2 �; or simply write m 2 �: Hence,

jQ.X; Y;M;N /j D
X

�

jAutk Ej
a�

g���g
�
�0�0a�a�a�0a�0 :

There is an action of Autƒ.E;m/ on Q.E;m/ given by

g:.a; b; a0; b0/ D .ga; bg�1; ga0; b0g�1/:

This induces an orbit space of Q.E;m/, denoted by Q.E;m/�. The orbit of
.a; b; a0; b0/ in Q.E;m/� is denoted by .a; b; a0; b0/�. We have

jQ.X; Y;M;N /j
D jAutk Ej

X

�2P

X

.a;b;a0;b0/�2Q.E;m/�;m2�

1

jHom.Coker b0a;Ker ba0/j :

Furthermore, there is an action of the group AutX � AutY on Q.E;m/� given by

.g1; g2/:.a; b; a
0; b0/� D .a; b; a0g�1

2 ; g1b
0/�;

for .g1; g2/ 2 AutX � AutY and .a; b; a0; b0/� 2 Q.E;m/�: The stabilizer
G..a; b; a0; b0/�/ of .a; b; a0; b0/� is

f.g1; g2/ 2 AutX � AutY j
ga0 D a0g2; b0g D g1b0 for some g 2 1C aHom.M;N /bg:

The orbit space is denoted byQ.E;m/^, and the orbit of .a; b; a0; b0/� is denoted
by .a; b; a0; b0/^: We have

1

aXaY
jQ.E;m/�j D

X

.a;b;a0;b0/^2Q.E;m/^

1

jG..a; b; a0; b0/�/j :
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3.3 Counting the Squares Under Group Actions

Let D.X; Y;M;N /� be the set of .B;D; e1; e2; e3; e4/ such that the following dia-
gram has exact rows and columns:

0

��

0

��
0 �� D

e1 ��

u0

��

Y
e2 �� B ��

x

��

0

N

v0

��

M

y

��
0 �� C

��

e3 �� X
e4 �� A ��

��

0

0 0

(4)

where B;D are submodules of M;N; respectively and A D M=B;C D N=D: The
maps u0; v0 and x; y are naturally induced. We have

jD.X; Y;M;N /�j D
X

˛;ˇ;�;ı

g��˛g
�0

�ı
g
�

ıˇ
g
�0

˛ˇ
a˛aˇaıa� :

There is an action of the group AutƒX �Autƒ Y on D.X; Y;M;N /� given by

.g1; g2/:.B;D; e1; e2; e3; e4/ D .B;D; g2e1; e2g�1
2 ; g1e3; e4g

�1
1 /

for .g1; g2/ 2 AutƒX � Autƒ Y: The orbit space is denoted by D.X; Y;M;N /^:
We have

jD.X; Y;M;N /^j

D 1

aXaY

X

˛;ˇ;�;ı

jHom.A; C /jjHom.B;D/jg��˛g�
0

�ı
g
�

ıˇ
g
�0

˛ˇ
a˛aˇaıa� :
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Fix a square as above, let T D X �AM D f.x˚m/ 2 X˚M j e4.x/ D y.m/g
and S D Y

F

D N D Y ˚ N=fe1.d/ ˚ u0.d/ j d 2 Dg: There is a unique map
f W S ! T (see [Rin2]) such that the natural long sequence

0! D ! S
f! T ! A! 0 (5)

is exact.
Let .c; d / be a pair of maps such that c is surjective, d is injective and cd Df:

The number of such pairs can be computed as follows. We have the following com-
mutative diagram:

0 �� S
d ��

��

.E;m/
d1 ��

c

��

A �� 0

"0 W 0 �� Imf �� T �� A �� 0

(6)

The exact sequence

0 �� D �� S �� Imf �� 0

induces the following long exact sequence:

0 �� Hom.A;D/ �� Hom.A; S/ �� Hom.A; Imf / ��

�� Ext1.A;D/ �� Ext1.A; S/
� �� Ext1.A; Imf / �� 0 : (7)

We set "0 2 Ext1.A; Imf / corresponding to the canonical exact sequence

0 �� Imf �� T �� A �� 0

and denote ��1."0/\Ext1.A; S/.E;m/ by ��1
m ."0/: Let F.f Im/ be the set of .c; d /

induced by diagram (6) with centre term .E;m/: Let

F.f / D
[

mWƒ!EndkE

F.f Im/:

Then

jF.f Im/j D j��1
m ."0/j jAutƒ.E;m/j

jHom.A; S/j jHom.A; Imf /j;

jF.f /j D jAutk.E/j jExt1.A;D/j
jHom.A;D/j :



322 J. Xiao and F. Xu

Let O.E;m/ be the set of .B;D; e1; e2; e3; e4; c; d / such that the following dia-
gram is commutative and has exact rows and columns:

0

��

0

��
0 �� D

e1 ��

u0

��

Y
e2 ��

uY��

��

B ��

x

��

0

S
d

��
N

uN

��

v0

��

�� .E;m/ ��

��

c

��

M

y

��

T

qM

��

qX��
0 �� C

��

e3 �� X
e4 �� A ��

��

0

0 0

(8)

where the maps qX ; uY and qM ; uN are naturally induced. In fact, the long exact
sequence (5) has the following explicit form:

0 �� D
uY e1 �� S

cd �� T
e4qX �� A �� 0 : (9)

We have

jO.E;m/j
D

X

˛;ˇ;�;ı

j��1
m ."0/j jAutƒ.E;m/j

jHom.A; S/j jHom.A; Imf /jg��˛g�
0

�ı
g
�

ıˇ
g
�0

˛ˇ
a˛aˇaıa� :

Let O.X; Y;M;N / D SmWƒ!EndkE
O.E;m/

jO.X; Y;M;N /j D jAutk.E/j
X

˛;ˇ;�;ı

jExt1.A;D/j
jHom.A;D/jg

�
�˛g

�0

�ı
g
�

ıˇ
g
�0

˛ˇ
a˛aˇaıa�

The group Autƒ.E;m/ naturally acts on O.E;m/ and O.X; Y;M;N / as fol-
lows:

g:.B;D; e1; e2; e3; e4; c; d / D .B;D; e1; e2; e3; e4; cg�1; gd/:
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We denote the orbit space by O.E;m/� and O.X; Y;M;N /�: The orbit of
.B;D; e1; e2; e3; e4; c; d / is denoted by .B;D; e1; e2; e3; e4; c; d /�: Then

jO.X; Y;M;N /�j D
X

˛;ˇ;�;ı

jExt1.A;D/jg��˛g�
0

�ı
g
�

ıˇ
g
�0

˛ˇ
a˛aˇaıa� :

Similar to that on D.X; Y;M;N /�; there is an action of AutX � AutY on
O.X; Y;M;N /� given by

.g1; g2/:.B;D; e1; e2; e3; e4; c; d /
� D .B;D; g2e1; e2g�1

2 ; g1e3; e4g
�1
1 ; c0; d 0/�:

Let us determine the relation between .c0; d 0/ and .c; d /:
It is clear that there are isomorphisms:

a1 W S ! S 0 and a2 W T ! T 0

induced by isomorphisms:
�

g2 0

0 id

�

W Y ˚N ! Y ˚N and

�

g1 0

0 id

�

W X ˚M ! X ˚M:

Hence, c0 D a2c; d 0 D da�1
1 :

The stabilizer of .B;D; e1; e2; e3; e4; c; d /� is denoted by G..B;D; e1; e2; e3,
e4; c; d /

�/; which is

f.g1; g2/ 2 AutX � AutY j g1 2 e3 Hom.A; C /e4; g2 2 e1Hom.B;D/e2;

cg�1 D c0; gd D d 0 for some g 2 Aut.E;m/g:

The orbit space is denoted by O.X; Y;M;N /^ and the orbit is denoted by
.B;D; e1; e2; e3; e4; c; d /

^: Then

1

aXaY
jO.X; Y;M;N /�j D

X

.B;D;e1;e2;e3;e4;c;d/
^

2O.X;Y;M;N/^

1

jG..B;D; e1; e2; e3; e4; c; d /�/j :

3.4 Induced Bijiections

There is a bijection � W Q.E;m/ ! O.E;m/ which induces Green’s formula. In
the same way, we also have the following proposition.

Proposition 3.2. There exist bijections �� W Q.E;m/� ! O.E;m/� and �^ W
Q.E;m/^ ! O.E;m/^:
Proof. For any .a; b; a0; b0/ 2 Q.E;m/;

�.a; b; a0; b0/ D .Ker b0a; Im ba0; a0�1a; ba0; b0a; bb0�1; c; d /;
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where c; d are defined by

duN D a; duY D a0; qM c D b; qXc D b0:

Hence,

�.g:.a; b; a0; b0// D .ga; bg�1; ga0; b0g�1/
D .Ker b0a; Im ba0; a0�1a; ba0; b0a; bb0�1; cg�1; gd/
D g:.Ker b0a; Im ba0; a0�1a; ba0; b0a; bb0�1; c; d /;

i.e.

��..a; b; a0; b0/�/ D ..Ker b0a; Im ba0; a0�1a; ba0; b0a; bb0�1; c; d //�

for g 2 Aut.E;m/: Similarly,

��..g1; g2/:.a; b; a0; b0/�/ D .a; b; a0g�1
2 ; g1b

0/�

D .Kerg1b0a; Im ba0g�1
2 ; g2a

0�1a; ba0g�1
2 ; g1b

0a; bb0�1g�1
1 ; c0; d 0/�

D .g1; g2/:.Ker b0a; Im ba0; a0�1a; ba0; b0a; bb0�1; c; d /�

for .g1; g2/ 2 AutX � AutY: Hence,

�^..a; b; a0; b0/^/ D ..Ker b0a; Im ba0; a0�1a; ba0; b0a; bb0�1; c; d //^:

ut
In particular, if .a; b; a0; b0/� corresponds to .B;D; e1; e2; e3; e4; c; d /�; then

G..a; b; a0; b0/�/ D G..B;D; e1; e2; e3; e4; c; d /�/:

We also give the following variant of Green’s formula, which is suggestive for the
projective Green’s formula over the complex numbers in the next section.

X

�I�¤�0˚�0

1

q � 1h
�0�0

�
g���

D
X

˛;ˇ;�;ıI
˛˚�¤� or ˇ˚ı¤�

jExt1.A;D/jjHom.M;N /j
jHom.A;D/jjHom.A; C /jjHom.B;D/j

1

q � 1h
�˛

�
hıˇ� g

�0

�ı
g
�0

˛ˇ

C
X

˛;ˇ;�;ıI
˛˚�D�;ˇ˚ıD�

1

q � 1
� jExt1.A;D/jjHom.M;N /j
jHom.A;D/jjHom.A; C /jjHom.B;D/j � 1

�

g
�0

�ı
g
�0

˛ˇ

C 1

q � 1

0

B

B

@

X

˛;ˇ;�;ıI
˛˚�D�;ˇ˚ıD�

g
�0

�ı
g
�0

˛ˇ
� g�0˚�0

��

1

C

C

A

:
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4 Green’s Formula Over the Complex Numbers

4.1 Flags and Extensions

From now on, we consider A D CQ; where C is the field of complex numbers. Let
O1;O2 be G-invariant constructible subsets in Ed1

.Q/;Ed2
.Q/; respectively, and

let d D d 1 C d 2. Define

V.O1;O2IL/ D f0 D X0 � X1 � X2 D L j
Xi 2 modA;X1 2 O2; and L=X1 2 O1g;

where L 2 Ed .Q/: In particular, when O1;O2 are the orbits of A-modules X; Y
respectively, we write V.X; Y IL/ instead of V.O1;O2IL/:

Let ˛ be the image of X in Ed˛
.Q/=Gd˛

: We write X 2 ˛, sometimes we
also use the notation X to denote the image of X and the notation V˛ to denote
a representative of ˛: Instead of d˛; we use ˛ to denote the dimension vector
of ˛: Put

g�˛ˇ D �.V.X; Y IL//
for X 2 ˛; Y 2 ˇ and L 2 �: Both are well defined and independent of the choice
of objects in the orbits.

Definition 4.1 ([Rie]). For any L 2 mod A; let L D Lr
iD1Li be the decomposi-

tion into indecomposables, then an action of C� on L is defined by

t:.v1; : : : ; vr / D .tv1; : : : ; trvr /

for t 2 C� and vi 2 Li for i D 1; : : : ; r:
It induces an action of C� on V.X; Y IL/ for any A-modules X; Y and L: Let

.X1 � L/ 2 V.X; Y IL/ and t:X1 be the action of C� on X1 as above under
the decomposition of L; then there is a natural isomorphism between A-modules
tX1
W X1 ' t:X1: Define t:.X1 � L/ D .t:X1 � L/:

Let D.X; Y / be the vector space over C of all tuples d D .d.˛//˛2Q1
such

that each linear map d.˛/ belongs to HomC.Xs.˛/; Yt.˛//: Define 	 W D.X; Y / !
Ext1.X; Y / by sending d to the short exact sequence

" W 0 �� Y

0

@

1

0

1

A

�� L.d/

�

0 1
�

�� X �� 0 ;

where L.d/ is the direct sum of X and Y as a vector space and for any ˛ 2 Q1;

L.d/˛ D
�

Y˛ d.˛/

0 X˛

�

:
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Fix a vector space decomposition D.X; Y / D Ker	 ˚ E.X; Y /; then we can
identify Ext1.X; Y / with E.X; Y / (see [Rie], [DXX] or [GLS]). There is a natu-
ral C�-action on E.X; Y / given by t:d D .td.˛// for any t 2 C�: This induces an
action of C� on Ext1.X; Y /: By the isomorphism of CQ-modules between L.d/
and L.t:d /; t:" is the following short exact sequence:

0 �� Y

0

@

t

0

1

A

�� L.d/

�

0 1
�

�� X �� 0

for any t 2 C�: Let Ext1.X; Y /L be the subset of Ext1.X; Y / of the equiva-
lence classes of short exact sequences whose middle term is isomorphic to L. Then
Ext1.X; Y /L can be viewed as a constructible subset of Ext1.X; Y / under the iden-
tification between Ext1.X; Y / and E.X; Y /: Put

h
˛ˇ

�
D �.Ext1A.X; Y /L/

for X 2 ˛; Y 2 ˇ and L 2 �: The following is known, for example, see [DXX].

Lemma 4.2. For A;B;X 2 modƒ; �.Ext1ƒ.A;B/X / D 0 unless X ' A˚ B:
We remark that both V.X; Y IL/ and Ext1.X; Y /L can be viewed as the orbit

spaces of

W.X; Y IL/ WDf.f; g/ j 0 ��Y
f ��L

g ��X ��0 is an exact sequenceg

under the actions of G˛ �Gˇ and G�, respectively, for X 2 ˛; Y 2 ˇ and L 2 �:

4.2 Higher Order Associativity

For fixed �; �; � 0; �0; consider the following canonical embedding:

[

˛;ˇ;�;ıI˛˚�D�;ˇ˚ıD�
V.V˛; Vˇ IV�0/�V.V� ; Vı IV�0/

i�! V.V� ; V�IV�0˚V�0/ (10)

sending .V 1�0 � V�0 ; V 1
�0
� V�0/ to .V 1

�0
˚ V 1�0 � V�0 ˚ V�0/ in a natural way. We set

V.V� ; V�IV�0 ˚ V�0/ WD V.V� ; V� IV�0 ˚ V�0/ n Im i;

i.e.

V.V� ; V� IV�0 ˚ V�0/ D V.V� ; V�IV�0 ˚ V�0/[ V1; (11)

where V1 D Im i: Define

V1.ı; ˇ/ WD Im.V.V˛; Vˇ IV�0/ � V.V� ; Vı IV�0//:
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Consider the C-space MG.A/ D
L

d2Nn MGd
.Q/ where MGd

.Q/ is the
C-space of Gd -invariant constructible function on Ed .Q/: Define the convolution
multiplication onMG.A/ by

f 	 g.L/ D
X

c;d2C

�.V.f �1.c/; g�1.d/IL//cd

for any f 2MGd
.Q/; g 2MGd 0

.Q/ and L 2 EdCd 0 :

As usual for an algebraic variety V and a constructible function f on V; using
the notation (1) in Sect. 2, we have

f 	 g.L/ D
Z

V.supp.f /;supp.g/IL/
f .x0/g.x00/:

The following is well known (see [Lu], [Rie]), see a proof in [DXX].

Proposition 4.3. The space MG.ƒ/ under the convolution multiplication 	 is an
associative C-algebra with unit element.

The above proposition implies the following identity

Theorem 4.4. For fixed A-modules X; Y;Z and M with dimension vectors
dX ; dY ; dZ and dM such that dM D dX C dY C dZ ; we have

Z

L2EdX CdY
.A/=GdX CdY

gLXY g
M
LZ D

Z

L02EdY CdZ
.A/=GdY CdZ

gMXL0g
L0

YZ :

Define

W.X; Y IL1; L2/ WD f.f; g; h/ j

0 �� Y
f �� L1

g �� L2
h �� X �� 0 is an exact sequenceg:

Under the action of G˛ �Gˇ ; where ˛ D dimX and ˇ D dimY; the orbit space is
denoted by V.X; Y IL1; L2/: In fact,

V.X; Y IL1; L2/ D fg W L1 ! L2 j Kerg Š Y and Cokerg Š Xg:

Put
h
L1L2

XY D �.V.X; Y IL1L2//:
We have the following “higher order” associativity, which is similar to the associa-
tivity of multiplication in derived Hall algebras (see [To], [XX])

Theorem 4.5. For fixed A-modules X; Yi ; Li for i D 1; 2; we have

Z

Y

gYY2Y1
h
L1L2

XY D
Z

L0

1

g
L1

L0

1
Y1
h
L0

1
L2

XY2
:
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Dually, for fixed A-modules Xi ; Y; Li for i D 1; 2; we have

Z

X

gXX2X1
h
L1L2

XY D
Z

L0

2

g
L2

X2L
0

2

h
L1L

0

2

X1Y
:

Proof. Define

EF.X; Y1; Y2IL1; L2/ D f.g; Y �/ j g W L1 ! L2; Y
� D .Kerg 
 Y 0 
 0/

such that Cokerg ' X; Y 0 ' Y1; Kerg=Y 0 ' Y2g

and

EF 0.X; Y1; Y2IL0
1; L2/ D f.g0; L�

1/ j g0 W L0
1 ! L2; L

� D .L1 
 Y 0 
 0/
such that Ker g0 ' Y2; Cokerg0 ' X; Y 0 ' Y1; L1=Y 0 ' L0

1g:

Consider the following diagram:

Y1

��

Y1

��
0 �� Ker g ��

��

L1
g ��

��

L2 �� X �� 0

0 �� Y2 �� L0
1

g 0

�� L2 �� X �� 0

(12)

where L0
1 D L1=Y 0 is the pushout. This gives the following morphism of varieties:

EF.X; Y1; Y2IL1; L2/! EF 0.X; Y1; Y2IL0
1; L2/;

sending .g; Y �/ to .g0; L�
1/ where g0 W L1=Y 0 ! L2: Conversely, we also have the

morphism

EF 0.X; Y1; Y2IL0
1; L2/! EF.X; Y1; Y2IL1; L2/

sending .g0; L�
1/ to .g; Y �/where g is the composition:L1 ! L1=Y

0 ' L0
1

g 0

�! L2
(this implies Y 0 � Kerg). A simple check shows that there exists a homeomorphism
between EF.X; Y1; Y2IL1; L2/ and EF 0.X; Y1; Y2IL0

1; L2/. By Proposition 2.5,
we have

�.EF.X; Y1; Y2IL1; L2// D
Z

Y

gYY2Y1
h
L1L2

XY

and
�.EF 0.X; Y1; Y2IL0

1; L2// D
Z

L0

1

g
L1

L0

1
Y1
h
L0

1
L2

XY2
:

This completes the proof. ut
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We define

Hom.L1; L2/Y Œ1�˚X D fg 2 Hom.L1; L2/ j Kerg ' Y;Cokerg ' Xg:

Then, it is easy to identify that

V.X; Y IL1; L2/ D Hom.L1; L2/Y Œ1�˚X :

We can consider a C�-action on Hom.L1; L2/Y Œ1�˚X or V.X; Y IL1; L2/ simply
by t:.f; g; h/� D .f; tg; h/� for t 2 C� and .f; g; h/� 2 V.X; Y IL1; L2/: We also
have a projective version of Theorem 4.5, where P indicates the corresponding orbit
space under the C�-action.

Theorem 4.6. For fixed A-modules X; Yi ; Li for i D 1; 2; we have

Z

Y

gYY2Y1
�.PHom.L1; L2/Y Œ1�˚X / D

Z

L0
1

g
L1

L0

1
Y1
�.PHom.L0

1; L2/Y2Œ1�˚X /:

Dually, for fixed A-modules Xi ; Y; Li for i D 1; 2; we have
Z

X

gXX2X1
�.PHom.L1; L2/Y Œ1�˚X / D

Z

L0
2

g
L2

X2L
0

2

�.PHom.L1; L0
2/Y Œ1�˚X1

/:

4.3 Geometry Over Crossings

For fixed �; � and � 0; �0 with � C � D �0 C �0 D �, let V� 2 E� and Q.V�/ be the
set of .a; b; a0; b0/ such that the row and the column of the following diagram are
exact:

0

��
V�

a0

��
0 �� V�0

a �� V�
b ��

b0

��

V�0
�� 0

V�

��
0

(13)

Set
Q.�; �; � 0; �0/ WD

[

V�2E�

Q.V�/:
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We remark thatQ.�; �; � 0; �0/ can be viewed as a constructible subset of the module
variety E.�;�;�0;�0;�/ with � C � D � 0 C �0 D � of the following quiver:

2

��
4 �� 5 ��

��

3

1

(14)

We have the following action of G� on Q.�; �; � 0; �0/:

g:.a; b; a0; b0/ D .ga; bg�1; ga0; b0g�1/:

The orbit space of Q.�; �; � 0; �0/ is denoted by Q.�; �; � 0; �0/�, and the orbit of
.a; b; a0; b0/ in Q.�; �; � 0; �0/� is denoted by .a; b; a0; b0/�: We also have the fol-
lowing action of G� on W.V�0 ; V�0 IE�/: g:.a; b/ D .ga; bg�1/: In the induced
orbit space Ext1.V�0 ; V�0/, the orbit of .a; b/ is denoted by .a; b/�. Hence, we have

W.V�0 ; V�0 IE�/ �W.�; �IE�/ D Q.�; �; �0; �0/

�1

��

�2 �� Ext1.V�0 ; V�0/

Q.�; �; � 0; �0/�
�

����������������������

; (15)

where �..a; b; a0; b0/�/ D .a; b/� is well defined.
Let .a; b; a0; b0/ 2 Q.V�/. We claim that the stabilizer of .a; b; a0; b0/ in �1 is

a0e1 Hom.Coker b0a;Ker ba0/e4b0;

which is isomorphic to Hom.Coker b0a;Ker ba0/; where the injection e1 W Ker ba0
! V� is induced naturally by a0, and the surjection e4 W V� ! Coker b0a is in-
duced naturally by b0. In fact, consider the action of G� onW.V� ; V�IE�/ given by
g:.a0; b0/ D .ga; bg�1/; the stabilizer of .a0; b0/ is 1C a0 Hom.V� ; V�/b0 ([Rin2]).
It is clear that the stabilizer of .a; b; a0; b0/ under the action given by �1 is the fol-
lowing subgroup:

f1C a0f b0 j f 2 Hom.V� ; V�/; ba
0f b0 D 0; a0f b0a D 0g:

Since b0 is surjective and a0 is injective, ba0f b0 D 0; a0f b0a D 0 imply ba0f D 0;
f b0a D 0: This means Imf 2 Ker ba0 and f .Ker b0a/ D 0: We easily deduce the
above claim by this conclusion. In the same way, the stabilizer of .a; b/ under the
action given by �2 is 1C aHom.V�0 ; V�0/b, which is isomorphic to Hom.V�0 ; V�0/

just for a is injective and b is surjective. We now compute the fibre �1.��1
2 ..a; b/�//

of � over .a; b/�:
��1
2 ..a; b/�/ D .ga; bg�1; a0; b0/;
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where .a0; b0/ 2 W.V� ; V�IV�/: Fix a; b; and let U D f.a; b; a0; b0/g. Then we have

U � ��1
2 ..a; b/�/; �1.U / D �1.��1

2 ..a; b/�//:

The restriction �1jU W U ! �1.U / can be viewed as the action of the group
aHom.V�0 ; V�0/b with stabilizer a0e1Hom.Coker b0a;Ker ba0/e4b0; i.e. the fibre
of �1jU is isomorphic to aHom.V�0 ; V�0/b=a0e1Hom.Coker b0a;Ker ba0/e4b0:
Hence, by Corollary 2.6,

�.W.V� ; V�IV�// D �.U / D �.�1.U // D �.�1.��1
2 ..a; b/�///:

Moreover, consider the action of G� � G� on Q.�; �; � 0; �0/� and the induced
orbit space, denoted by Q.�; �; � 0; �0/^: The stabilizer StabG..a; b; a0; b0/�/ of
.a; b; a0; b0/� is

f.g1; g2/ 2 G��G� j ga0 D a0g2; b0g D g1b0 for some g 2 1CaHom.V�0 ; V�0/bg;
also denoted by G..a; b; a0; b0/�/. This determines the group embedding

StabG..a; b; a0; b0/�/
�! .1C aHom.V�0 ; V�0/b/=.1C ae1 Hom.Coker b0a;Ker ba0/e4b/:

The groupG..a; b; a0; b0/�/ is isomorphic to a vector space since ba D 0:We know
that 1C aHom.V�0 ; V�0/b is the subgroup of AutV�; and it acts on W.V� ; V�IE�/
naturally. The orbit space ofW.V� ; V�IE�/ under the action of 1CaHom.V�0 ; V�0/b

is denoted by eW .V� ; V�IE�/, and similar considerations hold for V.V� ; V�IE�/:
Combined with the discussion above, we have the following commutative diagram
of actions of groups:

W.V� ; V�IE�/
1CaHom.V�0 ;V�0 /b ��

G� �G�

��

eW .V� ; V�IE�/
G� �G�

��
V.V� ; V�IE�/

1CaHom.V�0 ;V�0 /b �� eV.V� ; V�IE�/

(16)

The stabilizer of .a0; b0/^ in the bottom map is:

fg 2 1CaHom.V�0 ; V�0/b j ga0 D a0g2; b0g D g1b0 for some .g1; g2/ 2 G��G�g;

which is isomorphic to a vector space too, and it is denoted by V.a; b; a0; b0/:We can
construct the map from V.a; b; a0; b0/ to StabG..a; b; a0; b0/�/ sending g to .g1; g2/:
It is well defined since a0 is injective and b0 is surjective. We have

V.a; b; a0; b0/=Hom.Coker b0a;Ker ba0/ Š StabG..a; b; a0; b0/�/:

We have the following proposition.
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Proposition 4.7. The fiber over .a; b/� 2 Ext1.V�0 ; V�0/� of the surjective map

�^ W Q.�; �; � 0; �0/^ ! Ext1.V�0 ; V�0/

is isomorphic to eV.V� ; V�IE�/, where eV.V� ; V� IE�/ is such that there exists a
surjective morphism from V.V� ; V�IV�/ to eV.V� ; V� IE�/ such that any fibre is iso-
morphic to an affine space of dimension

dimCHom.V�0 ; V�0/�dimCHom.Coker b0a;Ker ba0/�dimCStabG..a; b; a
0; b0/�/:

Also, we also have a commutative diagram induced by (15). By Proposition 2.5,
we have

Corollary 4.8. The following equality holds.

X

�

�.Q.�/^/ D
X

�

g�ˇ˛h
�0�0

�
: (17)

4.4 Geometry Over Squares

Let O.�; �; � 0; �0/ be the set of .Vı ; Vˇ ; e1; e2; e3; e4; c; d / such that the following
commutative diagram has exact rows and columns:

0

��

0

��
0 �� Vˇ

e1 ��

u0

��

V�
e2 ��

uV�		

��

Vı ��

x

��

0

S
d




V�0

uV�0

��

v0

��

�� V� ��

��

c





V�0

y

��

T

qV�0

��

qV�		
0 �� V˛

��

e3 �� V�
e4 �� V� ��

��

0

0 0

(18)
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where Vı ; Vˇ are submodules of V�0 ; V�0 ; respectively; V� D V�0=Vı ; V˛ D
V�0=Vˇ ; u0; x; v0; y are the canonical morphisms, and V� is the centre induced by
the above square, T D V� �V�

V�0 D f.x ˚ m/ 2 V� ˚ V�0 j e4.x/ D y.m/g and
S D V�

F

Vˇ
V�0 D V� ˚ V�0=fe1.vˇ /˚ u0.vˇ / j vˇ 2 Vˇ g: Then there is unique

map f W S ! T for the fixed square. Let .c; d / be a pair of maps such that c is
surjective, d is injective and cd D f: In particular, for fixed submodules Vı and Vˇ
of V�0 and V�0 , respectively, the subset of O.�; �; � 0; �0/

f.V1; V2; e1; e2; e3; e4; c; d / 2 O.�; �; � 0; �0/ j V1 D Vı ; V2 D Vˇ g
is denoted by O.V� ;Vı ;V˛ ;Vˇ/, where V� D V�0=Vı and V˛ D V�0=Vˇ . There is a
natural action of the groupG� on O.V� ;Vı ;V˛ ;Vˇ/ as follows:

g:.Vı ; Vˇ ; e1; e2; e3; e4; c; d / D .Vı ; Vˇ ; e1; e2; e3; e4; cg�1; gd/:

We denote by O�
.V� ;Vı ;V˛ ;Vˇ/

and O.�; �; � 0; �0/� the orbit spaces under the ac-
tions of G�:

4.5 Geometric Analogue of Green’s Formula

There is a homeomorphism between Q.�; �; �0; �0/� and O.�; �; � 0; �0/� (see
[DXX]):


� W Q.�; �; � 0; �0/� ! O.�; �; � 0; �0/�

induced by the map between Q.�; �; �0; �0/ and O.�; �; � 0; �0/ defined as follows:

Vˇ D Ker b0a ' Ker ba0; Vı D Im ba0;

e1 D .a0/�1a; e2 D ba0; e3 D b0a; e4 D b.b0/�1

and c; d are induced by the maps:

V� ˚ V�0 ! V� and V� ! V� ˚ V�0 :

There is an action of G� �G� on O.�; �; � 0; �0/�; defined as follows: for .g1; g2/ 2
G� �G�;

.g1; g2/:.Vı ; Vˇ ; e1; e2; e3; e4; c; d /
�D.Vı ; Vˇ ; g2e1; e2g�1

2 ; g1e3; e4g
�1
1 ; c0; d 0/�:

Let us determine the relation between .c0; d 0/ and .c; d /:
Suppose that .Vı ; Vˇ ; g2e1; e2g�1

2 ; g1e3; e4g
�1
1 / induces S 0; T 0 and the unique

map f 0 W S 0 ! T 0; then it is clear that there are isomorphisms:

a1 W S ! S 0 and a2 W T ! T 0
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induced by isomorphisms:

�

g2 0

0 id

�

W V� ˚ V�0 ! V� ˚ V�0 and

�

g1 0

0 id

�

W V� ˚ V�0 ! V� ˚ V�0 :

So f 0 D a2fa�1
1 ; and we have the following commutative diagram:

S 0 d 0

�� V�
d 0

1 �� V�

S
d ��

a1

��

��

V�
d1 ��

c

��

g

��

V�

Imf ��

a2

��

T ��

a2

��

V�

Imf 0 �� T 0 �� V�

(19)

Hence, c0 D a2cg�1 and d 0 D gda�1
1 : In particular, c D c0 and d D d 0 if and only

if g1 D idV�
and g2 D idV�

: This shows that the action of G� �G� is free.
Its orbit space is denoted by O.�; �; � 0; �0/^: The homeomorphism 
� above in-

duces the homeomorphism in the following Proposition:

Proposition 4.9. There exists a homeomorphism under quotient topology


^ W Q.�; �; � 0; �0/^ ! O.�; �; � 0; �0/^:

Let D.�; �; � 0; �0/� be the set of .Vı ; Vˇ ; e1; e2; e3; e4/ such that the diagram (18)
is commutative and has exact rows and columns. In particular, for fixed Vı and Vˇ ,
its subset

f.V1; V2; e1; e2; e3; e4/ j V1 D Vı ; V2 D Vˇ g
is denoted byD�

.V� ;Vı;V˛ ;Vˇ/
, where V� D V�0=Vı and V˛ D V�0=Vˇ . Then we have

a projection:
'� W O.�; �; � 0; �0/� ! D.�; �; �0; �0/�:

We claim that the fibre of this morphism is isomorphic to a vector space which
has the same dimension as Ext1.V� ; Vˇ / for any element in D�

.V� ;Vı;V˛ ;Vˇ/
:

Fix an element .Vı ; Vˇ ; e1; e2; e3; e4/ 2 D�
.V� ;Vı ;V˛ ;Vˇ/

; and let V be the set

consisting of the equivalence classes .c; d /�of elements .c; d / under the action of
G� such that the following diagram is commutative:
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Vˇ

u1

��

Vˇ ��

s

��

0

��
S

d ��

v1

��

V�
t ��

c

��

V�

L
u2 �� T

v2 �� V�

(20)

where u1; u2; v1; v2 are fixed and come from the long exact sequence:

L D Imf

u2

����
��

��
��

��

0 �� Vˇ
u1 �� S

v1



���������� f �� T
v2 �� V� �� 0

(21)

and where s; t are naturally induced by c; d; respectively. Then V is the fibre of '�:
We note that c is in diagram (20) if and only if c 2 u2 Hom.V� ; L/t: Of course,
u2 Hom.V� ; L/t is isomorphic to Hom.V� ; L/:

Let "0 2 Ext1.V� ; L/ be the class of the following exact sequence:

0 �� L
u2 �� T

v2 �� V� �� 0 :

The above long exact sequence induces the following long exact sequence:

0 �� Hom.V� ; Vˇ / �� Hom.V� ; S/ �� Hom.V� ; L/ ��

�� Ext1.V� ; Vˇ / �� Ext1.V� ; S/
� �� Ext1.V� ; L/ �� 0 : (22)

Consider the morphism ! W V ! ��1."0/ sending .c; d /� to .d; t/�:

!�1..d; t/�/ D f.cg�1; gd/� j g 2 G�g D f.cg�1; d /� j g 2 1Cd Hom.V� ; S/tg:

Hence, the fibre of ! can be viewed as the orbit space of u2 Hom.V� ; L/t under
the action of 1 C d Hom.V� ; S/t given by g:u2f t D u2fg�1

� t , where g 2 1 C
d Hom.V� ; S/t and g� is the isomorphism on V� induced by g, with the stabilizer
isomorphic to the vector space Hom.V� ; Vˇ /: Hence, up to a translation from "0 to
0; V is isomorphic to the affine space:

��1."0/ � Hom.V� ; L/ � Hom.V� ; Vˇ /=Hom.V� ; S/;

which is denoted by W.Vı ; Vˇ ; e1; e2; e3; e4/, and whose dimension is dimC

Ext1.V� ; Vˇ /:
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There is also an action of the group G� � G� on D.�; �; � 0; �0/� with stabilizer
isomorphic to the vector space Hom.V� ; V˛/ � Hom.Vı ; Vˇ /: The orbit space is
denoted by D.�; �; � 0; �0/^: The projection '� naturally induces the projection:

'^ W O.�; �; � 0; �0/^ ! D.�; �; � 0; �0/^:

Its fibre over .Vı ; Vˇ ; e1; e2; e3; e4/^ is isomorphic to the quotient space of

.'�/�1.Vı ; Vˇ ; e1; e2; e3; e4/

under the action of Hom.V� ; V˛/ � Hom.Vı ; Vˇ /: The corresponding stabilizer of
.Vı ; Vˇ ; e1; e2; e3; e4; c; d /

� 2 .'�/�1.Vı ; Vˇ ; e1; e2; e3; e4/ is

f.g1; g2/ 2 1C e3Hom.V� ; V˛/e4 � 1C e1Hom.Vı ; Vˇ /e2 j
ga0 D a0g2; b0g D g1b0 for some g 2 1C aHom.V�0 ; V�0/bg;

where .a; b; a0; b0/� is induced by 
� as showed in diagram (18). It is isomorphic to
the vector space StabG..a; b; a0; b0/�/: Therefore, we have

Proposition 4.10. There exists a projection

'^ W O.�; �; � 0; �0/^ ! D.�; �; �0; �0/^

such that any fibre for .Vı ; Vˇ ; e1; e2; e3; e4/^ is isomorphic to an affine space of
dimension

dimCExt1.V� ; Vˇ /C dimCStabG..a; b; a
0; b0/�/

� dimCHom.V� ; V˛/� dimCHom.Vı ; Vˇ /;

where V� ' V�0=Vı and V˛ ' V�0=Vˇ .

Let us summarize the discussion above in the following diagram:

Ext1.V�0 ; V�0/ Q.�; �; � 0; �0/^
�^

�� �^

��O.�; �; � 0; �0/^
'^

��D.�; �; � 0; �0/^ :
(23)

The following theorem can be viewed as a degenerated version of Green’s
formula.

Theorem 4.11. For fixed �; �; � 0; �0; we have

g
�0˚�0

��
D
Z

˛;ˇ;ı;� I˛˚�D�;ˇ˚ıD�
g
�0

�ı
g
�0

˛ˇ
:

Proof. We note that

�.D.�; �; � 0; �0/^/ D
Z

˛;ˇ;ı;�

g
�0

�ı
g
�0

˛ˇ
h
�˛

�
hıˇ� :
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Because the Euler characteristic of an affine space is 1; we have
Z

�

h
�0�0

�
g��� D

Z

˛;ˇ;ı;�

g
�0

�ı
g
�0

˛ˇ
h
�˛

�
hıˇ� :

Using Proposition 2.5 and Lemma 4.2, we simplify the identity as

h
�0�0

�0˚�0
g
�0˚�0

��
D
Z

˛;ˇ;ı;�;˛˚�D�;ˇ˚�D�
g
�0

�ı
g
�0

˛ˇ
h
�˛

�
hıˇ�

i.e.
g
�0˚�0

��
D
Z

ˇ;ı

g
�0

�0=ı;ı
g
�0

�0=ˇ;ˇ
:

ut

4.6 Green’s formula under the C�-action

We define EF.�; �; � 0; �0/ to be the set
˚

."; L0.d// j " 2 Ext1.V�0 ; V�0/L.d/; L
0.d/ � L.d/; L0.d/

' V�; L.d/=L0.d/ ' V�
�

;

and let FE.�; �; � 0; �0/ be the set
n

.V 0
�0 ; V

0
�0 ; "1; "2/ j V 0

�0 � V� ; V 0
�0 � V�0 ;

"1 2 Ext1.V 0
�0 ; V

0
�0/V�

; "2 2 Ext1.V�0=V 0
�0 ; V�0=V 0

�0/V�

o

:

The projection

p1 W EF.�; �; � 0; �0/! Ext1.V�0 ; V�0/

satisfies that the fibre of any " 2 Ext1.V�0 ; V�0/L.d/ is isomorphic to
V.V� ; V�IL.d//.

Comparing with Proposition 4.7, we have a morphism

EF.�; �; �0; �0/! Q.�; �; � 0; �0/^

satisfying the fibre of .a; b; a0; b0/^ is isomorphic to an affine space of dimension

dimCHom.V�0 ; V�0/� dimCHom.Coker b0a;Ker ba0/ � dimCG..a; b; a
0; b0/�/:

We also have a natural homeomorphism

FE.�; �; �0; �0/! D.�; �; � 0; �0/^:

Hence, using Proposition 4.7, 4.9 and 4.10, we have
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Proposition 4.12. There is a natural morphism

� W EF.�; �; � 0; �0/! FE.�; �; � 0; �0/

satisfying the fibre for .V 0
�0 ; V

0
�0 ; "1; "2/ is isomorphic to an affine space of dimension

dimCHom.V�0 ; V�0/ � dimCHom.V� ; Vˇ /C dimCExt.V� ; Vˇ /

� dimCHom.V� ; V˛/� dimCHom.Vı ; Vˇ /;

where Vˇ ' V 0
�0 ; Vı ' V 0

�0
and V˛ ' V�0=V 0

�0; V� ' V�0=V 0
�0
:

Now we consider the action of C� on EF.�; �; � 0; �0/ and FE.�; �; �0; �0/.

(1) For t 2 C� and ."; L0.d//2EF.�; �; � 0; �0/;we know t:"2Ext1.V�0 ; V�0/L.t:d/
and L.d/ D V�0 ˚ V�0 as a direct sum of vector spaces. Recall that L.t:d / is
defined in Sect. 4.1. Define

L0.t:d / WD f.v0; tv00/ j .v0; v00/ 2 L0.d/g:
Then L0.t:d / � L.t:d /: Hence, we define

t:."; L0.d// D .t:"; L0.t:d //:

The orbit space is denoted by bEF .�; �; � 0; �0/. A point ."; L0.d// is stable,
i.e. t:."; L0.d// D ."; L0.d// for any t 2 C� if and only if

L.d/ D V�0 ˚ V�0 and L0.d/ D .L0.d/\ V�0/˚ .L0.d/\ V�0/:

Note that the above direct sums are the direct sums of modules. The set of
stable points in EF.�; �; � 0; �0/ is denoted by EFs.�; �; �0; �0/: The action of
C� on the set of non-stable points in EF.�; �; �0; �0/ is free. We denote the
orbit space by PEF.�; �; � 0; �0/: Of course, we have

bEF .�; �; � 0; �0/ D EFs.�; �; � 0; �0/[ PEF.�; �; �0; �0/:

The orbit of ."; L0.d// in PEF.�; �; � 0; �0/ is denoted by P ."; L0.d//.
(2) For t 2 C� and .V 0

�0
; V 0
�0 ; "1; "2/ 2 FE.�; �; � 0; �0/; we define

t:.V 0
�0 ; V

0
�0 ; "1; "2/ D .V 0

�0 ; V
0
�0 ; t:"1; t:"2/:

The orbit space is denoted by bFE.�; �; � 0; �0/: A point .V 0
�0 ; V

0
�0 ; "1; "2/ in

FE.�; �; � 0; �0/ is stable if and only if "1 D "2 D 0: The set of stable points
in FE.�; �; � 0; �0/ is denoted by FEs.�; �; � 0; �0/: The action of C� on the set
of non-stable points in FE.�; �; � 0; �0/ is free. We denote the orbit space by
PFE.�; �; � 0; �0/: Of course, we have

bFE.�; �; � 0; �0/ D FEs.�; �; �0; �0/ [ PFE.�; �; � 0; �0/:

The orbit of .V 0
�0
; V 0
�0 ; "1; "2/ in PFE.�; �; � 0; �0/ is denoted by P .V 0

�0
; V 0
�0 ;

"1; "2/.
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The morphism � induces the morphism

O� WbEF .�; �; � 0; �0/!bFE.�; �; �0; �0/:

We consider its restriction to PEF.�; �; � 0; �0/;

O� jPEF.�;�;�0;�0/W PEF.�; �; � 0; �0/!bFE.�; �; � 0; �0/:

For any .V 0
�0 ; V

0
�0 ; 0; 0/ 2 FEs.�; �; � 0; �0/ �bFE.�; �; � 0; �0/; we have

. O� jPEF.�;�;�0;�0//
�1..V 0

�0 ; V
0
�0 ; 0; 0// D P .��1.V 0

�0 ; V
0
�0 ; 0; 0/ n .V 0

�0 ˚ V 0
�0 ; 0//:

It is actually the projective space of the affine space in Proposition 4.12. For any
P .V 0

�0
; V 0
�0 ; "1; "2/ 2 PFE.�; �; � 0; �0/; . O� jPEF.�;�;�0;�0//

�1.P .V 0
�0
; V 0
�0 ; "1; "2// is

isomorphic to the affine space in Proposition 4.12. Now we compute the Euler char-
acteristics. By Proposition 2.1 and the above discussion of the fibres, we have

�.PEF.�; �; � 0; �0//

D
Z

.V 0

�0
;V 0

�0
;0;0/

2FEs.�;�;�0;�0/

Œd.� 0; �0/�d.�; ˛/�d.ı; ˇ/�h�; ˇi�g�0

�ı
g
�0

˛ˇ
C�.PFE.�; �; �0; �0//;

where d.�; ˛/ D dimC Homƒ.V� ; V˛/ and the Euler form h�; ˇi D dimC

Hom.V� ; Vˇ / � dimC Ext1.V� ; Vˇ /: On the other hand, we know

�.PEF.�; �; � 0; �0//

D
Z

˛;ˇ;ı;�;
˛˚�D�;ˇ˚ıD�

�.PV.V� ; V�IV�0 ˚ V�0//C
Z

�¤�0˚�0

�.P Ext1.V�0 ; V�0/�/g
�
��:

Therefore, we have the following theorem, which can be viewed as a geometric
version of Green’s formula under the C�-action.

Theorem 4.13. For fixed �; �; � 0; �0; we have

Z

�¤�0˚�0

�.PExt1.V�0 ; V�0/�/g
�
��

D
Z

˛;ˇ;ı;�;˛˚�¤� or ˇ˚ı¤�
�.P .Ext1.V� ; V˛/� � Ext1.Vı ; Vˇ /�//g

�0

�ı
g
�0

˛ˇ

C
Z

˛;ˇ;ı;�;˛˚�D�;ˇ˚ıD�
Œd.� 0; �0/ � d.�; ˛/ � d.ı; ˇ/ � h�; ˇi�g�0

�ı
g
�0

˛ˇ

�
Z

˛;ˇ;ı;�;˛˚�D�;ˇ˚ıD�
�.PV.V� ; V�IV�0 ˚ V�0//:
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5 Application to Caldero–Keller Formula

5.1 Constructibility

Let Q be a quiver with vertex set Q0 D f1; 2; : : : ; ng containing no oriented cy-
cles and A D CQ be the path algebra of Q: For i 2 Q0; we denote by Pi the
corresponding indecomposable projective CQ-module and by Si the correspond-
ing simple module. Let Q.x1; : : : ; xn/ be a transcendental extension of Q: Define
the map [CC]

X‹ W obj.modA/! Q.x1; : : : ; xn/

by:
XM D

X

e

�.Gre.M//x	.e/�dimMCe ;

where 
 is the Auslander–Reiten translation on the Grothendieck groupK0.Db.Q//
and, for v 2 Zn, we put

xv D
n
Y

iD1
x

hdimSi ;vi
i

andGre.M/ is the e-Grassmannian ofM; i.e. the variety of submodules ofM with
dimension vector e: This definition is equivalent to [Hu2]

XM D
Z

˛;ˇ

gM˛ˇx
ˇRC˛R0�dimM ;

where the matrices R D .rij / and R0 D .r 0
ij / satisfy rij D dimCExt1.Si ; Sj / and

r 0
ijDdimCExt1.Sj ; Si / for i; j2Q0: Here, we recall gM

˛ˇ
WD �.V..V˛; Vˇ IM///

which is defined in Sect. 4.1. Note that (see [Hu2])

.dimP/R D dim radP; .dim I /R0 D dim I � dim soc I:

We consider the set

Gre.Ed / WD f.M;M1/ jM 2 Ed ;M1 2 Gre.M/g:

This is a closed subset of Ed �
Q

iD1;:::;nGrei
.kdi /: Here, we simply use the nota-

tion Ed instead of Ed .Q/ without confusion.

Proposition 5.1. The function X‹jEd
is G-invariant constructible.

Proof. Obviously it is G-invariant. Consider the canonical morphism 	 W Gre
.Ed / ! Ed sending .M;M1/ to M: It is clear that 	�1.M/ D Gre.M/: Let
1Gre.Ed / be the constant function on Gre.Ed /; by Theorem 2.2, .	/�.1Gre.Ed // is
constructible. We know that
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.	/�.1Gre .Ed //.M/ D �.Gre.M//:

So, there are finitely many �.Gre.M// for M 2 Ed : ut
Proposition 5.2. For fixed dimension vectors e and d; the set

fgEXY j E 2 Ed ; Y 2 Ee; X 2 Ed�eg

is a finite set.

Proof. Let M 2 Ed . For any submodule M1 of dimension vector e of M; by the
knowledge of linear algebra, there exist unique .Ce; x/ 2 Ee isomorphic toM1 and
.Cd�e ; x0/ 2 Ed�e isomorphic to M=M1: We have Gre.Ed / D

S

M2Ed
Gre.M/:

Then this deduces the following morphisms:

Gre.Ed / D
S

M2Ed
Gre.M/


1 �� Ee � Ed�e �Ed

2 �� S

i �i .Ui / ;

where Ee � Ed�e � Ed D
S

i Ui is a finite stratification with respect to the action
of the algebraic group Ge � Gd�e � Gd and �i W Ui ! �i .Ui/ is the geometric
quotient for any i; and 	2 D Si �i : For any .Y;X;M/ 2 Ee �Ed�e � Ed ,

�..	2	1/
�1.	2..Y;X;M//// D gMXY :

Consider the constant function 1Gre.M/ on Gre.M/; by Theorem 2.2,
.	2	1/�.1Gre .M// is constructible. Hence, there are finitely many gMXY for
.X; Y;M/ 2 Ee � Ed�e � Ed : ut
Proposition 5.3. For fixed M 2 E�0 ; N 2 E�0 ; the set

f�.Ext1.M;N /E / j E 2 E�0C�0g

is a finite set.

Proof. Consider the morphism:

Ext1.M;N /
f�! E�0C�0

g�!
[

j

�j .Vj /;

where E�0C�0 D S

j Vj is a finite stratification with respect to the action of the
algebraic groupG�0C�0 and �j W Vj ! �j .Vj / is a geometric quotient for any i; and
f sends any extension to the middle term of the extension. Here, f is a morphism
by identification between Ext1.M;N / andE.M;N/ at the beginning of Sect. 4. The
remaining discussion is almost the same as in Proposition 5.2. We omit it. ut
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5.2 The Multiplication Theorem

We now consider the cluster category, i.e. the orbit category Db.Q/=F with F D
Œ1�
�1; where 
 is the AR-translation of Db.Q/: Each object M in Db.Q/=F can
be uniquely decomposed into the form: M D M0 ˚ PM Œ1� D M0 ˚ 
PM , where
M0 2 modA and PM is projective in modA: Now we can extend the map X‹ as in
[CK], see also [Hu2]: by the rule: X	P D xdimP= radP for projective A-module and
XM˚N D XMXN : Then we have a well-defined map

X‹ W obj.Db.Q/=F /! Q.x1; : : : ; xn/:

Let Ed be the orbit space of Ed under the action ofGd :Note that all the integrals
below are over Ed for some corresponding dimension vector d : Note also that in
modA we have d.�; ˛/ D dim Hom.V� ; V˛/ and d1.�; ˛/ D dim Ext.V� ; V˛/: We
say that P0 is the projective direct summand of V�0 if V�0 ' V 0

�0
˚ P0 and no direct

summand of V 0
�0

is projective.

The cluster algebra corresponding to the cluster category Db.Q/=F is the
subalgebra of Q.x1; : : : ; xn/ generated by fXM ; X	P j M 2 modA;P 2
modA is projectiveg: The following theorem gives a generalization of the clus-
ter multiplication formula in [CK]. The idea of the proof follows the work [Hu2] of
Hubery.

Theorem 5.4. (1) For any A-modules V�0 , V�0 we have

d1.� 0; �0/XV�0XV�0 D
Z

�¤�0
˚�0

�.PExt1.V�0 ; V�0/V�/XV�

C
Z

�;ˇ;�

�.PHom.V�0 ; 
V�0/VˇŒ1�˚
V 0

�˚I0 /XV�XVˇx
dim soc I0;

where I0 2 � is injective and V� D V 0
� ˚ P0; P0 is the projective direct

summand of V�0 :

(2) For any A-module V�0 and P 2 � is projective, let I D DHom.P;A/. Here,
DHom.�; A/ is the Nakajima functor. Then

d.�; � 0/XV�0
xdimP= radP D

Z

ı;�0
�.PHom.V�0 ; I /Vı Œ1�˚I 0/XVı

xdim socI 0

C
Z

�;�0

�.PHom.P; V�0/P 0Œ1�˚V�
/XV�

xdimP 0= radP 0

;

where I 0 2 �0 is injective and P 0 2 �0 is projective.

Proof. We set

S1 WD
Z

�2E�0
C�0 ;�¤�0˚�0

�.P Ext1.V�0 ; V�0/V�
/XV�

:
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By Proposition 5.2,

S1 D
Z

�;�;�¤�0˚�0

�.P Ext1.V�0 ; V�0/V�
/g���x

�RC�R0�.�0C�0/:

Using Theorem 4.13, we have

Z

�;�;�¤� 0
˚�0

�.P Ext1.V�0 ; V�0/V�/g
�
��x

�RC�R0
�.�0

C�0/

D
Z

˛;ˇ;ı;�;�;�;

˛˚�¤� or ˇ˚ı¤�

�.P.Ext1.V� ; V˛/V��Ext1.Vı; Vˇ/V�//g
�0

�ıg
�0

˛ˇx
�RC�R0

�.�0
C�0/

C
Z

˛;ˇ;ı;�;�;�;
˛˚�D�;ˇ˚ıD�

Œd.� 0; �0/�d.�; ˛/�d.ı; ˇ/�h�; ˇi�g� 0

�ıg
�0

˛ˇx
�RC�R0

�.�0
C�0/

�
Z

˛;ˇ;ı;�;�;�;
˛˚�D�;ˇ˚ıD�

�.PV .V� ; V�IV� 0 ˚ V�0 //x�RC�R0
�.� 0

C�0/:

We come to simplify every term following [Hu2]. For fixed ˛; ˇ; ı; �;

Z

�;�;˛˚�¤�
or ˇ˚ı¤�

�.P .Ext1.V� ; V˛/V�
� Ext1.Vı ; Vˇ /V�

// D d 1.�; ˛/C d1.ı; ˇ/;

Z

˛;ˇ;ı;�;�;�;
˛˚�¤� or ˇ˚ı¤�

�.P .Ext1.V� ; V˛/V�
�Ext1.Vı ; Vˇ /V�

//g
�0

�ı
g
�0

˛ˇ
x�RC�R0�.�0C�0/

D
Z

˛;ˇ;ı;�

Œd 1.�; ˛/C d 1.ı; ˇ/�g�0

�ı
g
�0

˛ˇ
x�RC�R0�.�0C�0/:

Moreover,

d1.�; ˛/C d1.ı; ˇ/C d.� 0; �0/� d.�; ˛/ � d.ı; ˇ/� h�; ˇi D d1.� 0; �0/C hı; ˛i:

Hence,

Z

�;�;�¤�0˚�0

�.P Ext1.V�0 ; V�0/V�
/g���x

�RC�R0�.�0C�0/

D
Z

˛;ˇ;ı;�

Œd 1.� 0; �0/C hı; ˛i�g�0

�ı
g
�0

˛ˇ
x�RC�R0�.�0C�0/

�
Z

˛;ˇ;ı;�;�;�;˛˚�D�;ˇ˚ıD�
�.PV .V� ; V�IV�0 ˚ V�0//x�RC�R0�.�0C�0/:
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As for the last term, consider the following diagram, it may be compared with dia-
gram (10).

[

˛;ˇ;�;ı

V.V˛; Vˇ IV�0/ � V.V� ; Vı IV�0/
j1�!
[

�;�

V.V� ; V�IV�0 ˚ V�0/ (24)

sending .V 1�0 � V�0 ; V 1
�0 � V�0/ to .V 1

�0 ˚ V 1�0 � V�0 ˚ V�0/: And

[

�;�

V.V� ; V� IV�0 ˚ V�0/
j2�!

[

˛;ˇ;�;ı

V.V˛; Vˇ IV�0/ � V.V� ; Vı IV�0/ (25)

sending .V 1 � V�0 ˚ V�0/ to .V 1 \ V�0 � V�0 ; V 1=V 1 \ V�0 � V�0/: The map j1
is an embedding and

[

�;�

V.V� ; V�IV�0 ˚ V�0/ n Im j1 D
[

�;�

V.V� ; V�IV�0 ˚ V�0/:

The fibre of j2 is isomorphic to a vector space V.ı; ˛/ of dimension d.ı; ˛/ (see
[Hu2, Corollary 8]). If we restrict j2 to

S

�;� V.V� ; V�IV�0 ˚ V�0/; then the fibre is
isomorphic to V.ı; ˛/ n f0g: Under the action of C�; by Proposition 2.1, we have

Z

˛;ˇ;ı;�;�;�;˛˚�D�;ˇ˚ıD�
�.PV.V� ; V�IV�0 ˚ V�0//x�RC�R0�.�0C�0/

D
Z

˛;ˇ;ı;�

d.ı; ˛/g
�0

�ı
g
�0

˛ˇ
x�RC�R0�.�0C�0/:

Therefore,

S1 D
Z

˛;ˇ;ı;�

Œd 1.� 0; �0/� d 1.ı; ˛/�g�0

�ı
g
�0

˛ˇ
x�RC�R0�.�0C�0/:

There is a natural C�-action on Hom.V�0 ; 
V�0/VˇŒ1�˚	V 0

� ˚I0
n f0g by left multipli-

cation, the orbit space is P Hom.V�0 ; 
V�0/VˇŒ1�˚	V 0

� ˚I0
. Define

S2 WD
Z

�;ˇ;�;

;l;�;�

�.P Hom.V�0 ; 
V�0/Vˇ Œ1�˚	V 0

� ˚I0
/g
�


l
g
ˇ

��
x.lC�/RC.
C�/R0�.ˇC�/CdimsocI0 ;

where I0 2 �: The above definition is well defined by Propositions 5.2 and 5.3. We
note that

dim soc I0 � .ˇ C �/ D .� 0 � �/RC .�0 � ˇ/R0 � .� 0 C �0/:
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Since Hom.V�0 ; 
V 0
�0
/VˇŒ1�˚	V 0

� ˚I0
D V.
V 0

� ˚ I0; Vˇ IV�0 ; 
V�0/; we can apply
Theorem 4.6 to the following diagram twice:

V�

��

V�

��


V
 
V


Œ4pt�0 �� Vˇ ��

��

V�0
��

��


V 0
�0

��

��


V 0
� ˚ I0 ��

��

0

Œ4pt�0 �� X �� V
ě

�� 
V 0
�0

�� 
V 0
� ˚ I0 �� 0

Œ4pt�0 �� X �� V
ě

�� 
V 0
e�

��

��


L˚ I0

��

�� 0

(26)

where V
ě

and 
V 0
e�

are the corresponding pullback and pushout. Moreover,

.� 0��ClC�/RC.�0�ˇC�C
/R0�.� 0C�0/ D .e�C�/RC.�Ceˇ/R0�.� 0C�0/:

Hence,

S2 D
Z

e�;ě;
;�;�;l;�
�.P Hom.V

ě

; 
V 0
e�
/XŒ1�˚	L˚I0

/g
�0


e�
g
�0

ě�
x.e�C�/RC.
Cě/R0�.�0C�0/

D
Z

e�;ě;
;�
�.P Hom.V

ě

; 
V 0
e�
//g

�0


e�
g
�0

ě�
x.e�C�/RC.
Cě/R0�.�0C�0/

D
Z

˛;ˇ;ı;�d
1.ı; ˛/g

�0

�ı
g
�0

˛ˇ
x�RC�R0�.�0C�0/:

Hence,

S1 C S2 D d 1.� 0; �0/
Z

˛;ˇ;ı;�

g
�0

�ı
g
�0

˛ˇ
x�RC�R0�.� 0C�0/:

The first assertion is proved. In order to prove the second part, by Theorem 4.6, we
have

Z

ı;ı1;ı2;�
0gıı1ı2

�.P Hom.V�0 ; I /Vı Œ1�˚I 0/xı2RCı1R
0�ıCdim socI 0

D
Z

e�0;ı1;ı2;�0
g
�0

e�0ı2

�.P Hom.V
e�0
; I /Vı1

Œ1�˚I 0/xı2RCe�0R0��0Cdim socI

D
Z

e�0;ı2
g
�0

e�0ı2

�.P Hom.V
e�0 ; I //x

ı2RCe�0R0��0Cdim socI



346 J. Xiao and F. Xu

and
Z

�;�1;�2;�0g��1�2
�.P Hom.P; V�0/P 0Œ1�˚V�

/x�2RC�1R
0��CdimP 0= radP 0

D
Z

e�0;�1;�2;�0
g
�0

�1e�
0
�.P Hom.P; V

e�0/P 0Œ1�˚V�2
/x�1RCe�0R0��0CdimP= radP

D
Z

e�0;�1
g
�0

e�0�1

�.P Hom.P; V
e�0//x

�1RCe�0R0��0CdimP= radP :

We note that

dim soc I D dimP= radP;

and

�.P Hom.P;M// D �.P Hom.P; V
e�0
//C �.P Hom.V

e�0
; I //:

The second assertion is proved. ut

5.3 An Example

We illustrate Theorem 5.4 by the following example.
LetQ be the Kronecker quiver 1 ���� 2 : Let S1 and S2 be the simple modules

associated with vertices 1 and 2, respectively. Hence,

R D
�

0 2

0 0

�

and R0 D
�

0 0

2 0

�

and

XS1
D xdimS1R

0�dimS1 C xdimS1R�dimS1 D x�1
1 .1C x22/;

XS2
D xdimS2R

0�dimS2 C xdimS2R�dimS2 D x�1
2 .1C x21/:

For � 2 P 1.C/; let u� be the regular representation C
1 ��
�

�� C : Then

Xu�
D x.1;1/R0�.1;1/ C x.1;1/R�.1;1/ C x.0;1/RC.1;0/R0�.1;1/

D x1x�1
2 C x�1

1 x2 C x�1
1 x�1

2 :

Let I1 and I2 be the indecomposable injective modules corresponding vertices 1
and 2, respectively; then

X.I1˚I2/Œ�1� WD xdim soc.I1˚I2/ D x1x2:

The left side of the identity of Theorem 5.4 is

dimC Ext1.S1; S2/XS1
XS2
D 2.x�1

1 x�1
2 C x1x�1

2 C x�1
1 x2 C x1x2/:
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The first term of the right side is

Z

�2P1.C/
�.P Ext1.S1; S2/u�

/Xu�
D 2.x�1

1 x�1
2 C x1x�1

2 C x�1
1 x2/:

To compute the second term of the right side, we note that for any f ¤ 0 2
Hom.S2; 
S1/; we have the following exact sequence:

0! S2
f�! 
S1 ! I1 ˚ I2 ! 0:

This implies Hom.S2; 
S1/ n f0g D Hom.S2; 
S1/I1˚I2
Hence, the second term is

equal to 2x1x2:
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